Coulomb gluons and the ordering variable

MANCHESTER

1824
The University of Manchester

A thesis submitted to
The University of Manchester

for the degree of Doctor of Philosophy
in the Faculty of Engineering and Physical Sciences

2015

René Angeles Martinez

SCHOOL OF PHYSICS AND ASTRONOMY






Contents

1 QCD preliminaries| 21
(.1 TIntroduction| . . . . . . . . . . . 21
(1.2 Perturbative Quantum Chromodynamics| . . . . . . . . .. ... ... 22
[1.3  Renormalisation and asymptotic freedom| . . . . . . . . . ... .. .. 26
(1.4 Observables in QCD: infrared safety and factorisation| . . . . . . . . . 27

(.41 Parton model and factorisation theorems . . . . . . .. .. .. 29
[1.5  Factorisation and physics of non-inclusive observables| . . . . .. .. 32
L6 Outlind. . . . . . . o 32

2 Soft gluons and the colour evolution picture 35
[2.1 Eikonal approximation| . . . . . . . . . ... ..o 35
[2.2  Colour + spin state notation| . . . . . . ... ... ... ... .... 38
2.3 First soft corrections|. . . . . . .. ..o 39

2.3.1 Real emission contribution| . . . . . . . ... ... 0L 40
[2.3.2  One-loop contribuions| . . . . . . . ... .. ... ... .. .. 40
[2.3.3  Observables and infrared finiteness at order ooy . . . . . . . . . 44
[2.4  Collinear factorisation (breaking) in QCD| . . . . . . ... ... ... 44
.41  Collinear limit]. . . . . .. .. ... oL 45
242 Treelevell . . . .. .. . 45
[2.4.3  All-orders collinear tactorisation of QCD amplitudes|. . . . . . 46
2.4.4 Oneloop|. . . . . . . . . 48
2.4.5 Twoloops . . . . . . . . . 52
[2.4.6  Beyond two loops| . . . . . .. ... ... ... 53
2.5 On the structure of soft corrections to all ordersl . . . . . . . ... .. 55
[2.5.1 Enter the game: Coulomb gluons| . . . . . .. ... ... ... 58
[2.6  Super-leading logarithms and the ordering problem| . . . . . . . . .. 60
[2.6.1 Standing on firm ground: Bloch-Nordsieck cancellation of soft |

| singularities| . . . . . . ... oL 63

2.7 Summary| . . ... 63




Contents

[3 One-loop, one-emission soft corrections | 65
[3.1 Coulomb gluons of Drell-Yan process with one emission| . . . .. .. 66
[3.1.1 Physical picture| . . . . . . ... ... 68

[3.2 General hard process| . . . . . . ... 0oL 69
[3.2.1 [nitial state eikonal cutsl . . . . .. ... ..o 70

[.2.2 Final state eikonal cutsf . . . . . . ..o o000 71

[3.2.3 Re-scattering cuts| . . ... ... ... ... ... ... ... . 72

[3.2.4  Re-scattering cuts graph-by-graph|. . . . . . . ... ... ... 74

[3.3  Eikonal and Coulomb gluons in dimensional regularisation | . . . . . . 75
[3.4 On the colour evolution picturel . . . . . . ... .. ... ... .... 78
[3.4.1  Wide-angle and collinear limits| . . . .. ... ... ... ... 81

[3.0 Summary| . . ... . 83

|4 Structure of infrared cancellations at order of | 85
4.1 Double real contributions| . . . . .. .. .. ..o 86
K4.1.1 Leading two-parton corrections K2 ol . . . . ... . ... ... 87

K4.1.2 Leading three and four partons corrections K2 _.,[. . . . . .. 88

4.1.3  Subleading terms involving one or two partons K2 .| . . . . . . 91

4.2 Real-virtual contributions . . . . . . .. ... ... 92
4.3 Purely virtual contributions| . . . . . . .. ... ... ... 95
4.3.1 Two-loop contributions| . . . . . . . . .. .. ... ... .. .. 96

[4.3.2  On the role of Coulomb gluons| . . . . . ... ... ... ... 98

[4.4  Summary| . . . .. ... e e e 99

(5 Omne-loop, two-emission soft corrections| 101
(0.1 Phase-space limits| . . . . . . . ... ..o 101
(5.2 Tree-level amplitude | . . . . . . ... ... o000 103
[>.3  T'wo emissions at one loop|. . . . . . . . ... 105
b4 Fikonmal cuts| . . . . .. oo 106
[>.4.1 Physical picture| . . . . . .. .. ... 110

[>.0 Soft gluon cuts| . . . . ... 111
[>.5.1  Physical picture, . . . . . .. ..o 118

[5.6  Physics of two collinear gluons| . . . . . . .. .. ... ... ... ... 119
[B.7 Summary| . . ... 120

[6 General hard processes| 123
[6.1 Physical mechanisms for double emission|. . . . . . . ... ... ... 124
6.2 Exact results and cross-checks|. . . . . ... ... ... ... 000 125
6.3 Notationl . . . . . . . . . .. . 126
6.4 Initial- and final-state eikonal cuts| . . . . . .. .. ... ... ... 128



Contents

[6.5 Soft gluon cuts| . . . . . ..o 130
[6.6 Re-scattering cuts| . . . . . . ... oL 131
[6.6.1 Physical picturef . . . . . . ... ... 133

[6.7 Conjecture for the case of many emissions | . . . . . .. ... ... .. 134
[7__Conclusions | 139
[A Regularisation of one loop corrections| 141

(B Gauge invariance and consistency with the Bloch-Nordsieck theo-

[_reml 143
[B.1 Gauge invariance | . . . . . . . ... ..o 143
[B.2  Bloch-Nordsieck cancellation of soft gluons| . . . . ... .. ... . 144

[C Choice of polarisation vectors | 147
[C.1 Collinear limit of the tree-level single emission amplitude| . . . . . . . 148

(D Cutting rules | 151
[D.1  Cutting rules to calculate the imaginary part | . . . . . . ... .. .. 151
[D.2  Cutting rules to calculate the real part| . . . . . ... ... ... ... 155

“mi P 156

[D.4  On the cancellation of single cuts over eikonal lines| . . . . . . . . .. 157
[D.5 Deduction of cutting rules for a particular graph | . . . . ... .. .. 159
(D.5.1 Finalremarkd . . .. . ... .. oo 163

E Reductions of n$%> 165

[F Virtual and phase space integrals at order o?| 169
F.1 Imaginary parts of the one emission amplitude n${> ......... 169

(1.1 Fikonalcutsl . . . . . . . . oo 169

[F.1.2  Re-scattering cuts|. . . . . . . . .. ... ... ... ... 170

F.2 Real parts of the integrals of n$}> ................... 171
F.3 Di(q)| . - - o 171
[F.3.1 Catani and Grazzini’s Integralf . . . . . . .. ... .. ... .. 173

F4 Di(q)and C(q) | . . . .. .. .. 175
[F.5 Phase space integrals for double emission| . . . . .. ... ... ... 175
[F.5.1 Integrals for K2 | . . ... ... ... ... ... ...... 176

[F.5.2 Integral for KZ, | . . . . .. ... ... ... ... .. ... 177

|G On the breaking of strict collinear factorisation| 179




Contents

[H Reductions: from cut pentagons into boxes|

[H.0.3 Master integrals for eikonal and re-scattering cuts|. . . . . . .

[H.0.4 Master integrals for soft gluon cuts| . . . . . . .. ... .. ..

This thesis contains 36375 words and 35 figures.




List of Figures

M1

Feynman rules for SU(N) non-abelian gauge theories in the Feynman

gauge. Curly lines represent gluons, solid lines represent quarks and

dashed lines represent ghosts.| . . . . . ... ... ... ... ... ..

25

p1

Eikonal rules tor the blue vertex and propagator due to soft gluon

radiation off an incoming (left) or outgoing(right) hard parton (solid

line) with momentum p;. The imaginary prescription should be set to

zero 1f there is not virtual momentum flowing through this line. The

shaded blob denotes the non-relevant parts of the graph and crosses

indicate that gluons can be re-attached anywhere or branch into many

p.2

Soft gluon corrections to a hard wide-angle scattering. Henceforth, the

white blob always denotes the hard scattering and solid lines represent

hard partons|. . . . . . . . ...

3

One loop and one real emission exchange between {7, j}. Only partons

involved in the exchange are explicitly drawn. . . . . . . ... . . ..

B

Multiparton collinear limit of a general process M at tree-level.| . . .

B5

Schematic representation of collinear factorisation of an scattering am-

plitude at one-loop order, Eq. (2.37)), for which splitting kernel is in-

dependent of the non-collinear partons.| . . . . . . .. ... ... ...

D6

Representation of the terms that break the strict collinear tactorisation

in Eq. (2.47)), when the parent parton, P, is incoming and Eq. (2.48)

1s satisfied. The red curly lines represent Coulomb gluons exchanged

between collinear and non-collinear partons. |. . . . . . ... ... ..

p.7

A particular graph that gives rise to super-leading logarithms in GBJ.

The out of the gap real emission k5 i1s nearly collinear with the incom-

ing hard parton py.| . . . . . ...




List of Figures

B

Four cut graphs contributing to the amplitude for the emission of a

gluon, with four-momentum ¢ and colour ¢, oftf hard parton . There

are three further graphs obtained by swapping (i <> j) in the first

three graphs.| . . . . . . . . ... o

B.2

The two cuts corresponding to the two different physical mechanisms

tor single gluon emission. The hatched circular blob denotes the hard

process with the emission emitted off one of the external partons. | . .

13.3

Imaginary part of the one loop corrections to a general hard process

organised in terms of the different physical mechanisms for gluon emis-

sion. Observe that the mechanisms label by (A}}) and (B}}) are the

generalisation of graphs (A) and (B) in Fig. [3.2]| . . . .. ... .. ..

B4

On a graph by graph basis, the infrared operator associated with the

eikonal cut on the initial state is the same as if the cut partons were

1n the final state. |. . . . . . . ...

13.5

On-shell scatterings between an emitted gluon and an outgoing hard

parton [. | . . ..o

13.6

One loop corrections to a general hard process. The small blue blobs

denotes self energy corrections.| . . . . . ... ... ... ...

13.7

The real part of the four point scalar function is equal to the sum of

single cuts over the sott gluons lines. | . . . . . . ... ... ... ...

A1

Different topologies that contribute to the double emission amplitude

of a general hard process. Hard partons legs not involved in the soft

gluon emission are not shown. .| . . . . . ... ... ... ...

1.2

Purely (first row) real and and purely virtual (second row) graphs

involving three partons. | . . . . . . . . . ... ... L.

5.1

The case ot two real emissions. There are four more graphs obtained

by swapping (<> 7). . . . . . ...

103

5.2

Diagrammatic representation of how to group the graphs in order to

write the final result as a product of single emission operators. There

are three further structures, obtained by exchanging 7 <> 7. . . . . . .

105

.3

'The three cuts corresponding to the three different physical mecha-

nisms for double-gluon emission. Each of these cuts is gauge invariant.

5!

Diagrammatic representation of how to group the graphs that give

rise to the transverse momentum ordered expression (3.7). Two more

structures are obtained by permuting (z <> 7).| . . . . . ... ... ..




List of Figures

[5.5

Diagrammatic representation of how to group the graphs that give

rise to the transverse momentum-ordered expression in the case of

two emissions at one loop. There are 12 more structures to consider:

8 are obtained by permuting (7 <> 7) and the other four are obtained

by permuting (1 <> 2) and (i <> j,1 <> 2) in groups 3and 7| . . . ..

5.6

Kinematically allowed soft gluon cuts. | . . . . .. ... .. ... ...

[.7

Schematic representation of regions that give rise to infrared poles.

Poles arise as a result of the vanishing of the red propagators.|

[>.8

Cancellation of collinear poles. The operator P projects out the ap-

propriate colour structure.| . . . . . . . ... ...,

5.9

The relevant 1/e poles arising from soft-gluon cuts correspond to

Coulomb exchange between the two real emissions.| . . . . . . .. ..

[>.10

Leading graphs in limits 1-3. Their contributions are projected onto

the two colour structures in the final columnl. . . . . . . . . . . . ..

6.1

Imaginary part of the one-loop corrections to a general hard process

organised 1n terms of the different physical mechanisms for double

gluon emission. These graphs are the generalisation of Fig.|3.3. The

second graph in the fourth row stands for the production of two ghosts

that scatter into two gluons. | . . . . . . .. ... ... ...

6.2

Explicit representation of the red oval of first graph in the fourth row

of Fig. [6.1. . . . . . .

6.3

In the strongly ordered regime ¢; > ¢» the sum of these two gauge

invariant physical mechanisms adds up to the simple transverse mo-

mentum expression given by Eq. (6.23). | . . . ... ...

D1

The three types of one loop contribution. Only those hard parton legs

that couple to the virtual exchange are drawn. | . . . . . ... .. ..

D.2

The two types of cut that contribute to the imaginary part of graphs

with a virtual exchange between the incoming partons.| . . . . . . ..

D3

The two types of cut that contribute to the imaginary part ot graphs

with a virtual between an incoming parton.f. . . . . . . . ... .. ..

154

D4

A particular graph that we consider to illustrate the cancellation of

single cuts over the eikonal lines.| . . . .. ... ... ... ... ...

F1

Contour integration for the case s = —t 4 10. The zig-zag line indi-

cates the branch cut of the complex function ([F.18) and the black dot

denotes the only (simple) pole of the integrand. The blue contour is

located at a infinitesimal distance k from the negative real axis, and

0 1s a small radius of the orange semicircular contour| . . . . . . . ..

174



10



Abstract

The University of Manchester

Abstract of thesis submitted by René Angeles Martinez for the degree of
Doctor of Philosophy and entitled Coulomb gluons and the ordering variable.

Month and Year of Submission: 27th December, 2015.

In this thesis, we study the soft gluon corrections to hard wide-angle scattering
processes due to a virtual gluon exchange (one-loop order) and the emission of up to
two gluons. Our primary aim is to determine the ordering condition that should be
used to dress a hard scattering process with corrections due to gluon emissions and
a Coulomb (Glauber) gluon exchange. We find that, due to an elegant cancellation
of many Feynman diagrams, a specific ordering variable should be used to order
the transverse momentum of the exchanged Coulomb gluon with respect to the real
emissions. Furthermore, in the case of the scattering process accompanied with a
single emission, we find that the radiative part of the loop correction satisfies the same
ordering condition as the Coulomb gluon contribution. Based upon the assumption
that the ordering condition continues at higher orders, we conjecture an expression
for the soft corrections to a general hard scattering process due to one-loop and any

number of gluon emissions.
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Chapter 1

QCD preliminaries

...mathematicians may be
completely repelled by the liberties
taken here. The liberties are taken
not because the mathematical
problems are considered
unimportant.... in the meantime,
just as a poet often has license
from the rules of grammar and
pronunciation, we should like to ask
for physicists’ license from the rules
of mathematics in order to express
what we wish to say in as simple a

manner as possible.

R. P. Feynman.

1.1 Introduction

In the history of physics there has always been the pursuit of understanding nature in
terms of simple principles. Nowadays, particle physics offers a mathematical descrip-
tion of nature in terms of a small number of fundamental particles (constituents),
and only four interactions. The current theory of particle physics that best describes
experimental observations is the Standard Model (SM).

This model is based on the principles of quantum mechanics and on the symme-
tries that we have observed in nature. Special relativity, the symmetry that dictates
the equivalence of the laws of physics for inertial observers, implies that the funda-
mental particles have definite mass and spin (intrinsic angular momentum). The SM

contains particles with three different spins: fermions which have spin 1/2, bosons
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Chapter 1. QCD preliminaries

with spin-1 and one scalar particle. We currently understand that these particles ex-
perience electroweak and strong interactions and that their structure is dictated, to a
great extent, by symmetry principles known as gauge invariance. Gravity is another
interaction that all constituents in the universe are believed to experience. Although
Einstein formulated a classical theory of gravity that has been widely corroborated,
there is not at the moment a fundamental theory of gravity with predictions that
have been tested.

There are two classes of fermion in the SM: leptons and quarks. Both experience
electroweak interactions that are mediated by four spin 1 bosons: the photon ~ that
mediates electromagnetic interactions and three gauge bosons (W, W~ Z) that
mediate the weak interactions. Through the mechanism of spontaneous symmetry
breaking of the electroweak interactions, the (W™ W~ Z) bosons and the quarks
and charged leptons become massive particles through their interactions with a scalar
particle known as known as the Higgs. In contrast, only the quarks known as up,
down, strange, charm, bottom and top ({u,d,s,c,b,t}) are affected by the strong
interactions mediated by a spin-1 boson known as gluon.

The LHC is now performing proton-proton collision experiments at ~ 13 TeV and,
in order to be prepared to measure even the smallest deviations from the SM, the
particle physics community has the challenge to increase the accuracy of theoretical
predictions. This thesis is devoted to improving the understanding of ‘soft gluon
corrections’ relevant in high-energy experiments. Ultimately, we hope these studies
help to increase the accuracy of predictions for the LHC and future experiments.
This chapter aims to provide a brief summation of the basis of perturbative QCD

and to present the outline of the rest of the thesis.

1.2 Perturbative Quantum Chromodynamics

The mathematical framework of the SM is Quantum Field Theory (QFT). The stan-
dard procedure to construct a field theory is to assign a local function ¢;(x) to each
particle [ and to combine them into a local functional known as Lagrangian density
L[¢] from which the theory can be constructed. The success of this method relies on
the fact that we have learned how to translate the symmetries of nature into sym-
metries of L£[¢;], which are then inherited by the field theory. The field theory of the
strong interactions is known as Quantum Chromodynamics (QCD), its Lagrangian

density is:

1 o .
Lacn =~ 3 FaF" + 3 ahr i, Dlc — midac)aic: (1.1)
=1
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Chapter 1. QCD preliminaries

where

T, = 0u AL — 0,A% — ig,(tey)ecALAS

" o (1.2)
D = 64c0" — igs A (th) acs

and where ¢; 4 ({4, B,C} € {1,... N}, N = 3 for the strong interactions) is the Dirac
field associated with a quark of flavour 4 and mass m;; A% ({a,b,c} € {1,...,N*~1})
is the gluon vector field; the matrices «* satisfy the Clifford algebra {~",+"} = 2¢"*,
where ¢g" = diag(l,—1,—1,—1) is the Minkowski metric; {t%,t%,} are matrices
related to the symmetry group of the gauge interactions, see below, and g, is the
QCD coupling.

The symmetry group associated with special relativity is the Poincaré group,
a general element of this group consist of a space-time translation y and Lorentz
transformations A%, = §* 4 w"”. The QCD Lagrangian L(z") — L(A" 2" + y")
transforms as a scalar when the quark and gluon fields transform under the following
representations of this group:

i v v v
1[7'[]" Y ]wuu> Qi,A(A#xu + ) )7

As(a”) — (A1) JAS (A 2 + ).

Due to their symmetry transformation, the gluon field is associated with spin 1 states
and the quark fields with spin 1/2 states.

The QCD Lagrangian contains a further global symmetry corresponding to the
SU(N) group: the set of all N x N unitary complex matrices with unit determinant.
The Lagrangian exhibits this symmetry as it remains invariant when the quark and

gluon fields transform under the so-called fundamental and adjoint representation of
SU(N):

i — mbt%) i ;
Ga() = (%) qiola)

o » » (1.4)
A @) = B (e0th) |, AL () = () 1 A5 () (7).

where o, are real constants that parametrise the group elements and the matrices t%

and t2, are the generators of the adjoint and fundamental representation that satisfy

[tgd/thgd/F] = ifo ad/F (1.5)

where the structure constants f®° form a completely antisymmetric arrangement of
constants defined by the adjoint representation i f*¢ = (t,),.. We will not present a
particular basis for these generators as we never evaluate them explicitly. To compare

with results in literature, we adopt the customary normalisation of the fundamental
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Chapter 1. QCD preliminaries

representation:
Trace( “Ft%) = 0 1F, Tr =1/2. (1.6)

With this normalisation the generators satisfy

N2 -1
et = Cpocp, Cr = ;
( F F)CD FOCD F IN (1.7)

(tgdtgd)Cd = OA66d7 C'A =N s

where Cr and C4 are known respectively as the Casimir coefficients of the funda-
mental and adjoint representation.

Crucially, the QCD Lagrangian is not only invariant under the transformations
in Eq. for constant o, but also under transformations with «, = «,(x) being

local functions of the space-time coordinates:

; N iab(z)t%) :
¢, () (e o cl(x),

t%AZ(I’) N (eiozb(ac)t%> taFAz(x) (e—iac(;v)t%> + i (aueiab(ac)t%> e—iocc(x)tlﬁ; )

S

(1.8)

The invariance under this transformation is known as the non-abelian SU(N) gauge
symmetry of the theory. One can think of this symmetry as the principle that dictates
the structure of the interactions of the quark and gluon fields in QCD.

Finally, there are standard procedures [1] to use Lgop to construct the quantum
theory that inherits these symmetries. As we will see in Section [I.3] during high-
energy collision experiments there is a regime in which the QCD coupling decreases
asymptotically to zero and one can think of the quarks and gluons as asymptotic free
states. In this perturbative regime experiments can be related to the S matrix: the
transition probability between incoming |, in) and outgoing |/, out) asymptotically
free states:

Sas = (B, 0ut|a, in) = 4p + i6*(ps — pa)(27)* M. | (1.9)

where the probability amplitude Mg, can be expanded as a perturbative series in
the coupling constant g;. In our work we will study particular amplitudes, Mgz,
organising their contributions according to the technique of Feynman diagrams.
The quantisation of theories with non-abelian gauge symmetries like QCD was
formalised by Faddeev and Popov [2] using the path integral approach to field theory.
According to this, the redundancies introduced by the field configurations related by
a gauge transformation can be controlled by choosing a gauge. Although the S
matrix is invariant under the choice of gauge, we work in the Feynman gauge as

it simplifies our calculations. In this gauge the complete Lagrangian we need to
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Chapter 1. QCD preliminaries

consider is Loep + LFeynman + LGhost With
1
Lteynman + LGhost = —3 (6’“AZ) (0"A3) — G*0"(6°0, — gsf“bc.Ab))Gc, (1.10)

here G is the (anti-commuting scalar) ghost field that is required in the Feynman
gauge. It ensures that only the physical degrees of the gluon propagate. The Feyn-

man rules are depicted in Figure [1.1, where we have used the following abbreviated

A—>p—B STV @ _e--.b
%
i(p+m)s=4 —ig,,, 8% i§7®
p2—m2+i0 q?+i0 p2+i0
s a 8,b,k a, o b, 8 a,a
\L E
YR AN,
paB p/,C a,a,p g,c,q C, 7Y d75 b;p C,,q
_,L'gs,yu (t%‘)CB 7gsfabcvaﬁa (p’ k’, q) ggvaﬁ’y&abcd gfabcqa

Figure 1.1: Feynman rules for SU(N) non-abelian gauge theories in the Feynman
gauge. Curly lines represent gluons, solid lines represent quarks and dashed lines
represent ghosts.

notation
Ve (p,k,q) = ¢ (p— k)7 + 9°7 (¢ — p)° + 97 (k — 9)°, (1.11)
Vaﬁyé,abcd = _ [feaCfebd<gaﬁg'y6 o gﬁ'y,yoas) + feabfecd(ga'yg55 . gaégﬂ'y>
_i_feadfebc(gaﬁg’wg _ ga7955>] . (112)

In addition to these rules, external lines corresponding to quarks (antiquarks) in the
incoming and outgoing state with spin o have associated spinors u(q, o) and a(p, o) =
u(p,0)y° (v(p,o) and v(q,0)) that satisfy the Dirac equation (p — m)u(p,o) =
(p — m)v(p,0) = 0 where p = 7,p*. Finally, external lines associated to outgo-
ing (incoming) gluons with helicity ¢ have associated a polarisation vector £(q, o)
(*(q,0)) that satisfies the constraint of the Feynman gauge ¢ - (¢, 0) = 0.

In principle, the external quarks and antiquarks (gluons) have associated A =
{1,...,N} (a={1,...,N? —1}) different colour states. However, the experimental
observation and lattice computations [3] suggests that none of these states exists
in isolation. Instead, the experimental evidence suggests that strong interactions
have the property of confinement [4]: all the physically observable states are colour-

singlets. These observable states are collectively referred to as hadrons and it is
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customary to refer to quarks and gluons collectively as partons.

1.3 Renormalisation and asymptotic freedom

Part of the remnant freedom left by the symmetries of the Lagrangian is expressed
in terms of unfixed bare masses m; the coupling g, and the wave function constants
(re-scaling of the fields). Before predictions can be made with a field theory it is
necessary to re-express it in terms of physically measurable (observable) quantities.
After this, the theory becomes predictive by relating observables to these parameters.
This procedure is known as renormalisation and typically the measurable parameters
are taken to be the renormalised masses and coupling(s) {gsr, mir}-

The perturbative series of QCD amplitudes contains divergences due to arbitrar-
ily high-energy (uv) momentum modes of the virtual particles. The first step in the
renormalisation of QCD is to regularise such singularities. The standard regular-
isation procedure is to consider the same theory defined in d = 4 — 2¢ space-time
dimensions [5]. By doing this, the uv divergences in the theory, expressed in terms of
the bare parameters, appear in the limit ¢ — 0 as poles (1/€” with n = {1,2,...})
in the perturbative expansion. QCD is a very particular field theory in which the
renormalisation procedure only requires a finite number of measurable parameters
(one for the QCD coupling and one for each mass) to remove the uv divergences
in the perturbative expansion [5] and, due to the property of asymptotic freedom
[6], [7, 8] that we shall discuss below, predictions at high-energies can be made.

Within the context of perturbation theory, the regularisation of uv divergences
introduces an arbitrary momentum scale g known as the renormalisation scale. In
dimensional regularisation this scale appears through the renormalised coupling and
masseq't 11°gs(p) and m; (). Physically, the arbitrariness of this scale can be inter-
preted as the arbitrariness in choosing a renormalisation scheme, i.e. the definition
of renormalised parameters [9].

The independence of physical observables on p implies a series of renormalisation
group equations that govern how gs(x) and m;(u) change with different choices of
. At first order in the perturbative expansion, the running coupling g, = \/4may,

satisfies the following equation:

dag(p) — , ai(w) 3
Ty = P +0(d). (1.13)

Then, since the coefficient 5y = %C’A — %nfTF is positive for ny < 17 the coupling

becomes smaller as p increases. This behaviour of the coupling at high energies

'From now on we drop the R subindex of the renormalised parameters since we always refer to
renormalised parameters.
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is known as asymptotic freedom and is of crucial importance as it provides the
foundation upon which perturbation theory can be applied to make predictions in
high-energy collision experiments. In contrast, the coupling increases as we go to
smaller energy scales and perturbation no longer holds. A rough estimate of when
perturbation theory breaks down is Aqep ~ 200 MeV. This is obtained using the
solution of Eq. to estimate the scale at which the coupling becomes arbitrarily
large [9].

A further property of theories with asymptotic freedom is that they become

massless theories at high energies in the sense that [1]

i U (1.14)
oo
Since Aqcep is much larger than the masses of the {u, d, s} quarks, QCD is essentially
a theory of massless particles at the scales at which perturbative theory can be
applied [I0]. The heavier quarks {c,b,t} require special treatment and are beyond
the scope of this work. We will always take the masses of the quarks equal to zero,
m; — 0. In particular, this assumption requires that the considered observables stay

finite as m; — 0.

1.4 Observables in QCD: infrared safety and fac-

torisation

We shall now discuss how the perturbative regime of QCD can be used to make
predictions in high-energy collision experiments. For this propose, we consider the
differential partonic cross section for a scattering that involves {p1,...,p;} (i <
2) incoming partons that scatter into a final state X consisting of n partons with
momentum {py,---,p,} and, additional, non-coloured particles (both incoming or

outgoing) with total momentum Q*:

N N 1 =
do(py +...pi — X;Q) = I—SZ IM|?> dLIPS,
(27T)d—1’

dLIPS = 64(Q +p1+ - +DPi—p1— - — Dn) H 0" (pi)

i=m+1

here M denotes the scattering amplitude, S denotes the sum (averaged) over the
spin and colour states of the outgoing (incoming) particlesﬂ F is a flux factor,
S denotes symmetry factors due to identical particles and the Lorentz invariant

measure dLIPS enforces global momentum conservation and sets the integration of

2At the level of the squared amplitude we will always sum over polarisations.
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the outgoing partons over their mass-shell. Throughout all this work we only ever
consider corrections due to QCD interactions so M is a series in the QCD coupling
only.

We shall now briefly discuss how observable quantities in high-energy collision
experiments can be calculated by adding together the contributions from individ-
ual partonic cross sections like the one in , integrated over the phase space
of the outgoing particles defined by specific observables. Due to the poor current
understanding of non-perturbative strong interactions, these observables should be
such that the sum of individual partonic cross sections is either insensitive to non-
perturbative regime of QCD or such that the non-perturbative part can be factorised
into universal (process independent) functions that can be measured in experiments
and then used to make predictions. We shall now discuss this in more detail.

Apart from the uv divergences, which are removed by the process of renormalisa-
tion, individual contributions to observables contain “infrared” singularities due to
kinematical configurations where propagators become arbitrarily small. In massless
QCD (in fact, in any field theory with massless fields), this occurs when a group
of (nearly) on-shell partons become collinear or when some partons are soft (their
momentum components become arbitrarily smallED. These are only necessary condi-
tions and there exists a systematic classification of the kinematical regions that give
rise to infrared divergences for important high-energy processes [11], 12, 13|, 14} [15].
The presence of infrared singularities in partonic cross sections signals the presence
of physics that is not well described by perturbation theory. The first step to dealing
with these divergences is to regularise them. Henceforth, we adopt the method of di-
mensional regularisation [16] [I0] to regularise virtual loop and phase space integrals.
By doing this, infrared singularities appear as poles (1/€” with n = {1,2,...}) in
the limit e — 0.

One of the first formal results that showed how to combine partonic cross sections
to form measurable observables is the Kinoshita, Lee, Nauenberg (KLN) theorem
[17, [18]. As presented in [4], this states that: in a theory with massless fields,
transition rates are free from soft and collinear infrared divergences (1/€ poles in the
limit € — 07 ) if the summation over the initial and final degenerate states is carried
out. Here, by “degenerate states” it should be understood states that differ by any
number of collinear and soft partons.

In the particular case of an experiment without incoming hadrons, and thus
¢ = 0, the KLN theorem guaranties that the total cross section is finite, e.g. the
total cross section for the process ete™ — partons. This cross section is obtained
by setting ¢ = 0 in Eq. , taking Q* as the momentum of the incoming leptons

3Here we are including the case in which the momentum of a virtual parton is in the Glauber
region, i.e. it corresponds to an on-shell (Coulomb gluon ) scattering, see below.
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and adding the individual cross sections for all possible partonic final states X.
After the perturbative regime of QCD the final state partons group into hadrons due
the confinement mechanism. However, provided the ete™ scattering occurs at high
energies, a naive use of quantum mechanics [9] can be used to argue that
m n
H

Oet+e——hadrons — Oete— —partons + (U) 3 (116)

where my is the typical mass of the hadrons produced with n > 1, and formal studies

of the non-perturbative effects [19] show that n = 4 for this cross-section.

1.4.1 Parton model and factorisation theorems

For the case of experiments that involve one or two incoming hadrons it is not
possible to use the KLN theorem to define observables in a straightforward manner.
The obstacle is the lack of sum over all the possible degenerate configurations in the
initial state; even if one fully integrates the partonic cross sections like in Eq.
for all possible final states X and then add them together infrared divergences would
not cancel. The solution to this problem is a series of factorization theorems that we
shall now discuss.

The naive parton model by Feynman [20] of lepton-hadron high-energy collision
experiments provided the key elements of these theorems. In this model, each incom-
ing hadron is considered as an extended object composed of partons bound together
by the non-perturbative effects of the strong interactions. At very high energies,
relativity (in the center of mass frame [21]) dictates that the lepton probes a Lorentz
contracted hadron whose internal interactions can be neglected due to the time di-
lation effect. In addition, provided the lepton is scattered at a wide angle and the
momentum transfer is sufficiently highﬁ the mediator boson (e.g. a photon) will
scatter incoherently off a single parton inside the hadron. Then, the cross section for
such collisions can be written in terms of the parton density f, 4(£), the probability
of finding a parton of type a inside the hadron A with a longitudinal momentum
fraction &, times the (Born level) probability of this parton to scatter with the lep-
ton. The key property of the parton distribution functions (PDE’s) f,/4(€) is their
universality: they are independent of the type of particle, in this case a lepton, used
to scatter (probe) the parton inside the hadron. With this reasoning, the naive par-
ton model provides a method to measure the PDF’s and shows how they can be

applied to make predictions for other experiments.

4This type of experiment is known as lepton-hadron deep inelastic scattering (DIS) and these
kinematical conditions imply that the scattering will be mediated by a boson with high virtuality.
Note that this process corresponds to setting ¢ = 1 in Eq. (1.15) and with @ being the virtual
photon.
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An analogous heuristic argument can be applied to the case of hadron-hadron
collisions [22]. The factorisation theorems in [21], for hadron-lepton and for hadron-
hadron initiated processes, constitute the formal proof of how the (Born level) naive
parton model can be extended to all orders, see also [23], 24]. We shall now present
a factorisation theorem for hadron-hadron collisions [25] 22 26] that is relevant for

the discussion in the next section. This states that the cross section for the process
A+B—utpy +X (1.17)

consisting of a pair of hadrons A + B (with momenta P4 and Pp and center of mass

energy /s) to scatter into a pair of leptonﬂ up~ (with momentum Q* and rapidity

y=1 ;Ing QP A) and anything else X is given by
dO'AB ! !
= E déa | d€B fajala, pr) foyB(En, 1r) X (1.18)
dQ*dy z @
ab A B
Hap (“ BQu e (n), ,UF'€> +0 (AQCD)
&g ’ Q?

where x4 = ey\/Qz—/s and zg =e7Y \/QQ—/S, the sum runs over the different parton
species, fa/4(&a, pr) gives the distribution of parton a in hadron A with a longitudinal
momentum fraction &4, p denotes the renormalisation scale and pp is the arbitrary
factorisation scale, see below. Finally, H,, is a consistent choice of the (infrared

finite) hard part of the equivalent cross section for the partonic process
a+b—ptum + X (1.19)

There is a high degree of arbitrariness in how to apply this theorem as, at each order,
one should choose a factorisation scheme: a definition of the finite parts of H,, and
accordingly of the parton distributions functions f,/4(&a, fir).

We shall now illustrate how a scheme is adopted at next to leading order. Firstly,
we note that, at all orders in the perturbative expansion, the partonic cross section
for the process in Eq. can be written as

daab
dQ2dy

_Z/ dga/ dfbfc/a éaa ~ab<§Z 5 Q M7as( ) ) fd/b<£b7 )

($a7 Ty, Qa M, Qg E)
(1.20)

On the right hand side, Hab(aé”, Z’,Q [, ag; €) denotes the finite hard part of the

scattering and fg/,(&; €) is a universal (independent of the hard scattering H,) and

%At lowest order in quantum electrodynamics but in principle to any order [21].
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infrared divergent distribution of parton d in parton b. All the infrared divergences
in fq/5(&;€) are of hard collinear origin because all the softﬂ contributions cancel

when one sums inclusively over X in Eq. (1.19). Its explicit expression is given byﬂ

1 oy
fap(s€) = 0ud(1 — x) = - P,y () + O(a), (1.21)
where Pé}l)’ are the Altarelli-Parisi splitting functions [27].
Let us denote the perturbative expansions to hard part of the scattering H,, and

of the partonic cross section as

Hab=H§2)+2 HS) +0(a?)
doa, do?, L% o'} O (1.22)
= — o
d@Q?dy dQ3*dy 27 dQ?dy s
At Born level, one can choose the hard part of the scattering to be
d (0)
Hég) (-Taa Ty, Q7 My LE; 6) = dQO-;S,y (xaa Ty, Q7 1 E) . (123)

At order o, with respect to this expression, one can choose the one-loop hard part

of the scattering, H C(Lll)), in the hadronic cross section to be [28]

2
dQ2d

o ! daa Tq
+%Z/ dga QQS (ga b)M7Qa )

‘/ ity (2o )

where K[ are arbitrary infrared finite functions and pp is the arbitrary factori-

Hzgll;) (xa?mb’Q7MF; ) (waaxbaQ M€ )

1
r‘hlb—*

(,%) Pya(€a) + %.Cs(ﬁa)] (1.24)

(ﬂ) P(&) + K& @4

HE

I
a |

sation scaldf] Each choice of these functions defines a factorisation scheme. By
inserting Eqgs. and into Eq. one can check that this expression
is infrared finite as the second and third lines in (1.24]) (counter-terms) exactly can-
cel the collinear divergences. Finally, it is important to remark that the arbitrary
factorisation scale up can be thought of as the scale up to which the transverse

momentum of the nearly collinear partons is included in f,/4(4, pr)-

SPartons with momentum components much smaller than \/@ .

"In the minimal subtraction renormalisation scheme [21].

8Tn order to suppress large logarithmic corrections in the perturbative expansion, it is convenient
to choose up to be of order @, the large scale of the problem. However, the scale VE = Vs€alp
should be avoided as this produces large corrections even if the hard cross section is calculated to
high perturbative orders [21].
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1.5 Factorisation and physics of non-inclusive ob-

servables

The factorisation of the collinear divergences that the partonic cross section in
Eq. exhibits is characteristic of “inclusive” observables. In the next chapter we
will review the collinear limits, not at the level of inclusive partonic cross sections,
but at the level of the amplitude and squared amplitude before phase-space inte-
gration. Recent developments [29] [30] have confirmed that in general, the collinear
limit of (squared) amplitudes does not satisfy strict (process-independent) factori-
sation formulae. This lack of strict factorisation is specific to partonic amplitudes
with two or more incoming partons, which are relevant for hadron-hadron collisions.
These violations originate from a particular type of soft gluon correction associated
with an on-shell scattering between the incoming or outgoing partons. In the litera-
ture, these gluon corrections are commonly referred to as Coulomb (Glauber) gluon
contributions. In accordance with the factorisation theorems for inclusive observ-
ables, these contributions cancel when one integrates inclusively over all possible
final partonic states.

In the calculation of non-inclusive observables this cancellation is incomplete;
the partonic cross section for such observables does not necessarily obey the strict
collinear factorisation that Eq. exhibits, and the contributions from soft gluons
(including Coulomb gluons contributions) do not necessarily cancel. In spite of this,
it has been pointed out [30] that for non-inclusive observables the factorisation of
collinear divergences (into universal functions) is expected to be possible up to a scale
Qo below which the real radiation is summed up inclusively. Additionally, above Qg
the miscancellation of real and virtual radiation (including Coulomb gluons) gives
rise to perturbatively-calculable effects [31].

In recent years, there has been a growing interest in gaining an understanding of
how the violations of strict factorisation affect non-inclusive observables [23], 32, [33]
34, [35]. This interest was partially motivated by a series of studies [31], 36] on the
Coulomb gluon corrections to the ‘gaps between jets’ observable. In these references,
the authors anticipated the violations of strict collinear factorisation, which have now
been confirmed [29, [37]. Within the framework of [31], [36], these effects have been
shown to contribute to various event shape observables for hadron-hadron initiated

processes [3§].

1.6 Outline

The series of works on the ‘gaps between jets’ observable [31], 36] are based on a k-

ordered colour evolution algorithm. This algorithm constitutes a framework for the
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calculation of soft gluon corrections to non-inclusive observables at all orders in per-
turbation theory. Its remarkable feature is that it accounts for the colour interference
due to multiple soft gluon corrections, including Coulomb gluons contributions. The
primary aim of this work is to provide formal analytical evidence of this framework.

Chapter 2 is an introduction to the problem of incorporating soft gluon corrections
into non-inclusive observables. Firstly, we will introduce the eikonal approximation
used throughout this thesis. We will see that, within this approximation, one-loop
integrals have eikonal and Coulomb gluon contributions. The eikonal part is real and
are produced when an exchanged virtual gluon is nearly on-shell. In contrast, the
Coulomb part is purely imaginary and corresponds to on-shell scatterings between
the incoming partons and between outgoing partons. After a brief introduction
to the physics of these contributions, we will review the collinear limit of partonic
scatterings. In particular, we shall review how the Coulomb gluon contributions are
responsible for the lack of strict (process-independent) factorisation in this limit.
Immediately after this, the kpr-ordered colour evolution algorithm is introduced as a
framework that incorporates the salient physics.

An important prediction of this algorithm is the existence of super-leading log-
arithmic corrections for ‘gaps between jets’. However, this prediction suffers from
an ordering problem that we now briefly discuss. Although within the context of a
Sudakov resummation different variables can be used to order the successive radi-
ation added at each order [39, 35], the choice of ordering variable turns out to be
critical when the colour evolution algorithm is applied to ‘gaps between jets’; it has
been exemplified that the coefficients of the super-leading logarithms change if one
uses different ordering variables [40]. To determine which is the correct variable, in
chapters 3—6 we will perform full diagrammatic calculations to determine the correct
ordering variable that should be used to dress a hard wide-angle scattering with
soft corrections. We will not do this to all orders but rather to the first two non-
trivial orders. Specifically, we will perform the one-loop corrections to a general hard
wide-angle scattering accompanied by emission of up to two gluons.

In Chapter 3, we start this program focusing in the first non-trivial case: we study
the one-loop, one-emission corrections to the general hard scattering. Although this
amplitude has been previously studied [41], we will revisit its calculation here to shed
light on its structure which, in turn, will be the basis of many physical interpretations
and computations in this thesis. By expressing the amplitude as a sum of terms with
a single emission and one virtual exchange we will be able to identify the ordering
condition that should be used to order the virtual correction with respect to the real
emission. We find that the eikonal and Coulomb parts satisfy the same ordering
condition. In fact, we will see they have the same colour and kinematic pre-factors;

the only difference is that Coulomb gluons are only exchanged between incoming
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and between outgoing partons while eikonal exchanges also occurs between incoming
and outgoing partons. The ordering condition that we find is very simple: virtual
exchanges should be ordered with respect to the transverse momentum (defined by
the pair of partons that exchange the virtual gluon) of the real emission.

Before we study the ordering variable in a second non-trivial case, we will discuss
the infrared cancellations of the cross section at order a? in Chapter 4. This is
the first order at which the one-loop, one-emission scattering amplitude contributes.
We shall study these cancellations using a series of approximations but we shall
discuss them for a general wide-angle hard process. As far as we are aware, these
have been studied in literature to a high-accuracy but only for particular processes
[42], [43], 44, [45]. Our aim in this chapter is to provide useful guidelines for a future
implementation of the colour evolution picture at this order. In particular, we shall
discuss the contributions of Coulomb gluons.

In chapters 5 and 6, we extend our studies of the ordering variable to the case of
the one-loop corrections to a general hard scattering accompanied by the emission of
two gluons. In these chapters, we mainly focus only on the Coulomb part of the loop
integrals. As the calculation is complicated, we will first discuss the particular case
of a Drell-Yan hard process in Chapter 5 and we then consider a general hard process
in Chapter 6. As far as we are aware, these corrections have not been previously
computed except for particular processes, see [43], 46].

In these two chapters we demonstrate that the leading behaviour of the ampli-
tude, in various kinematical regions of interest, can be expressed in terms of the same
emission and Coulomb gluon operator definitions that appear in the one-emission
case. Furthermore, an elegant cancellation of many Feynman diagrams imposes that
the ordering variable that should be used to order the Coulomb gluon exchanges is
the same that in the one-emission case. Finally, in Chapter 6, by assuming that this
ordering structure continues in the presence of many more emissions, we present a
conjecture for the one-loop amplitude of a general hard wide-angle scattering process
accompanied by the emission of any number of gluons. In Chapter 7, we draw con-
clusions. The technical derivations through the thesis are organised into appendices
A-H.
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Chapter 2

Soft gluons and the colour

evolution picture

This chapter is an introduction to the rich physics of soft gluon corrections to hard
processes and the problem of including them to all orders. We start in Section
describing the perturbative corrections we consider throughout this work and
in Section 2.2 we introduce some useful notation. The first order soft corrections
to a cross-section are discussed in Section 2.3l This shall be our first encounter
with the two types of soft gluon correction that we aim to describe: eikonal and
Coulomb (also known as Glauber) gluon contributions. After this discussion, we
will have the basis to review, in Section [2.4] how the interplay of these two types
of correction is responsible for the breaking of collinear factorisation. Subsequently,
in Section [2.5] we discuss the soft gluon insertion technique that accounts for the
most divergent part of the eikonal gluons at all orders. We then use the physics from
this and previous sections to motivate the colour evolution picture: an framework
to calculate the all orders soft corrections that incorporates Coulomb gluons and
hence collinear factorisation breaking effects. Finally, in Section [2.6] we discuss the

ordering problem that motivates our studies in subsequent chapters.

2.1 Eikonal approximation

We are interested in amplitudes that correspond to a hard wide-angle scattering
of on-shell partons, more precisely, a high energy scattering in which all partons
have wide angles between them and have energies of roughly the same order. These
requirements are equivalent to the condition that the parton sub-energy of each pair
of particles in the scattering be of the same order, i.e. (p; + p;)* = 2p; - pj ~ Q?
and, by high energy scattering, we understand that the characteristic scale of the
hard process ) be sufficiently large so that perturbation theory can be applied.

In addition to QCD particles, the hard scatterings we consider could contain any
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number of colourless particles, but they do not play an active role.

In general, large perturbative corrections arise due to the miscancellation between
real and virtual radiation in soft and collinear configurations. In this work, we
consider corrections to hard wide-angle scattering due to soft gluons in the eikonal
approximation. More precisely, gluons whose momentum components are all much
smaller than the characteristic scale, (), of the hard subprocess. Henceforth, we
refer to () as the hard scale and to partons in the hard wide-angle scattering as hard
partons.

Within the eikonal approximation, the Feynman rules for soft gluon radiation off
the hard partons simplifies. In order to illustrate how this occurs, let us consider a
lowest order scattering amplitude @(p )N (py, . . ., p,) containing an outgoing quark
u(py), and let NJ(rol) be the same amplitude but with an additional gluon of momentum

q and colour a emitted off u(pg). The exact QCD Feynman rules for this graph yield

gy, + ¢)
NNe = G(p {( igthyte ) k } N +q,...), 2.1
(N)* = alpr) F u()(erq) (P ) (2.1)
_ il2py, +2¢" — 4]
- |-t {2
Pr-q
where, to derive the second line, we used the Dirac equation u(py)p, = 0 and
{v*,7"} = 2¢". We now consider the limit of this expression when the gluon

momentum components are much smaller than the hard scale. This limit can be
implemented by rescaling the gluon momentum as ¢ — Aq and making an expansion
for small A\. The leading term in this expansion is

WO = Laer o) {“FZW}N@( )+ OM), (2.2)

2pi-q

where we have used € (Ag) = €(q), see Eq. (C.2). The term inside brackets can be
thought of as an effective Feynman rule for the emission of a soft gluon {q,a} off
u(pr). Observe that the numerator of this rule is identica]ﬂ to the gluon emission
vertex in a scalar version of QCD. In other words, the soft gluon, ¢, probes the
colour of @(prk) but does not resolve its helicity. It is straightforward to show that
the analogous result holds for the case of m successive gluon emissions (qi, ..., ¢n)

off the same parton:

Fam yhm $21 ML
(Pe + Am)? " (P + A1+ + Agm)
1 ~ gtaank gt%lplkfl :| (0) 4
= —10 NY o™ .
A () [ Dk Gm Pe(@+ -+ gm) ( )

IStrictly speaking, this is only true after neglecting the recoil against the soft gluon.
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Figure 2.1: Eikonal rules for the blue vertex and propagator due to soft gluon radia-
tion off an incoming (left) or outgoing(right) hard parton (solid line) with momentum
p;. The imaginary prescription should be set to zero if there is not virtual momen-
tum flowing through this line. The shaded blob denotes the non-relevant parts of
the graph and crosses indicate that gluons can be re-attached anywhere or branch
into many more emissions.

Finally, entirely analogous simplifications are obtained when one considers soft
gluon radiation, either real or virtual, off hard partons with other ﬂavoursﬂ In the
same limit studied above, the propagators and vertices for gluon radiation off a hard
parton with flavour ¢ simplify as in Fig. where the flavour dependent matrices

T¢ are equal to

Jac  if ¢ = u, outgoing quark,

t5)de if + = v, incoming antiquark,

¢ if i = u, incoming quark,

¢ s (2.4)
«a 1if i = v, outgoing antiquark,

i fdac if i = £, outgoing gluon,

—ifed if { = ¢*, incoming gluon.
\

If we are considering Quantum Electrodynamics (QED), these matrices would be
equal to the electric charges of the corresponding fermions. Analogously, in QCD it
is customary to refer to T¢ as the colour charge of parton i.

The eikonal rules are valid in physical gauges as well as in the Feynman gauge.
The deduction of the eikonal rule, in the Feynman gauge, for a gluon radiated from
other gluons can be found in Refs. [47, 48]. We have only inserted gluons on the
external hard partons. However, internal insertions are subleading because the prop-
agators are of the same order as the hard scale ). Fig. illustrates the corrections
we consider in this work. It is worth noting that we do not make approximations
for the shaded oval in this figure. More precisely, we always use the full triple-gluon
and four-gluon vertices for soft gluon emissions off other soft gluons and the ezact

expressions for soft-gluon propagators, i.e. the eikonal approximation is only used

2Henceforth, as it is customary in the related literature, we refer to the different types of parton
as parton flavours. We will always use the letters {4, j, k, [, m} to label particular partons and letters
{a,b,c,d,e, f,g} to denote colour indices.
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Chapter 2. Soft gluons and the colour evolution picture

Figure 2.2: Soft gluon corrections to a hard wide-angle scattering. Henceforth, the
white blob always denotes the hard scattering and solid lines represent hard partons

for the vertices and propagators over the hard parton lines.

2.2 Colour + spin state notation

It is useful to introduce a notation that makes manifest the universal structure of
the eikonal rules [28] [49]. This can be done by noting that, in general, a physical
amplitude, or a graph contributing to this, with n external partons can be written as
Netenioon (- p.), where {c;,0;,p;} denote the colour, spin and momentum
of a parton with flavour ¢. Then, one can introduce an orthonormal basis in colour

plus helicity space (o1, ...0,| ® (c1, ..., ¢,| such that

NOBwomienen () ) = (01,00 @ (c1- o enl) IN(P1y ooy Pn)) - (2.5)

In this notation, the square of the amplitude summed over the colours and helicity

states of the external partons reads

S IN = (o o)l )} 2.6)
{ci,oi}

It is also convenient to define colour operators T¢ whose components are equal to
the colour charges T¢ for the emission of a gluon with colour a radiated from parton

7

(di|T2]er) = (T
(2.7)
<d1, dy| T4, cn> = Sarer oo (T ares O e -
In this notation, the eikonal rules in Fig. simply read
Tapt
iPi (2.8)

+pi-q +i0;0/2
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Chapter 2. Soft gluons and the colour evolution picture

where gz = {1, —1} if the propagator carries virtual momentum and is outgoing or
incoming respectively and §; = 0 otherwise. Using the above definitions and the fact
that the matrices of the fundamental and the adjoint representations are hermitian,

one can show that

T, T; =), (T} Ty = T}-Ti =T, T, = T}.TZT : (2.9)

where C} is the Casimir coefficient associated with the colour representation of parton
1, i.e. C; = Cp when 7 is a quark or an antiquark, and C; = Cy when i is a gluon.
Given the definitions in Eq. and the commutation relations of the adjoint and
fundamental representation, one can prove that

cpaberpe e s

ey = T TR (2.10)

0 if i # j.
Below we collectively refer to these relations as the colour algebra.

The global colour symmetry of the QCD Lagrangian implies that physical am-
plitudes (each diagram that contributes to it) should be invariant under rotations in
colour space. By making an infinitesimal colour rotation in Eq. , one can show
that the colour charges are identical to the colour rotation matrices. Hence, if |n)
denotes any physical amplitude with n external partons, or a graph that contributes

to this, a colour rotation to these amplitudes reads

n> - ‘n> = <Zn; Tg) ‘n> ~0. (2.11)

It is customary to refer to the right-hand side of this expression as the colour con-

gioa S0 TS

servation property. The notation described above works in any basis for the colour
matrices and it is often referred to as the colour basis independent notation. Useful

relations for the explicit evaluation of colour matrices can be found in [28] [50].

2.3 First soft corrections

In this section we compute the first soft corrections to the cross section, namely
the corrections of order a;. To familiarise ourselves with the notation and introduce
useful definitions we study this simple case in some detail. In fact many of the central
ideas that we will discuss in the proceeding chapters first appear at this order and,
as we will see in Section [2.4] it is the exponentiation of these lowest order virtual

corrections that gives rise to much of the physics we aim to describe.

39



Chapter 2. Soft gluons and the colour evolution picture

2.3.1 Real emission contribution

Let }n(0)> denote the lowest order amplitude of a hard process with n on-shell partons
with momenta {p1, ..., p,}. The amplitude )n(f%> of this same scattering with a soft
gluon of momentum ¢ is obtained by inserting the extra gluon on each of the external

hard partons:

9
)

a a — € o api'
) = T @), = YT (2.12)
i=1 v

where (g, o) denotes the polarisation vectorf| and J,,41(g) is commonly referred to

as the soft-gluon current. Due to colour conservation, the one emission amplitude

nﬂ> is gauge invariant in the following sense:

JZH(Q)

wv:7lﬂ

n@>:0 (2.13)

E—q

Finally, the contribution to a given observable ¢ from this correction yieldd

[ (ot = [ ata (n

where d[q] = d%q(27) "%t (), 67 (q) = 6(¢?)0(¢°) denotes the differential measure for

an on-shell emission, ¢ is a function of the phase space that defines the observable

Tos1(0) Jona(@) [0 )o(a),  (214)

by weighting the phase space, e.g. ¢(q) = 1 for a completely inclusive case, and the
hard scale @ in the upper integration limit indicates that momentum components
above this scale should be cut off. It is worth noting that we have neglected the
recoil against the gluon, i.e. we are not enforcing global momentum conservation.
Also we are not including flux and symmetry factors in Eq. (2.14).

2.3.2 One-loop contribuions

Within the eikonal approximation, the one-loop corrected amplitude receives contri-
butions from two graph topologies: self energy graphs, which do not give rise to soft
enhancements in the Feynman gauge, and a virtual exchange between two different
partons, the latter is illustrated in Fig. The sum of the exchanges between

30bserve that our convention is to denote by ¢ the polarisation vector corresponding to an
emission instead of €*.

4Here and whenever we consider squared matrix elements we will always consider unpolarised
squared amplitudes summed over the colour states of the external partons.
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J o J
Figure 2.3: One loop and one real emission exchange between {i,j}. Only partons
involved in the exchange are explicitly drawn.

different partons adds up to

’n<1>> _ Ig)’n<o>> _

Z / N dd g Tept 1 9rTpju — ’n(0)> (2.15)
Di- k—f—é% —pj~/€+(5j5 k? + 10 '

1<j

For later use, we have introduced the colour operator 17(11) that, acting on the hard
process amplitude, “inserts” the one-loop corrections.

In general, for every pair of partons {4, j }, the above integral contains a radiative
and, in specific cases, an absorptive part. The integrals corresponding to these
two types of contribution are respectively real and imaginary and can be isolated
by putting, or cutting, specific propagators on-shell, see below. We postpone the
deduction of these and more general cutting rules to isolate the real and imaginary
parts for the next chapter, in the meantime we shall discuss the physics associated
with them. For each pair {i, j}, there is a radiative contribution that can be isolated
by setting on-shell the propagator of the exchanged gluon (k% +40)~1 — —2mid ™ (k).
After doing this in Eq. one gets

n Q 2,2 Q
STt [ f [T T (219

i<j

The right-hand side shows that the radiative part of the virtual integral behaves like
minus the real emission correction, see below. One can show that Eq. diverges
logarithmically when its momentum becomes arbitrarily soft & — 0 or when it is
collinear with a hard parton, i.e. p;-k — 0 or p;-k — 0, see also [10].

In addition to the radiative part, the integrals in Eq. contain an absorp-
tive part for every pair {i,j} of incoming and for every pair of outgoing partons. In
each of these cases, the imaginary prescriptions of the two propagators in the eikonal
approximation trap, or pinch, the contour integration over the loop momentum ren-

dering an imaginary contribution. This part of the loop integral can be isolated by
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setting these propagators on-shell in Eq. (2.15)), i.e.

@ A% g2up;p; [[—2mid(p;-k)[[—2mis(—p;-k)]
omd k2 2

C7(0,Q) = —z'Tl--Tj/ . (2.17)
Observe that this expression contains an additional imaginary factor, (—i), with
respect to the radiative contribution. Subsequently, we refer to the imaginary part
of one-loop integrals as being due to a Coulomb gluon exchange. After integrating

out the delta functions, the expression for each exchanged Coulomb gluon becomes

y @ k2
C(0,Q) = —iﬁg—scETi-Tj/ T
T

; = (2.18)
T

where kr denotes the d — 2 components of the virtual momentum that are transverse
to the hard partons p; - kr = p; - kr = 0 and ¢, = (47)°/I'[1 — €] is a typical volume
factor that we will often encounter in d = 4 — 2¢ dimensions. The physics of each
Coulomb exchange corresponds to an on-shell scattering. To be precise, we observe
that Coulomb gluon contributions can be written as the product of two physical, i.e.

on-shell, amplitudes:
1
% /dLIPS2 Aly o (pispiopi + kopy + K [0 (k 4+ pi, K +pj, )> . (219)

where AIZ S9) denotes the amplitude of the two-to-two scattering p; +p; — (p; +k) +

(pj + k') and the differential Lorentz invariant phase space is

d%% A

ALIPS; = 55 oy

(2m) 40—k — K'Y (—i6 T (p; + k) (—id T (p; + k) . (2.20)

To identify Eq. (2.18) with the expression for the Coulomb gluon in Eq. (2.17)), we

need to use that, within the eikonal approximation,

’n(o)(k +pi, k' +pj, ... )> ~ ‘n(o)(pi,pj, . )> ,
AIQ_,Q)(pz‘apmpz‘ +k,p; + K ~ (_Z)T(gu )2 {ﬁ} (—2@ijj#)(—22Tip§‘) , (2.21)

5+(l€ +p;) = 2m6(2p;-k) 5+(pj — k) = 2m6(—2p;-k) .

Thus, Coulomb gluons correspond to on-shell scattering between incoming or outgo-
ing partons.

Recall that we regularise the IR divergences of loop and phase-space integrals
by working in d = 4 — 2¢ > 0 space-time dimensions. The radiative contributions
and the phase-space integrals at this order have IR divergences associated with con-

figurations in which the emitted gluon has arbitrarily small energy or is collinear
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with a hard parton. The Coulomb gluon contributions have divergences associated
to configurations with arbitrarily small k,. We detail the integration at this order
in Appendix [A] the resulting expression for the radiative (Eq. (2.16))) and Coulomb

(Eq. (2.17)) parts yield

1 Qs Ce | 2piD; -
5/ Alk]Jng1-In = ;T -T; or 2 [ 2 (2.22)
i7 as Ce 2pzp] -

Observe that the radiative and Coulomb parts are hermitian and anti-hermitian

operators in colour space respectively, i.e.

Fns1 - Tns1)t = T T

“ S (2.24)
(C7(0,2pi-p;))" = —C(0,2p; p;) -

The total contribution of the absorptive and radiative parts combine into the follow-

ing compact form

1 [9 "o
IS) = 5/ CILIR PSR P Zéz'jcm (0,2pi-p;)
. ~ - B (2.25)
ST [1 +Z~7regij} 1 [ pi-pj} |
2 e | p?
i<j

where gij = 1if {7, j} are both incoming or outgoing and gij = 0 otherwise. Due to

colour conservation, the infrared e poles of this equation can be written as

(1) _ QsCe L 2p; b\ %
I"_27r2[ Z ZTT((M) m5m>

JFi

+O(e).  (2.26)

The double pole 1/€* corresponds to the region of integration of an on-shell virtual
gluon which is both soft and collinear. It is noteworthy mentioning that this part is

diagonal in colour space whilst the 1/e poles remain as non-trivial colour operators.
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2.3.3 Observables and infrared finiteness at order o

We now have all of the amplitudes necessary to assemble the corrections of order as

O a given observable (ﬁ, ie.
0 0 0 0
<n(1)‘n( )> + <n( )|n(1)> —I—/ d[q] <n( zln( 2> (b(q)

— /Q dlq] <n(0)

This expression shows that for an observable to be finite, the source function ¢(q)

Ji(a)-J1(a)|n® ) ola) ~ 1] (2:27)

should assign unit weight to configurations in which the gluon emission has arbitrarily
small momentum or is collinear with one of the hard partons. In particular, the
corrections to the total cross-section, i.e. ¢(q) = 1, identically cancel. It is worth
noting that although at this order Coulomb gluons identically cancel, the mechanism
of cancellation is completely different from the radiative part. While the radiative
gluons behave exactly like minus the one real emission part, Coulomb gluons cancel
because of their imaginary character, i.e. it cancels with its hermitian conjugate
contribution C¥ + (C¥)T = 0. Since this occurs similarly at higher orders, we refer
to real gluons and to the radiative part of the virtual soft gluons collectively as

eikonal gluons.

2.4 Collinear factorisation (breaking) in QCD

Broadly speaking, the singular part of the amplitude associated with soft and collinear
partons factorises from the hard process. The corresponding factorisation formulae
always exhibit a high degree of universality in the sense that the factors associated
with soft and collinear modes do not depend on the details of the particular hard
process and often are strictly independent of it. In [29], Catani, de Florian and
Rodrigo (CdFR) proved that in the most general case, factorisation formulae for
QCD amplitudes in collinear kinematical configurations cannot be written in a strict
process-independent way. As we will see, this occurs due to the non-trivial colour
structure of soft gluon corrections. Specifically, to the interplay between eikonal and
Coulomb gluon contributions.

In a series of papers [31, 36] on the ‘gaps between jets’ (GBJ) observable For-
shaw, Kyrieleis and Seymour (FKS) anticipated violations of strict factorisation and
showed that they can give rise to interesting phenomenological implications. This
observable is defined as the cross-section for the production of two high transverse
momentum jets (()) with the condition that any additional central jet should have
smaller transverse momentum than a given scale )y < (). Surprisingly, the authors

found that while corrections due to eikonal gluons behave as o™ In" (Q?/Q3), the
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interplay between eikonal and Coulomb gluons, responsible for the breaking of strict
factorisations, give rise to larger logarithmic corrections of the form a1In’® (Q?/Q32)
with respect to the Born term, and more generally is expected [51] to give rise to
contributions of the form o In*™"?(Q?/Q32) for m > 4. This discovery showed
that the perturbative corrections to observables that are sensitive to the breaking of
strict factorisation require careful analysis. In this section, we review the behaviour
of QCD amplitudes in collinear limits with the purpose of showing some of the nec-
essary elements that a general framework encompassing such physics should have.
Our presentation closely follows the original Refs. [29] [30], where additional details

can be found.

2.4.1 Collinear limit

CdFR considered a general scattering procesﬂ M with n external on-shell partons
in kinematical configurations where a subset C with m of the n partons become
simultaneously collinear (m > 2). More precisely, the limit in which the parton
sub-energies of the collinear (massless) partons \/m , 1,7 € C are all of the same
order \/m ~ X and vanish simultaneously as A — 0. Only the dominant singular
behaviour in this limit was considered®, which behaves as M ~ A™™~!. Here and
throughout this section, the momenta of the n external partons (either incoming and

outgoing) have positive energiesﬂ

2.4.2 Tree-level

Figure 2.4: Multiparton collinear limit of a general process M at tree-level.

At tree-level, the multiparton collinear limit of a general process satisfies the

°In this section, we use italic capital letters to denote scattering amplitudes, e.g. |[N) instead
of |n). We do this in order to emphasise that the results in this section hold for more general
scattering of on-shell processes, and not only for hard wide-angle scatterings with soft corrections
that we consider in the rest of this work.

SStrictly speaking, the collinear limit of QCD amplitudes is gauge dependent. CdFR worked
in a light-like axial gauge where the dominant behaviour of the squared amplitude is equal to the
square of the dominant behaviour of the amplitude.

TA different convention is used in [29, [30] where all the external partons are outgoing and can
have positive or negative energy.
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following factorisation formula:
)M(U)> ~ SpQ(p1,. .., pm; ﬁ)‘ﬂ(0)> : (2.28)

Here and in the rest of this section, the symbol ~ denotes the dominant contribution

in the collinear limit. On the right-hand side,

M(O)> is a tree level reduced amplitude

with n—m+1 partons obtained from ‘M(0)> by replacing the m collinear partons with
a single parent parton whose flavour and momentum are inherited from the collinear

partons from conservation rules, in particular, its momentum can be written as

D _ o (ZiEC pl)Q nt

where n* is an auxiliary light-like Vecto. Finally, the tree level splitting Sp® is
an operator (in spin and colour space) that describes the splitting of the collinear
partons into the parent parton {pi, ..., pm} — P. The factorisation formula
is illustrated in Fig.

Explicit representations of the splitting operator Sp'” can be found in [29] and
references therein. However, for the sake of clarity we illustrate a particular case.
The splitting operator for the case of a double collinear splitting (m = 2) is of the

form
Sp(p1, po; 15) x (color matrix) x Split'® | (2.30)

where Split® is a matrix in helicity space. For instance, if py, ps are respectively a
q,q pair of outgoing partons, then, kinematics and flavour conservation determine
that the parent parton, ﬁ, is an outgoing gluon and it is straightforward to show
that

5;5> = (1)e).c0 X Ak u(p1,01)7"eu (P, 0)v(p2, 02).

2p1-p2
(2.31)

Sp(O) (p17p27 ﬁ)

<U1U2; C1C2

2.4.3 All-orders collinear factorisation of QCD amplitudes

CdFR demonstrated that, in general, the structure of tree-level factorisation for the

multiparton collinear limit generalises to all orders:

‘M> ~ Sp ({m}, (n—m): ﬁ) W> . (2.32)

8This way of writing the momentum of the parent parton makes manifest its identification with
a massless state.
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Again,

ﬂ> is the all orders reduced amplitude of the physical process obtained by

replacing the m collinear partons with P, however, this time the all orders splitting
operator Sp is process dependent, i.e. it depends on the quantum numbers of the
external non-collinear partons {n —m}. CdFR showed that strict collinear factorisa-
tion, the property of the splitting operator of being independent of the non-collinear
partons (i.e. Sp = Sp({m}; ﬁ)), is only a feature of particular cases that we shall
discuss in this section. We already illustrated this factorisation in Fig. where a
parton in the initial state branches into many emissions and P is in the initial state.

Here and throughout this thesis we organise the perturbative series of a physical
process N (equal to M or M) as

}N} - WO)} + (N<l>> + ‘N(2)> . (2.33)

where |N (0)> denotes the lowest order amplitude at which A can occur, and ‘J\/’ (l)>
denotes the same amplitude dressed with [ additional loops, i.e. N'/N? o ol.

Similarly, the perturbative expansion of the splitting operator can be expanded as
Sp = Sp @ + Sp® + Sp® + ... (2.34)

with Sp®/Sp® o al. Order by order, the CdFR factorisation formula (2.32)) is the
same expressed in terms of the unrenormalised splitting operator and amplitudes
{Sp. M), [ M)} as of the renormalised ones {Sp”, |M)" M>R}, i.e perturbative

renormalisation commutes with the collinear limit [29]. In what follows we work with

the renormalised amplitudes and adopt the MS scheme, as in the original referenceﬂ
The generalised collinear factorisation formula (2.32) at the level of squared am-

plitude reads
<w¢M>:<IﬂﬂX@, P ~ Sp'Sp. (2.35)

Clearly, whenever Sp obeys strict factorisation so does kernel P. There are cases,
already at one loop order, in which the splitting Sp¥ does not strictly factorise but
the terms that break strict factorisation cancel at the level of the squared amplitude,
see below. In view of this, it is convenient to consider the perturbative expansion of
the kernel:

P=P" +PW PO (2.36)

where PO = Sp@TSp©® ig the squared tree-level splitting and P® is the contribution

of order o!, with respect to this.

In this scheme the renormalisation scale in the QCD coupling o, (ug) is set equal to the di-
mensional regularisation scale u. We will also drop the superscript R that distinguish bare from
unrenormalised quantities.
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2.4.4 One loop

Using the above series expansions, the collinear factorisation formula (2.32]) at one
loop order reads

MDY = 8p M)+ 5p 0| M), (2.37)

Below we will discuss this expression for a general scattering M. By way of il-
lustration, we schematically represent this equation in Fig. in a case in which
the one-loop splitting kernel, SpW, obeys strict collinear factorisation. In specific
scatterings, the one-loop splitting has terms that do not obey strict collinear fac-
torisation. In particular, the infrared divergent terms that correlate collinear and

non-collinear for a more general scattering are schematically depicted in Fig. 2.6

Figure 2.5: Schematic representation of collinear factorisation of an scattering am-
plitude at one-loop order, Eq. (2.37)), for which splitting kernel is independent of the
non-collinear partons.

In the particular case of the double collinear limit m = 2, CdFR computed
the right-hand side in exactly d = 4 — 2¢ dimensions, i.e. to all orders in the
e expansion. Nevertheless, here we will be mostly interested in studying singular
infrared behaviour (1/e poles) of this operator. To study the singular part, one can
invoke that the (renormalised) one-loop QCD corrections to any physical process N

with n external partons (in d = 4 — 2¢ dimensions) can be written as [28]

‘N(1)> — IW(E)‘N(O)> + )N<1>> , (2.38)

fin

where ’N (1)> &, is a renormalisation scheme dependent part that is finite as e — 0

and, therefore, the operator 15\1/) embodies the universa singular behaviour (soft

and collinear):

as 1 “[1 1 1o 2p;-p; =
1\ (c) = 55 [—Z L—2Q+ E%} — EZTZ-.TJ- {m( J) —msiju . (2.39)

2
i2) K

By comparing with Eq. (2.26) we can easily identify the e poles corresponding to

eikonal and Coulomb gluons. The single poles with the flavour dependent colour

10T the sense that its structure is the same for any scattering amplitude.
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coefficients, ~;, are given by

11 2
Ye =73 =3/2CF, 7y = 54— 3Ty, (2.40)

and correspond to hard on-shell virtual fluctuations collinear with parton i. These
hard collinear poles are included only in this section, before Section 2.5 In the rest
of this work, we work within the approximation described in Section [2.1

The universal formula can be applied to the complete, M(1)>, and reduced,
)H(1)>, one-loop amplitudes to write the one loop splitting operator in Eq.

as

Sp®[M”) = (10sp® - sp 1 + spi))) (M), (2.41)

where Spéln) is the finite part of the splitting as ¢ — 0 and where

OP.p.
In (Z 2p3>—m5ij] . (2.42a)
1

(7))

(2.42b)

1] 2
I~ (C) + (NC) + 2= | -2 Y T,.T,

1 1 1 2
1) —(NO) + - O — Zp— = S T3 T,
M ( )+27T2 2 P 6777 ejgc ply

where the symbols (C) and (NC) stand for terms that depend only on the collinear
and only non-collinear partons respectivelylﬂ. Also, in Eq. we used that for
t € C and j € NC the following identity holds p;-p; ~ zlﬁ-pj where z; = pln/ﬁn is
the momentum fraction of parton ¢ in the direction of the parent parton. The colour

charge of the parent parton, T, is fixed by colour conservation:

TﬁW> _ —igV:CT,.

M> . (2.43)

Then, since Sp¥ is independent of the non-collinear partons it commutes with the

Tz and we can write

Sp(O)Tﬁ‘M(O)> - (— 3 Ti> Sp(o)‘ﬂ(0)> - (Z Ti> Sp<°>(ﬂ‘°)>, (2.44)

1eNC i€C

HTheir explicit form can be deduced by applying Eq. (2.39) to M and M. More details of their
deduction can be found in Section. 5.3 of Ref. [29]
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where in the second identity we have exploited that Sp® )M(O)> is a colour singlet.
We now have all the necessary ingredients to study under which circumstances the
singular part of one loop splitting operator strictly factorises. After applying this
identity to Eq. , we observe that Sp™!) can be written as

spt) = (1) ~ 1)) Sp® + Sp{y). (2.45)

By means of colour conservation, the term inside parenthesis in this expression yields

Cp—> G

1 Wi i
=Y Ty
€

1
L) =10 10 = %) 2
C(e) M M A7 | €2

g2
ieC K Nl
1,7€C (246)
1 . A
+thp-im|cpa S|+ Do e a2
ieC e’

where 58)(6) is an operator in colour space that contains only Coulomb gluons. It

is defined as:

AW _ % (P Tycrin{ Torim — Tp} + 2 TEqm) if P is incoming ,

Z—; (%TNCﬂout' {TCﬂout — Tﬁ} + @T%ﬂout) lf P iS Outhing .

(2.47)

The colour charges T crin, Tcnout, TNcrin, T cnout denote the total charge of the incoming-
collinear, outgoing-collinear, incoming-non-collinear and outgoing-non-collinear par-

tons respectively, e.g.

Term = Y Ta

1€CNin

Observe that the only terms dependent upon the collinear and non-collinear partons
in Eq. (2.46|) are contained in Eg) Hence, strict factorisation is only satisfied when
this operator can be expressed in terms of the collinear partons only. There are only

six cases in which this can be done:

1. All the collinear partons are in the final state (as in eTe™ annihilation into
partons). Proof: P must be outgoing and equal to Tz = Tcroue and hence

AC depends only on the collinear partons.

2. All the collinear partons are in the initial state. The proof is similar to the

previous case.

3. All the non-collinear partons are in the initial state. This implies that Txcrouw =
0 and Tncnin = —Tp = —Tcnin — Tcrouwr and hence AC depends only on the

collinear partons.
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4. All the non-collinear partons are in the final state. The proof is similar to the

previous case.

5. The process M has only one parton in the initial state (as in Lepton-Hadron
DIS). Proof: Because of the first point we can assume that the incoming parton
is collinear. In this case we have Tncnin = 0. Then, if P is incoming, EC
depends only on the collinear partons and, if Pis outgoing, we have Txcrout =
—Ts = —Tcrin — Tcnow and again Ac can be re-expressed in terms of the

collinear partons only.
6. M has only one outgoing parton. The proof is similar to the previous case.

To show that there are no other cases in which the amplitude strictly factorises, we

note that the only cases not included in the above list require:

TNCﬁim TNCﬁouta TCﬂina TCﬂout 7é 0. (248)

In such caseﬁ, colour conservation cannot be used to express the total incoming (or
outgoing) non-collinear colour charge in terms of the colour charge of the collinear
partons only. It follows that Eq. can no longer be solely expressed in terms
of the collinear partons. The terms that break collinear factorisation in Eq.
when P is incoming are schematically illustrated as in Fig. m

C,in

NC, out

NC,in

Figure 2.6: Representation of the terms that break the strict collinear factorisation
in Eq. , when the parent parton, P, is incoming and Eq. is satisfied.
The red curly lines represent Coulomb gluons exchanged between collinear and non-
collinear partons.

CdFR showed that in the first two cases, which they referred to as time-like
kinematics, the amplitude strictly factorises to all orders but, for more general kine-
matics, the amplitude does not obey strict collinear factorisation beyond one loop
order. A special exception is fifth case in the aforementioned list. It is worth noting
that, in the last four cases in this list, strict factorisation is effectively restored by

colour conservation.

12j e. for an scattering involving incoming and outgoing collinear partons, and also incoming and

outgoing non-collinear partons.

o1



Chapter 2. Soft gluons and the colour evolution picture

Finally, by squaring Eq. (2.45)) we get the following expression for the kernel P
PO — §p©® [IC iy } sp© + {sp<° 'Sp) + hec. } . (2.49)

Due to their anti-hermitian nature, the Coulomb gluons in the first term cancel and
hence the only possible violations of strict factorisation at this order are due to the
finite terms inside braces. In the next chapter, we will show these finite contributions
for the case of the double collinear limit m = 2 (within the eikonal approximation).

We anticipate that they obey exactly the same factorisation formulae as the IR
contributions, see Eq. (G.3) of Appendix |G|

2.4.5 Two loops

Within the framework of dimensional regularisation, the structure of the IR diver-
gences of the two-loop QCD corrections to a general scattering process N was first

reported in [52]. After renormalisation in the M S scheme these can be expressed as

V) =10

NOY 10 ()| N

)+ ‘N <2>>ﬁn (2.50)

where !/\/ (1)> is the same as in Eq. (2.38)), |N (2)> 4, denotes (scheme dependent) finite

contributions, and 15\2,) is a colour operator given by

W@=—§M&$+;%ﬁkm 1)

2.51)
asK (1) g 2 1 (
om V(26 + (%) ZZH"
i=1
where K = [18 %2} — %TRN r and the flavour coefficients H; are real constants

that can be found in CdFR. As in the one-loop case, the universal formula (2.50))
can be applied on the complete, ‘M(1)>, and reduced, ’ﬂ(1)>, two-loop amplitude

to write down expressions for the two-loop splitting, Sp?. and kernel, P®. These
expressions can be found in [30]. In general, the two-loop kernel no longer satisfies

strict factorisation. The possible violations of factorisation are all of the form

1
P =5spf ({1 + 10T+ 1 + 1T} AW sp)

(Sp TICMSp(l) + Sp® [I(l Spﬁn] + h.c. ) (2.52)

+ SpﬁnTSp(l) + Spﬁn)TSp + Sp(O)TSpJEfn)7

where Spgi) is the finite part of the splitting at two-loop order. The violations

of strict factorisation in the first line are equal to the commutator between the
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Chapter 2. Soft gluons and the colour evolution picture

eikonal terms inside curly braces, and the Coulomb gluons in AW, Since, due to
colour conservation, the eikonal gluons in I% + I%T and in I(Clj)\/l + Ig}& can be
expressed in terms of the collinear partons only, it follows that the first line obeys
strict factorisation if A® can be expressed in terms of the colour charges of the
collinear partons only. This implies that the first line also obeys strict factorisation
in of all the six cases described at one loop order.

In a strict sense, the operator in first line is not vanishing, however, its contribu-
tion to a pure QCD process exactly cancels. This was first shown in [36] by noting
that, for a pure QCD processes M, there is a colour basis [53] in which }M(O)> <M(0)‘
and the product of any two colour charges, T;-T;, are real symmetric matrices. In
this basis, each term in the first line of Eq. identically vanishes because it

reduces to the trace of a symmetric times an antisymmetric matrix:
Tr HM> <M‘[Ti-T]~, Tl-Tm]] —0, (2.53)

where the trace is over the colour of the external partons.

2.4.6 Beyond two loops

We shall now describe the all-orders factorisation formula in Eq. (2.32). Following
CdFR, we organise the IR divergences of every (renormalised) scattering amplitude
N as follows:

‘N> - VN(E) N>ﬁ ’
Vide)=1-TIy, Ly=1V+10+10+ .

(2.54)

where the IR operators Ij(\lf) and 15\2/) are the same as above, and, in general, their
divergent behaviour goes as I/(\l/) ~ ol /e*. Additionally, the amplitude |N'),  denotes
the finite part (as ¢ — 0) of the amplitude after renormalisation and hence the
operator \N/N(e), embodies all the IR poles of the amplitude. It has been pointed out
that this operator exponentiates [54, 55, 56, 57, 68, I I [60], i.e. it can be written

as

VN<€> = eXp (IN,cor> 5 (255)
where the operator Iy ¢, can be expressed as a power series in the coupling

I/\/,Cor = Iﬁ\p,cor + I‘S\Q/)’C()r +... (256)

and where the infrared behaviour of this operator at each order goes as I(Al,)&or ~

al /et Clearly, the first term in the expansion should satisfy Iﬁ\lf?cor = 15\1/). The
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Chapter 2. Soft gluons and the colour evolution picture

exponentiation given by Eqgs. (2.55) and (2.56)) exhibits the fact that the dominant

singular IR behaviour at high orders in the coupling is captured by the exponentiation

of the lower terms in the perturbative expansion [29].

By organising the infrared divergences of M and M as in (2.54)), CAFR deduced
the following all orders factorisation formula for the splitting operator in Eq. (2.28))

M) = Sp|M) = V(o) Spy, V3i(0)

= W> (2.57)

T};Z—TNC

where the operator V ,(€) is understood to be evaluated in the respective collinear
limitlﬂ, and the finite part of the splitting Spg,, can be expanded as a perturbative
series

Spg, = Sp© + Spg) + Spgn) +... (2.58)

n

with Spgi/ Sp©® o al. We are not interested in evaluating Eq. (2.57) to higher
orders but there is a lesson that can be learned from it [30]. By approximating the
infrared operators {V a, Vyi;} as the exponentiation of the universal infrared part

of the one-loop effects, i.e.

Vu(e) = exp (IE&?) and \N/'m(e) — exp (I%) : (2.59)

in Eq. and expanding to order o one can deduce the two-loop violations of
strict factorisation in Eq. . This means that, at order o, the violations of strict
factorisation are only due to the exponentiation of the soft (eikonal and Coulomb)
one-loop corrections. In [30], this was noticed and used to infer the violations of
strict factorisation that should appear at three-loop order. This time, the violations
no longer vanish for pure QCD processes. Furthermore, the terms that break fac-
torisation at this order have the same Structurﬂ as the terms responsible for the
appearance of super-leading contributions in GBJ, and this confirms that the physics
of super-leading logarithms is related to the violations of strict collinear factorisation
[30].

It is important to remark that the violations of strict factorisation, at amplitude
and squared amplitude level, do not contradict well established theorems |26, 22| 25]
on the collinear factorisation for inclusive observables involving hadron—lepton or
hadron-hadron initiated processes. As we discussed in Section [I.4.1] for such cases

the contributions that break strict collinear factorisation cancel once a sufficiently

13The study of the perturbative expansion of , and more generally the infrared behaviour
of multi-parton scattering amplitudes and its organisation in terms of webs [61] is a very active
area of research, see [37 [62], 63 [64] and references therein.

M ore precisely, the collinear momenta should be evaluated at p; ~ z P in all the terms that
are not singular in this limit.

5Double commutators of two Coulomb and one eikonal gluon.
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Chapter 2. Soft gluons and the colour evolution picture

inclusive sum over the final states is carried out [22].

As we discussed in Section for non-inclusive observables the factorisation of
collinear divergences is expected [30] to be possible up to the scale Qo below which the
real radiation is summed up inclusively{’} In addition, above Qy the miscancellation
of real and virtual (including Coulomb) contributions is expected [30] to give rise
to perturbatively-calculable effects with contributions that cannot be written in a
strict process independent manner. This could be a general prescription to calculate
the perturbative corrections to non-inclusive observables. It was first studied in the
calculation of the GBJ in Refs. [31} 86]. However, it is important to point out that it
is not yet clear which observables are non-inclusive in this sense and what a general
definition of )y might be. There is still work to be done in elucidating these issues.

We close this section by reiterating the main conclusion we will use in the forth-
coming sections: the exponentiation of the eikonal and Coulomb one-loop virtual
corrections seeds the violations of strict collinear factorisation and any framework

that aims to describe this physics should incorporate them.

2.5 On the structure of soft corrections to all or-

ders

The series of papers on the super-leading logarithms by FKS are based on an algo-
rithm for the inclusion of eikonal and Coulomb gluons to all orders in the perturbative
expansion [31], B6]. Starting from the next chapter, we will provide formal evidence
of its correctness in particular cases. In this section we shall motivate its structure
at amplitude level and illustrate some of its properties.

In Section we presented the eikonal rules for the soft gluon corrections to a
hard wide-angle scattering. A heuristic construction of the dominant contributions
at each order is known as the soft gluon insertion technique [65, 49, [66], [67], for a first
introduction see [68]. We emphasise that, although this construction includes the

colour interference between different partons, it ignores the contributions of Coulomb

gluons.
To be concrete, let us consider the hard wide-angle scattering |n(¥ (py, ..., pn)> of
n on-shell partons. The contribution of the matrix element with {ly,...,[,} gluons,

either real or virtual, can be constructed following simples rules [67]:

e Firstly, it is assumed that the leading contribution of a matrix element with
m gluons comes from kinematical regions in which their energies are strongly
ordered, i.e.

P <l <---<likQ, (2.60)

16To some degree, all observables have an inclusivity scale.
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(@ is the characteristic scale of the hard scattering. This applies to both real

and virtual gluons because the latter are assumed to be nearly on-shell.

e Secondly, the leading graphs in this region are obtained by inserting first the
hardest of the soft gluons [; on each of the external partons of the hard scat-
tering subprocess, then /5 on each of the external legs of the relatively harder

partons (including [;), and so on.

e Finally, the eikonal rules are used to approximate the radiation of any soft

gluon off relatively harder partons.

These rules can be systematically implemented through soft-gluon current operators
JE (¢) defined as the operation of inserting an eikonal gluon ¢, on each of the
external legs of a matrix element with n hard partons and with m — 1 additional

gluons, i.e.

Z T, L (2.61)

i (@) = gt ZTz o

=1 i=n-+1

Then, according to the soft gluon insertion technique, the complete lowest order

amplitude with m real emissions ¢°, < -+ < ¢¥ < Q is

[0} = Tusm(@n) - T (a)

n(°>> . (2.62)

Virtual corrections are often introduced indirectly [67, 49, [65] by invoking the can-
cellation of soft singularities in the total cross section (Bloch-Nordsieck theorem [69])
that we discuss below. Instead of this approach, we directly include the virtual ra-
diation using the soft insertion technique. To do this, we first note that the sum of
any number of virtual insertions with energies in the interval (qlo, qlo_l) exponentiate,

1.e.

1+%/q:l_ld[k1]=]i+l(k1)+ <% /qq d[/ﬁ]JnH(lﬁ)) G /qold[m]JgH(@)) T

l -1 1

— exp (% /:l_ld[kl]JiH(kl)) . (2.63)

where d[k] is defined below Eq. and we have used the shorthand J2,, =
I im - Jnt1u. To deduce the rlght—hand side one needs to order the energy limits
using Eq. (B.§)) and then use that

{ / d[k]J?(k), / d[k’]JQ(k’)} =0. (2.64)
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This identity (Eq. (2.63])) allows us to introduce the virtual corrections between each
of the emissions in the tree level amplitude (2.62)). After this, the all orders m

emission amplitude )n+m> reads

0 0 0
1) = VIS T (@) VT T (@) VIR @) (2.65)

where the virtual gluon corrections are encoded in the Sudakov operator:
o 1
VI = exp [5 / AT i (k) Tpgrgr (B) O (v < kg < 5)] . (2.66)

Equation ([2.65)) is expressed as a product of energy ordered real emissions with
Sudakov operators expressing the non-emission factors at intermediate scales. These

matrix elements satisfy the following properties:

1. Gauge invariance. The amplitude ‘n+m> identically vanishes under the substi-

tution (q;) — ¢;.

2. Bloch-Nordsieck cancellation of soft gluons. The contributions of the real and

virtual gluons cancel when they are integrated inclusively in d dimensions, i.e

ol + [ Aot + [ Al st 4o

= (nO[n©®) .

Furthermore, in the calculation of an observable ¢ that is fully inclusive below
a given scald""] Qy, we can set this scale as the lower integration limit of all the

real and virtual contributions, i.e.

(nl+ [ dlan) (s} 61+ /Q dlaldlge] (naclnse) d2 + ... (2.68)

0<g9<q?

here ¢; (i = {1,,2...})

3. Coherence. Let {l,k} be two real or virtual gluons that become collinear. In
this limit, each soft-gluon current corresponding to radiation of a softer gluon

q, either real or virtual, that has wide angles with {l, k} becomes

p Y Pl A A
Pr-q pi-q i {l} bi-q
’ (2.69)
+ )" 3
(pr +11)-q i) Di-

b

"For instance, this would be the veto scale in the calculation of ‘gaps between jets’.
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Chapter 2. Soft gluons and the colour evolution picture

where we have used that, for the kinematics considered, pi /pr - ¢ ~ p}'/pi-q =
p*/p - q where p is any light-like vector with positive energy oriented in the
collinear direction. Hence, given two collinear {k, [} partons, the relatively soft
wide-angle radiation only probes the total charge and momentum of the pair
{l,k}. This property is commonly referred to as the coherence of wide-angle

radiation.

It is worth mentioning that, within the context of a Sudakov resummation at
double logarithmic accuracy there are now studies [39], 40] that shows that different
ordering variables can be used (transverse momentum, angle, virtuality, among other
variables), and that the coherence property of QCD radiation [35] is understood to be
responsible for this freedom. A review of different ordering variables for the radiative
part of the soft corrections is beyond the scope of this work, instead, we are mainly

interested in including the contribution of Coulomb gluons.

2.5.1 Enter the game: Coulomb gluons

For the purpose of studying factorisation breaking effects, the soft gluon insertion
technique described above is insufficient because it does not include Coulomb gluons.
In order to motivate how to include them into the soft insertion technique we turn

our attention to the two following properties of scattering amplitudes:

e The eikonal virtual corrections to general hard wide-angle scattering exponen-
tiate [70], [71), (72 73 [74, [75, [76l [77]. More precisely, given a hard wide-angle
process, the loop corrections can be written as the exponential of a power series

in strong coupling:

‘n> = exp (I,)

n<0>>, L, =10 +1@ 4 . (2.70)

l

s*

where Ig) denote terms of order «

Eq. (£15)

e The S-matrix is expected to be an analytic function of its Lorentz invariantd™

In particular, IS) is exactly equal to

(regarded as complex variables), with only those singularities required by uni-
tarity [78].

With an eye on the structure of the one loop corrections, these two properties suggest

that Coulomb gluons may be introduced into the soft gluon insertion matrix elements,

18Gtrictly speaking, the transverse momentum and not the energy is a Lorentz invariant, see
below.
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Eq. (2.65)), simply by modifying the virtual operators as follows:

n+m

0 0 0
‘n+m> = V(07qm)Jn+m(qm)V£qr7le_l) . .Jﬁ+1(q1)vgq?762)‘n(0)> ,

) 1 n+r~ .

fo_;r) = exp [5 /d[k]Jr+1(k)'Jr+l(k) O(ar < ko < ) + Zdijcj(ﬁ’&)] T (2.71)
i<j

7 dk2

kg2

] 5

o _ —iw%ceTi-Tj /a
As we show in Appendix [B] this modified picture is again gauge invariant, satisfies
the Bloch-Nordsieck theorem and even the perfect cancellation below the inclusivity
scale. This time, however, the violations of strict factorisation (due to the expo-
nentiation of the one loop corrections) are included and, in addition, there is a
drastic change [36]: the coherence property of soft wide-angle radiation, illustrated
by Eq. , is not respected by the Coulomb gluons. More precisely, given two par-
tons {/, k} that are incoming and outgoing respectively, the Coulomb gluons in the
virtual operator, V,, ., have the following dependence on the colour charges

of these two gluons

~ Z gkiTk'Ti+ Z S;iTl'Ti+8;le'Ti>

i {k,1} i {k,1} 579
~T- Y T T YT (2.72)
1€0ut 1€ln
i#£k i#l

where Zi.j is defined below Eq. . The right-hand side of this expression clearly
shows that, in general, Coulomb gluons depend separately on T, and T;, and one
can check that this persists even when {[, k} are collinear.

One can give a simple physical interpretation to the colour evolution picture
described by Egs. , which is often used within the context of parton showers
[35]. The main feature of this picture is that the radiated gluons, either real or
virtual, are ordered with respect to the size of their momentum components, with
radiation with greater components acting closer to the hard process. A naive use of
quantum uncertainty suggests that we can associate a time scale to the radiation as
the inverse of the magnitude of its momentum components. In accordance with this,

the colour evolution picture is time-ordered.
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2.6 Super-leading logarithms and the ordering prob-

lem

In the original Refs. [31} 36], where FKS introduced the colour evolution picture, the
variable that orders the radiation is the transverse momentum and not the energy.
The motivations behind this choice were previous studies of the soft anomalous
dimension matrix [79] and the observation that in general Coulomb gluon corrections,
see Eq. , can be expressed as transverse momentum integrals. In this section,
we study how this algorithm gives rise to super-leading logarithms.

For the sake of clarity, we shall present the kr colour evolution algorithm in the
notation of [31], 36]. The algorithm for a general observable, is built from the set of

cross sections corresponding to exclusive m gluon emission, {do,,}:

doy = <n(0) V;T oD! Vi qlTVO,qlTD‘qulT,Q‘n(O)> AT, dIT,
d02 - <n(0) V‘];lT QDLLV;;T ¢]1T]:)]L VEL) 42T 074127D q2T, q1TDTVq1T7Q‘n(O)> dHodH1dH2

etc. (2.73)

We now explain this condensed notation. The fixed-order matrix element is repre-
sented by a vector in colour and spin ‘M (0)>, and dlIlj is the corresponding phase-
space. The crucial difference with the energy ordered picture in Eq. (2.71)) is that the

successive radiation, and in particular the Sudakov operators V are ordered

Q2T,91T

with respect to the transverse momentum of the real gluon emissions:

2 ~
Vab = exXp [ Oés/ dkT Z —T,; - T {/ dz;;]:(bwzj —am 5”}] , (274)

1<jg

where

1 Di Dy
b= g2 PP 2.75
1= T G W, B (2.75)

and kr, y and ¢ are the transverse momentum, rapidity and azimuth of the virtual
gluon with momentum k£ that is exchanged between partons ¢ and j. The operator
D¥, corresponds to the real emission of a gluon with transverse momentum ¢p; and

the associated phase-space element (including a factor a; for convenience) is dIl;:

D! = T, jun
i = jRdTi T
- 27D G

) du:do:
dHl _ asdQTz dyzd¢z (276)
T qri 2T
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Observe that J(g;)d[g;] o< D; dII;. A general cross section can then be written

= do,, o (2.77)
. mz/ -

where {¢,,} are functions of the phase-space that define the observable.

We recall that the GBJ observable is the cross-section for the production of
two high transverse momentum jets with the condition that any additional central
jet should have smaller transverse momentum than a given scale )y. This is a
particular case of the so-called non-global observables that are characterised for only
being sensitive to the (real) radiation in a limited region of phase space. In [80, [R1],
these observables were shown to contain a series of single (non-global) logarithmic
corrections, o< (asIn"(Q?/Q32), associated with the miscancellation of the virtual
radiation that dresses real emissions. Specifically, this miscancellation occurs because
while such virtual radiation is unrestricted the real emissions, that otherwise would
cancel it, are constrained to lie in a restricted region of the phase-space.

This is a good moment to point out that FKS envisioned the algorithm in
as a framework to compute soft corrections that accounts for the non-trivial colour
structure of Coulomb gluons. In particular, a complete calculation of non-global
observables requires the inclusion of such contributions. In the so-called large N
approximationEL that was previously used to study the non-global logarithms, the
colour evolution in becomes diagonal and Coulomb gluons become phases
that trivially cancel. This is the reason why super-leading contributions were not
previously observed.

In the GBJ case, the non-global logarithms originate due to fact that emissions
outside of the gap (away from the central region) are forbidden from radiating back
into central region with kr > (g, but the virtual corrections that dress such emissions
do not have to obey this constraint. Thus motivated, FKS formulated Eq. to
calculate the cross-section for events consisting of one real or virtual gluon radiated
‘outside of the gap’ dressed with any number of Coulomb and eikonal virtual gluons
with kr > (y. Surprisingly, they found that while miscancellations between eikonal
gluons give rise to single logarithmic corrections (including non-global logarithms),
the miscancellation between eikonal and Coulomb gluons gives rise to super-leading
logarithms of the form oc o™ In(Q/Qy)™ ™" m > 4. It is worth to remark that these
are the uncancelled logarithmic contributions, discussed at the end of Section [2.4.6
that arise above the inclusivity scale Q).

Within the context of a Sudakov resummation different ordering variables can
be used [39, 35]. However, the choice of ordering variable turns out to be critical
when applying Eq. to calculate the out of the gap cross-section. This was first

Ywhere powers of 1/N are neglected
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Figure 2.7: A particular graph that gives rise to super-leading logarithms in GBJ.
The out of the gap real emission k5 is nearly collinear with the incoming hard parton

Pp1-

exemplified in [38], where the authors explicitly considered terms in which the out
of the gap emission (nearly collinear with a jet) ks is accompanied with a centra]lﬂ
(either real or virtual) eikonal gluon k4 and two Coulomb gluons ki and ksr. Let us
consider first the case in which the ordering takes place with respect the transverse
momentum as in as Eq. (2.73). Following [38], we consider the contribution in which
kip > kop > ksr > kyr. Figure illustrates a graph that contributes in this
ordered region. The relevant kinematical part of the cross-section in this region

yields a super-leading logarithm:

Q kiT ksp
dk dk de dk dk Q
()é4/ 1T / 2T / 2 / 3T / 4T _ _1 5 278
# le k:QT kST k4T s 5' QO ( )
QD QO kQT/Q QO

where ko /@ is the smallest kinematically allowed angle for the out of the gap gluon.
In stark contrast, if radiation is ordered with respect to the energy, the ordering
condition reads kir > Fy = ko /0y > ksr > ks and the equivalent contribution to

expression ([2.78]) renders

Pk | T aE, do dk dk
&4/ 1T / 2/ 2 / 3T/ 4T _ 279
S|k E Far kar (2.79)
Qo Qo Qo

In addition, if the ordering takes place with respect to virtuality, the ordering con-
dition reads ki > to = kopfy > ksr > kyr and the equivalent contribution to

Eq. (2.78)) is doubled, i.e.

/Q dle /dtg / d92 /dkgT / dk4T _ —1115 Q (2 80)
o Qo kir 5 kar kar 85' Qo .
0

QO t2/

Let us recall that, as we illustrated in Eq. (2.72)), the introduction of Coulomb

20Central radiation can be characterised by having ki ~ E;
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gluons necessarily implies the loss of the coherence property of wide-angle radiation.
In view of the loss of this property, the variations exemplified in [38] were not com-
pletly unexpected [31]. In order to solve this problem there is no option but to check
directly the colour evolution by explicitly calculating the matrix elements, as we do

in the subsequent chapters.

2.6.1 Standing on firm ground: Bloch-Nordsieck cancella-

tion of soft singularities

Before we venture into the enterprise of including Coulomb gluons, we remark that
the possibility of obtaining IR finite results when these are included is guaranteed by
the QCD Bloch-Nordsieck theorem [22] 23], [82] [83] [84]. This states that the inclusive
(full) sum over the real and virtual (both eikonal or Coulomb) soft gluon corrections
to a general hard wide-angle process cancels at leading twisﬂ. The inclusivity
condition includes the sum (average) over the colour states of the outgoing (incoming)
hard partons. This theorem was originally demonstrated for photons in QED [69]
and its extension to non-abelian gauge theories is not straightforward because of the

charged nature of gluons.

2.7 Summary

In general, partonic amplitudes do not obey strict (process independent) factorisa-
tion in collinear limits involving incoming and outgoing partons if, in addition, the
scattering contains also non-collinear incoming and outgoing partons. Thus, this
physics is relevant for hadron-hadron initiated processes. The violations of strict
factorisation are first triggered by the exponentiation of the one-loop virtual correc-
tions. For inclusive observables these violations exactly cancel. For non-inclusive
observables, the factorisation of collinear divergences is expected to be possible up
to the scale, @)y, below which real radiation is summed up inclusively and above
this scale there should be perturbatively-calculable effects that in general cannot be
written in a process independent way.

The colour evolution picture is an algorithm that incorporates this physics by
including the leading soft gluon corrections of a general hard process. In principle,
this can be used to calculate the perturbative corrections to non-inclusive observables
above the inclusivity scale ()y. This algorithm implies the loss of the coherence
property for wide-angle radiation. In addition, previous studies have shown that
the colour evolution picture suffers from an ordering problem as it renders different

results for different ordering variables.

2li.e. up to corrections suppressed by the characteristic scale of the hard process Q.
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With the aim of determining which is the correct ordering variable, we will per-
form full diagrammatic calculations of the soft correction to a hard process within
the eikonal approximation. Specifically, we will study the corrections at one-loop to
a general scattering accompanied by the emission of up to two gluons. We will find
an elegant cancellation of graphs that imposes a precise ordering on the momentum

of the virtual exchanges.
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Chapter 3

One-loop, one-emission soft

corrections

Motivated by the ordering problem, in this chapter we will study the soft corrections
to a general hard scattering due to one virtual gluon and one emission, |n(+1i> Our
aim is to test, in this first non-trivial case, which is the correct ordering variable
in the colour evolution picture given by Eq. . By combining the different
contributions, we will find that the amplitude can be written in terms of eikonal

emissions (x T;p;-¢/p;-q ) and virtual exchanges (o< T; - T;) with the following

a7 (i) . i Q
(Ti-Tj/ ><Tip15)+(Tip“€> T,--Tj/ . (3.1)
0 bi-q Dbiq ar(ij)

Crucially, the integration limits of the virtual exchanges appear ordered with respect

structure:

to qr(ij), the transverse momentum components of the gluon emission with respect
to hard partons {i,j} involved in the exchange. The non-Abelian nature of QCD
plays a central role in engineering this ordering condition.

The one-loop, one emission amplitude amplitude ‘n$£> has been previously stud-
ied in [54]. We will revisit it here to introduce novel methods of calculation that shed
light on its physics and generalise to higher orders. We start by considering first the
imaginary, or Coulomb, part in sections and [3.2l Then we include the real, or
eikonal, part of the virtual corrections in Section [3.3] Finally, in Section [3.4] we will
relate the amplitude to the colour evolution picture and to shed light on its structure
we shall study its behaviour in collinear and wide-angle limits. We present technical
details in appendices and discuss the relation with the breaking of collinear

factorisation in Appendix [G]
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Chapter 3. One-loop, one-emission soft corrections

3.1 Coulomb gluons of Drell-Yan process with one

emission

The first non-trivial case in which the colour evolution can be tested is in the case of
a Drell-Yan hard process }2${> More precisely, a process with two incoming partons
that annihilate into any number of colourless particles with one loop and one real
emission. In this section we will focus on the imaginary part. Our presentation is
based on [85].

J J J J
(a) (b) (c) (d)
Figure 3.1: Four cut graphs contributing to the amplitude for the emission of a gluon,

with four-momentum ¢ and colour ¢, off hard parton . There are three further graphs
obtained by swapping (i <+ j) in the first three graphs.

The imaginary and real parts of the one-loop integrals can be separated by study-
ing the contour of the loop integrals. In particular, the imaginary part can be ob-
tained from the “cut graphs” illustrated in Fig. [3.1] The dashed line in each graph
indicates that the crossed lines should be set on-shell. To illustrate this, let us con-
sider graph (d) of Fig. 3.1} Before applying the cut, the eikonal rules for this graph
yield

[

where VPHe = VBra(—k —q, k+q) is the exact triple gluon vertex and ‘2(0)> denotes
the lowest order amplitude for the hard subprocess. In Fig. [3.1] the dashed line cuts

the two hard partons indicating that their corresponding propagators should be set

—pjk — 9| [[E2+30][(k +¢)? + 0] | [pi-(k+q)— % ’

on-shell, i.e.

1 1 . [—27i6(—p;-k)|[—2mid (pi- (k + q))]
B 2

. (3.3)

Henceforth, we refer to cuts that pass through two hard parton lines as “eikonal
cuts”. We present the derivation of these cutting rules in Appendix [D] There, we
consider the more general case of one-loop graphs with any number of real emissions

and derive cutting rules to calculate their imaginary part. In addition, we also present
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Chapter 3. One-loop, one-emission soft corrections

a method to calculate the real part. Although the cutting rules are crucial to our
work, their derivation is rather technical and, as we will see, we can understand its
physics without having to look at those technical details.

By integrating out the delta functions associated to cuts, each graph in Fig.
can be reduced to an integral over the transverse momentum components, kr, relative
to the incoming partons, i.e. p;-kr = p;j-kr = 0. After this, the contribution to the
amplitude from graphs (a)—(c) in Fig. yieldsﬂ

IT pit€l
872 pi-qu

@ dk3
[T (T;-T;) — (T Ty) T3 + (Ti'Tj)Til]/O k;2T ‘2(0 > (3.4)
Although the contributions from graphs (b) and (c) cancel, it is more instructive to
keep them apart. The integral of the Coulomb gluon momentum, k7, is over the full
range from O up to the characteristic scale of the hard process, Q) ~ 2p;-p;. Graph
(d) is responsible for triggering the k7 ordering. This is the only cut graph involving

the triple-gluon vertex and it gives rise to the contribution:

; .. Q? dk2 2
- (e - Ty [ T
8712 p;i-q 0 kT kT +qr

2<0>>. (3.5)

Crucially, the loop integral of graph (d) acts as a switch. It is zero (i.e. sub-leading)
if k7 > qr and when it is active it has the effect of exactly cancelling the contribution
from graphs (a) and (b). The result is that for k7 > gr only graph (a) survives whilst

for kr < gr only graph (c) survives, i.e. the final result is

. Q2 dk2 . 9% dk2
T (T,-T, )/ = —|—(TZ-~TJ-)TZ.1/ e ’2<0)>. (3.6)
0 T

a7

i pie
- 8m2 Diq

These contributions, with the Coulomb gluon kg restricted by the qr of the real
emission are in exact accordance with the colour evolution picture ordered in kr;

after adding the contribution obtained after swapping ¢ <> j we get

J2:1(9) C” (a1, Q) + €Y (0,q1) Tz (q) | 2), (3.7)

where Joy1(q) is the tree level current due to the incoming hard partons:

pic it (3.8)

Joy1(q) = T
Di g p] q

Tn dimensional regularisation, we write dk%(k2)™1 — dk2(k%)~17<g(e)u?c with g(e) = 1+0O(e).
In this section and the next, we drop the explicit regularisation and the coupling constant to simplify
our expressions.
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Chapter 3. One-loop, one-emission soft corrections

(A) (B)

Figure 3.2: The two cuts corresponding to the two different physical mechanisms for
single gluon emission. The hatched circular blob denotes the hard process with the
emission emitted off one of the external partons.

and the Coulomb exchange operator is defined as:

. b2 2
y T dk
C(a,b) = ——T;-T; | - 3.9
@)= —5rers |5 (39
Of particular note is the way that the unwanted cut of graph (b) always cancels, either
against graph (c) or graph (d). Such a contribution would be problematic for any
local evolution picture, since it corresponds to a Coulomb exchange retrospectively

putting on-shell a pair of hard partons earlier in the k7 evolution chain.

3.1.1 Physical picture

There is another way to think about this physics. The Coulomb exchange corre-
sponds to on-shell scattering of the incoming partons, before the hard subprocess,
and the real emission can occur either as part of this initial-state scattering or as
part of the hard scattering. These two possibilities are illustrated in Fig.

Graphs (a), (b) and (d) of Fig. are all included into the set of graphs (A) of
Fig. and, in the domain where (d) is active, it cancels the other graphs. This
means that the ky of the Coulomb gluon must be greater than that of the real
emission, i.e. it is as if the real emission is occurring off a hard partonic subpro-
cess mediated by the Coulomb gluon. The total expression for graphs of type (A)
illustrated in Fig. is

. . N @ Q)2
T
T biq  Pirq]Jeg Fr

By using the colour algebra, this expression can also be written as

. Q2 2

i dk
_ Iy _ Tz-Tl} o
R Jo11(q) — Ja241(q) J /q% k;%

2<0>>. (3.11)

This shows that, up to the integral factor, Eq. (3.10)) can be obtained directly by

considering the coherent insertion of q off the lowest order Coulomb exchange between
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Chapter 3. One-loop, one-emission soft corrections

{i,j}. Graph (c) and the graph obtained after swapping (i <+ j) are the only graphs
of type (B). In this case, the gluon emission occurs much later than the Coulomb
exchange, which therefore knows nothing of the emission and so its k7 can take any

value, i.e.

Clha J2+1(Q)‘2(0)> : (3.12)

Observe that the total expression for (A) is manifestly gauge invariant, i.e. it identi-
cally vanishes under the substitution € — ¢. The contributions of type (B) also form
a gauge invariant set of graphs. In this case, the invariance is inherited from the
2(0)> = 0. The fact that
these two sets of graphs are separately invariant is not an accident. Indeed, exactly
as we did with the Coulomb gluons in previous chapter, see Eq. , the cuts of
type (A) and (B) can be written as the product of on-shell scattering amplitudes. To

colour conservation of the hard subprocess, i.e. [T; + T}]

illustrate this point, we observe that the sum of graphs of type (B) can be written

as

1
o7 / dLIPS; Al, .y Al o) (pi + ko pj + K'spi + kopj + K 1), (3.13)

2—2

Egs. (2.19) and (2.21)) and A(s_3) is the one emission scattering amplitude that,

within the eikonal approximation, can be approximated as

where the amplitude AI ) and the integration measure dLIPS are the same as in

g Tipirer g Tipi-ei] |0
AC pz+k7p+k:/apz+k7p+k/’q ~ + :| ‘2 >
9 ? ’ ) pir(q+k) " pi(q +K)

We close this section by remarking that Fig. does not have contributions arising
from cuts that pass through a hard parton and a soft gluon. Such cuts would not
correspond to physical mechanisms and their cancellation occurs more generally, as

we demonstrate in Appendix [D}

3.2 (General hard process

We will now generalise the previous section from the Drell-Yan case to a completely
general hard process. More precisely, the scattering of any number of (incoming and
outgoing) hard partons and one soft gluon emission at one-loop order. Exactly as we
saw in the Drell-Yan case, the imaginary part of the amplitude can be organised into
gauge invariant sets of graphs, each of which corresponds to a physical mechanism for
gluon production. This time, there are five different possibilities; these are illustrated
in Fig. [3.3] Each oval in this figure represents exactly the same graphs that it did
in Fig. 3.2l However, in Fig. [3.3] we have further abbreviated the graphs by only

showing the lines that are cut and the emitted gluon. Furthermore, we recall that
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Chapter 3. One-loop, one-emission soft corrections

the gluon radiated from the black hatched blob should be understood to be emitted
from any parton in the hard subprocess, e.g. the graphs in the fourth line of this
figure abbreviate the graphs depicted in Fig. [3.5]

{a,c}

Z+Z
)

{3,j}€in ‘ {3,j}€in .

(A%) (B

3 DS |

+ +
l<m .<a l<m G(
{l,m}€out m {l,m}€out m
(A5) (B73)
! ! ! l
+ > E + + %
leout Q H
(D)

Figure 3.3: Imaginary part of the one loop corrections to a general hard process
organised in terms of the different physical mechanisms for gluon emission. Observe
that the mechanisms label by (A}}) and (Bj}) are the generalisation of graphs (A)

and (B) in Fig.

3.2.1 Initial state eikonal cuts

As this will simplify the notation, it is convenient to define a notation for the trans-
verse momentum of any [ to a pair of non-collinear light-like vectors {p;, p;}. These

components are defined through the following Sudakov decomposition:

pj-l pi-l
fo_ i o g
= L+ (3.14)

with lp¢j i = lr@j)-pm = 0. From this definition it follows that the transverse

momentum components of the massless vector ¢> = 0 satisfies

2 2prapid (3.15)
Di*Dj
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Chapter 3. One-loop, one-emission soft corrections

For each pair of outgoing partons {7, j}, we now consider the physical mechanisms
(A) and (B}}) illustrated in Fig. [3.3l Here the Coulomb exchange corresponds
to an on-shell scattering between two eikonal lines in the initial state and the real
emission can occur either as part of this initial-state scattering or as part of the hard
scattering.

The graphs of type (Af;) are exactly the same as those on the left of Fig. and,
then, they add up to

2 2 2
i pacerpe | Pie i) [ | ray  dRTey  drag) 0
T pd;¢ TS - 5 n®), (3.16)
8 2 pira piralJo | Kray KRy K

T(3j) T(ij) ij)

where {kr(;), qr@;)} are the transverse components to {p;,p;}. The rightmost in-
tegral in Eq. is the contribution of the triple gluon vertex and, as in the
previous case, it acts as a switch that cancels the contributions of the unbounded
integral when krjy < qrj)-

Similarly, for each pair of incoming partons {i, 5}, the graphs in (Bf;), contain
the same cuts in set (B) of Fig. but, in addition, (BZ‘) has also graphs in which
the gluon is emitted off partons different than the ones involved in the virtual ex-
change. In these graphs the emission and virtual exchange are independent events as
their colour factors commute and the integral of the virtual exchange is completely

unrestricted. It follows that we can write the sum over all contribution in (B;?) as

C(0,Q) Jea(a)|n®) . (3.17)

All the physical interpretations that we discussed in Section also apply to (Af;)
and (Bi-n) Finally, their sum can also be expressed as a chain of Coulomb and
emission operators ordered with respect to qr(;j), the transverse momentum with

respect to the partons involved in the exchange, i.e. by using the colour algebra,
the sum of the cuts in (A;‘;) and (B;‘;) yields

301(@)CY (a7, Q) + CV(0,a735) T (0) | [n”) (3.18)

3.2.2 Final state eikonal cuts

For each pair of outgoing partons {l,m}, we now consider the physical mechanisms
(A9") and (B) illustrated in Fig. These two mechanisms correspond to an
on-shell scattering of two eikonal lines in the final state and the real emission can
occur either as part of the hard scattering or of the final-state scattering.

The physics of these two possibilities is equivalent to that of (A}) and (B}}). In
fact, this observation holds on a graph by graph basis because the operator (acting

on the hard subprocess) associated with an eikonal cut in the initial state is exactly
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Chapter 3. One-loop, one-emission soft corrections

Figure 3.4: On a graph by graph basis, the infrared operator associated with the
eikonal cut on the initial state is the same as if the cut partons were in the final
state.

the same when the cut lines are in the final stateﬂ This identity holds not only
in the present case but when there are any number of emissions, as we illustrate in
Fig. According to these identities the expressions for (A9™), (BpU*) and their

sum gives:

. 2
. 10 TéiifdceTfn |:]£ N pm5:| /Q dk%lm ‘n(0)>’
27 P4 Pm-q 7

97 (1m) K im

C™(0,Q,) Jni(q) ’n(o>>, (3.19)

[J”H(q) C"™ (ar(m), @) + C™ (0, ar(m)) I n+1<Q)] )”(0)>'

Clearly, analogous physical interpretations to the ones discussed in Section [3.1.1

apply to the first two equations.

3.2.3 Re-scattering cuts

Whenever there are final state hard partons, there are more imaginary contributions
to consider. For each outgoing parton [ in the hard subprocess, there is a physical
mechanism D"; that is illustrated by the bottom line of Fig. [3.3] This corresponds
to the re-scattering between the on-shell gluon emission and /. The total amplitude

can be written as

]_ . ES - JV

5 / dLIPS,iB}' [Z sﬂlsuf] iJa(d)
ddp; ddq/
(2m) (2m)4

2<o>>,

2m)*(pi + g — p) — ¢')2m ™ (p}) 276 (q')

(3.20)
dLIPS, =

where B is the amplitude for the gluon to scatter with parton [ and, within the
eikonal approximation, 0% (p)) =~ 6(2p;(¢ — ¢')). We will show the individual contri-
butions from the re-scattering cuts (D{") in a subsequent section, see Fig. , in

the meantime, we are interested in its total expression. For each outgoing parton [

2No change of signs in any momenta is required.
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in the hard subprocess, the cut graphs in D" sum up to

. dk2 2
o . |pire pje T(15) q7(15)
——T;lzfd § T { oy < }/ | @) (321)
=0 piq pita] Jo T Frag) T 9rag)

Observe that this time there are only switch-like contributions, one for each parton
J # {4} in the hard subprocess which is active in the domain kr;) < qrq;)-

In the domain where the switches are active, Eq. (3.21)) can be written as

u i Tra) dk%(lj) e |PiE PUEL| (0
E { — 2‘TZ'(Tq)ce 5 T |=— - — ‘n >
, 87 0 ka; Pi'qd  Dirq

(1)

{Cq(O arg) } Ty { < Iﬁ] ’n<0)>7

pj-q  Di-q

A1}

where in the first line we noticed that (Tg)ce = if is the colour charge of the
emitted gluonf’] Finally, to write the second line, we noted that the term inside braces
is exactly equal to a Coulomb gluon exchange between partons [ and ¢ bounded by
q%(lj). The term inside square brackets would be equal to the tree level emission

current J,.1(q) if the sum symbol could be commuted to the right of the Coulomb

operator so that one could write — i #{}T?Z = Tl%. However, this is not
possible because the Coulomb gluon has a “memory” of the origin of the partons
from where ¢ was emitted. To be precise, the kr of each Coulomb exchange is
limited by the transverse momentum of the emitted gluon with respect to [ and j
(ie. kr < qrajy = 2pi-qpj-q/pi-mi), which are the partons that radiate ¢. It is this
memory and the requirement of gauge invariant that forces the emission to have the
dipole structure appearing in Eq. (3.22).

Although for general kinematics the re-scattering cuts cannot be written in terms
of a Coulomb operator and tree-level emissions, this is again a feature of the leading
behaviour of the amplitude in wide-angle and collinear configurations. Let us first
show this in the kinematical configuration when ¢ becomes collinear with p,,. This

kinematical regime is precisely defined as:

2 2Pmedrq (3.23)

qT(mr) — 07

where the light-like vector r specifies the direction in which the collinear limit is

3To be precise, (Tg)ch? are the colour factors for the emission of a gluon with colour b off a
gluon, with colour ¢, previously radiated off parton j.
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approached through the conditions p;-qrgr) = r-qr@r) = 0. The leading behaviour of

Eq. (3.22) in this limit is

Tm m*
L‘n(o>> ,

qu([)) qT(mr )
() Pm-q

(3.24)

We shall now consider the kinematical region in which the gluon is emitted at a wide
angle. This corresponds to the regime in which ¢-p,, &~ 0 for every parton m in the

hard subprocess. When this approximation holds, Eq. (3.22)) simplifies to
~ C(0,6°) i ) (3.25)

where ¢° is the energy of the gluon emission. Therefore, we conclude that although
the exact expression for the re-scattering cuts cannot be written as an ordered chain
of emissions and Coulomb gluons, its leading behaviour in wide-angle and collinear
limits has again this property. We will come back to discuss collinear and wide angle

limits once we have added the eikonal part of the loop corrections.

3.2.4 Re-scattering cuts graph-by-graph

We shall now show the individual contributions to (D{"), see Fig. [3.3 For each
outgoing hard parton [, the different topologies contributing to (D{"*) are depicted
in Fig. 3.5l The contributions of graphs (a),(b) and (c) in this figure are respectively

Figure 3.5: On-shell scatterings between an emitted gluon and an outgoing hard
parton [.
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identical to the contributions of graphs (d),(e) and (f), and they yield respectively

1T pdeere | | PITE D€ 1p-e
— 53 TSy H_ - j_} S (drap) + pra Im} n(0)>,

8 pq  pjq 2piq
br-e
I e, PUE 7 > 3.26
8 Y g " (3.26)
(s yURS
- T,-T. T¢ T (0)>
87T2 l j l Diq lj n )

where the scalar integrals Z;; and S (q%(l j)) are defined by:

pr-g k2
T, :/ 1)
lj o ]{72

T (3.27)
Ay ey

Sij (drap) = / 12

2 2 :
115 Frap t G

Observe that the contributions proportional to Sj; (q%(l j)> are the switches in Eq. (3.21)).
The contributions of (h) and (i) identically vanish in the Feynman gauge, and the
contributions from (g) yields

Lp-e

™
_Td- dceTe S Ir
812 vif 2pr :

© >>, (3.28)

where the vector r is any light-like momentum not collinear to [. By means of colour

conservation all terms containing the scalar integrals {Z;;,Z;,} add up to zero and,
after this, one is left with Eq. (3.21)).

3.3 Eikonal and Coulomb gluons in dimensional

regularisation

In this section we will complete our calculation of the one loop corrections by adding
the real, or eikonal, parts of the loop integrals. This time we will carry out the
integration in dimensional regularisation and we will write our expressions in this
section in the form as they were originally presented in [41]. The agreement of our
results with this reference constitutes a non-trivial cross-check of the cutting rules
derived in Appendix [D]

In the Feynman gauge, the different topologies that contribute to this amplitude
are illustrated in Fig. [3.6] In Appendix [E] we show that the sum over these graphs

can be reduced to the following expression
1)) = Juaa() (10 + Kao ) [n©) + 30,1 (0)|n @), (3.20)
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q,cC
7 7 k )
J J J J
(a) (b) (c) (d)
)
(e) (f) (2)

Figure 3.6: One loop corrections to a general hard process. The small blue blobs
denotes self energy corrections.

where I denotes the operator that accounts for the one-loop corrections to the hard
process, i.e. Eq. (2.15). We will show the expressions for the operator J Sll(q) and
for factor I?w below.

The contribution from the operator J ,glll(q), known as the one-loop soft-gluon

current [41], is given by

IN1(q) = (910> > Ty T3 Ty [pseepi-q — pi-ep;-q] Dis(q),
i<y ‘ (3.30)
—1

Dyl0) = /z[k:2 + 0] [(k + q)? + 0] [pi-(k +q) + 6, 5] [-p;-k + ;5]

Observe that Dilj(q) is the four point scalar integral corresponding to graph (d) of
Fig. 3.6

The term with the K, factor accounts for the self energy corrections, i.e. graphs
(f) and (g), and the part of graph (e) proportional to a two point functionf] By

using colour conservation, the sum of these contributions can be written as

~ o dd]{; _Z'C’A ) n L
e = / (2m) {W +0][(k + q)? + iO]] +m(g7) + Z Zi(p7) - (3.31)

The rules to calculate the imaginary contributions derived in Appendix [D] can be
applied to both individual graphs or, as in the present case, to their associated scalar
integrals if tensorial reductions are performed first. In particular, the imaginary part
of D}j (¢) can be obtained by applying the cuts discussed in sections [3.1)and [3.2, The

calculation of the resulting scalar integrals in dimensional regularisation are carried

4Precisely speaking, all the graphs with this same topology.
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out in Section of Appendix [F] they yield

e e (i)
Im{Dj;(q)} = —isin(me)(dij — dig — g 82pi-q p-q €

where gab = 1 if {a, b} are both incoming or outgoing and gab = 0 otherwise and cr

is a typical volume factor:

(4m)T2[1 + €131 — ¢
I[1 — 2¢]

cr = =c.+O() .

A by-product of our derivations in Appendix [D]is a method to calculate the real
part of one-loop integrals in the eikonal approximation. According to this method,
see Eq. (D.7D)), the real (eikonal) part of D};(g) is equal to the sum of the single cuts
over gluon lines illustrated in Fig. with the principal value prescription (defined
in Eq. (D.13)) applied on the propagators that are not cut. The details on the
integration of these single cuts is presented in Appendix [F] These two single cut

contributions add up to

(gs:u ) cr COS(EW) (Q%(Z’j))

87m%pi-q p-q € ’ (3.32)
1

= (gs1°)” cos®(me) / W b A

The first equality in Eq. (3.32]) shows us that the logarithmic enhancements depend
only on gr(;) whereas the second equality exhibits the fact that up to subleading

Re{Dj;(q)} =

terms, i.e. cos?(me) = 1 + O(e?), this is equal to a phase space integral. Using this

latter form, the total real part of the one-loop emission current can be expressed as

fte {Jﬁl} (9.47) cos™(me Z/ {T qul:cJ) [pfglff@] +(i<_)j)}'

1<J

Written in this form, the virtual scattering can be interpreted as a real emission
process: from right to left, j emits an off-shell gluon with momentum ¢ + k£ and,
subsequently, the emitted gluon exchanges an on-shell gluon k£ with parton i. By
combining the real and imaginary contributions we obtain the conventional form of

the one loop soft current [41]:

2 — 8 i =8 qim —e

(1)e asgs,u CF} : Dj- pi-€ qT(z’j) e e T

Tanld) = 2 Tl L% q pi'Q:| < p? edijim - (3:33)
1<j

Finally, the scalar integrals in K, are purely real and only have divergences
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J J J

Figure 3.7: The real part of the four point scalar function is equal to the sum of
single cuts over the soft gluons lines.

of collinear and ultraviolet origin. To properly include these virtual corrections we
would have to perform a renormalisation of the theory; we will ignore that here as

we are only interested in the soft enhancements?

3.4 On the colour evolution picture

Now that we have completed the calculation of the one-loop, one-emission amplitude
in dimensional regularisation, we close this chapter by relating the complete ampli-
tude to the colour evolution picture discussed in the previous chapter, in sections
2.5.1] and 2.6l

Let us start by writing the complete amplitude in a convenient form for compari-
son with the colour evolution picture. To do this, we insert the integrated expression

for the one loop insertion operator

n

o o~1 1 [2pip; —€
I = E X T;-T; [1 + Z7re5']} - [ Z j] (3.35)
n (] 2 2 2

= 2T € 14

5Nevertheless, the collinear pole in K., can be anticipated in view of the following considerations.
Firstly, we invoke that the uv poles of the bare QCD matrix elements that are proportional to the
mth power of the coupling are given by [2§]

1 1 as | Bo 0 0
UV part {(nif‘nib(l_bop)} =my L] <n5rl)‘n5r2>

where fy = (11C4 — 4T%ny)/6. In the Feynman gauge, the term proportional to Cp arises from
the fermion loop in the vacuum polarisation. Secondly, we invoke that after tensorial reductions,
the one-loop uwv divergences arises from two point functions and, within the context of dimensional
regularisation of massless gauge theories [86] [4], the wv pole in this integral is accompanied by a
collinear divergence, which is equal and opposite. Thus, we can anticipate that the collinear pole
in K'm, should be equal to

. o - 1as BO
Collinear pole {Kuv} =35, [e} . (3.34)

This is of course a preliminary analysis that needs to be formalised. From now on we will drop the
contributions proportional to K, as they do not contain soft enhancements.
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into the amplitude Eq. (3.29) and use the colour algebra to write it as:

n —€ 2 —€
1 g Ce ~ . 2pl D qT(z )
g3 b (52) (3

i<j
n " q2 N —€
+ Z {Ti'Tj [1 + 51']‘2'7?6} ( T(;J)> }Jn+l
i< H (3.36)
n 2 —€
~ . 4r@j) Dj€  DPit€ 0
+ T,;- T [1+5Z- me] T, | — — — ’n( )>
; { ! ! p? "pira picg
A}
+ O(° x Re).

Here, O(” x Re) denotes real constant terms of order €’ plus higher order contribu-
tions and in the rest of this section we neglect these terms for the sake of studying
the leading infrared behaviour of this amplitude. Note that in the third line the
argument of the logarithmic enhancements is not q%qi /u?* = 0. The relation between
this way of writing the amplitude and the colour evolution picture becomes clearer
when we consider its limiting behaviour in wide-angle and collinear configurations.
Before studying these limits we shall describe its exact structure. Firstly, observe
that each term in the above sums appears accompanied by a factor [1 + mlime], this
means that the real and the imaginary parts have exactly the same kinematic and
colour pre-factors. The only difference between them is that imaginary parts only
occur between incoming or between outgoing partons. Secondly, observe that the
argument of all of the logarithms are either the transverse momentum (with respect
to a pair of hard partons) or the hard scale of the process. This is remarkable as
there are other possibilities allowed by Lorentz invariance and dimensional analysisﬂ

Let us focus our attention on the imaginary part of Eq. as this will help
us to relate this amplitude with our studies in Secs. and [3.2] Using the following

definition of the Coulomb operator in dimensional regularisation:

2¢ 8% qk2.
i . QsCefl i
C](a,ﬁ) = —Z7TTZ"TJ' o /2 (k%'?;lj—{-e’ (337)
a %]

6In fact, other enhancements appear in intermediate steps, see Eqs. (F.21)) and (F.22)) in Ap-
pendix [F| but they all cancel as we show in Appendix
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Chapter 3. One-loop, one-emission soft corrections

the imaginary part of (3.36) can be expressed as

Im { ‘n(1)>} = Zg” [Jnt1(a) C7 (arap) 2pi-p;) + C7(0,aras)) Jns1(q)] ‘n(0)>

1<J
~ i pj-e  Ppice 0
ZZ:; qjg{;} ( T(J)) J pid piq

(3.38)

The first line in Eq. accounts for the eikonal cuts in the initial and final state
(see Egs. and (3.19)) while the second line contains the re-scattering cuts (see
Eq. (3.22)). We shall now study these type of cuts (two lines) separately.

The first line of Eq. shows us that the sum of eikonal cuts through a
pair of hard partons {i,j} can be always expressed in terms of Coulomb exchanges
between them. Crucially, they appear ordered specifically with respect to gr;), the
transverse momentum of the emissions with respect to {p;, p;}. Finally, we recall
that the invariant mass of every pair of hard partons should be thought of as the
scale of the hard subprocess, i.e. 2p;-p; ~ Q>

As we discussed in Section the operator associated with the gluon emission
in the re-scattering cuts cannot be written as a single emission current J,1(q). The
reason is the dipole structure of the re-scattering cuts that we shall now describe in
detail. In this case, and also in the forthcoming chapters, gluons that will subse-
quently exchange a virtual (in this case Coulomb) gluon always appear emitted via

this same dipole structure. Anticipating this, we introduce the operator:

pj-& _ ])’_1 (3.39)

dpt1i (q)EgsueT-[
9 "lpira piq

associated with the emission of gluon ¢ from the dipole formed by ¢ (the other parton
involved in the exchange) and each of the hard partons j # {i}. In terms of this
definition, the re-scattering cuts in the second line of Eq. (3.38) adopt a compact

form:

Zgiq Z C"(0, gr(1)) dn+1(ji)(£])‘n(0)> : (3.40)

=1 A

Observe that the transverse momentum, k7, of the Coulomb gluons is always bounded
by the dipole momentum: kr < qr(;;). Since this is the first Coulomb exchange that
the emitted gluons experience, we can think of this upper limit as an effective hard
scale that each dipole emission imposes on the transverse momentum of the subse-
quent Coulomb exchange.

Note that the sum over the different dipoles is exactly equal to the soft gluon

80



Chapter 3. One-loop, one-emission soft corrections

current

Z dn+1 JZ ‘ > = JnJﬂ(Q) . (3-41)

J#{i}

However, the sum over dipoles in Eq. cannot be commuted past the Coulomb
gluons as these depend upon a dipole momentum, gp(;;. It is this dependence and
the requirement of gauge invariance that forces the soft emission to be emitted from
a dipole instead of a soft-gluon current. The expressions that we found in this section
might look very different from colour evolution picture that we described in Chapter
2l To clarify this identification we shall now consider the behaviour in the wide angle

and collinear limits.

3.4.1 Wide-angle and collinear limits

Let us first show this structure in the kinematical configuration where ¢ becomes
collinear with a hard parton [, i.e. the same limit as in Eqgs. (3.23]) with m = [. The
leading behaviour of Eq. (3.38)) in this limit yields

—~(0 "o
Im{‘n(”>} ~Sp"” > 6:C" (qrar), 2pi-p1) ‘n(0)>
i1} |
no i no_ i ()

> 0aC" (0.qran) + 0 C (0,47an) | SP (3.42)

i;é{l} i=1 |
+ Z [C” (0, Sp +Sp C” (v, 2p;- pj)} ‘ (0)>

1<

i,j#{g,q}

—~(0
where Sp( ) denotes the operator associated splitting of the two collinear partons

{q, 1}, with our choice of polarisation in Appendix |C| this yields

Sp"”(¢,1) = 9T, 25 = g, . (3.43)
pi-q ar(r)

and « is any variable with dimension of mass; we shall discuss its origin below.
Observe that Eq. has now perfectly factorised into the product of Coulomb
gluons and simple tree level emissions as in the colour evolution picture. The
Coulomb gluon operators in the first two lines involve at least one of the two collinear
partons {¢,l}. They are all ordered with respect to grg, which is the transverse
momentum that defines the collinear limit. The third line accounts for Coulomb
exchanges between partons other than {q,[}; they can be ordered with respect to

any variable a because the colour charges of the exchange and emission involving
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Chapter 3. One-loop, one-emission soft corrections

different partons commute:
[T, T;-T;] =0 for i,5 # {l} . (3.44)

Hence, in this collinear limit the transverse momentum that defines the collinear
limit gr(;,) can be used to order the subsequent radiation.

Let us now consider the leading behaviour of Eq. when ¢ is emitted at a
wide angle: p;-q =~ 0 for all of the hard partons. In this limit

n n+1
Im { ‘n(1)>} ~ Jn+1<Q) ; gz’jcij(q[)a 2pi'pj) n(0)> + ; gz‘jcij (0> QO) Jn+1(Q) ’n(0)>,

where it should be understood that the (n + 1)th parton in the sum corresponds to
the gluon emission.

As we already mentioned, the eikonal and Coulomb parts of the virtual contribu-
tions have the same structure. Thus, it is straightforward to generalise wide-angle
and collinear limits in the presence of eikonal gluons. In particular, the collinear
limit of the complete amplitude, Eq. , yields

n —€ 2 ¢
(1) a ce ) 5=(0) ~ 2p;i-p; 97 (1)
’n+1> = %E—Q{Sp Z T, T, [1 + 5lj@7re] e J e

33A{0}

n n 2 €
<. B drar <= (0)
+ Z T;-T; [1 + 5ljZ7T€:| + Z T;-T, [1 + Z(Sqﬂre} ( T(é )> Sp
: — 1
i1} 7=1
i<j

2pipi\ ()"
(%) - (- (3.45)
i.57{l,q}
~ o*\ | =
L

Again, the exchanges in the first two lines involve at least one of the two collinear

n

+§f)(0) Z

+
i<j
i,57{l.q}

partons; they always appear ordered with respect to gr(,). The third and fourth lines
contain all the exchanges between partons other than {g¢,[} and can be ordered with

respect to any variable a. Finally, in the wide-angle region, the leading behaviour of
the complete amplitude, Eq. (3.36)), is
1\ Qs Ce J i 1_'_5’ T..T. 2]91]9] _6_ (]3 —€
ny )= %6_2 n+1 igUTE i J M2 ?

1<J

n+1 o\ —e (3.46)
+y { 1+ dyime| Ti-, (%) }Jn+1 ‘n(0)> .
1<J
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Chapter 3. One-loop, one-emission soft corrections

This expression is precisely what is obtained, at this order, in the colour evolu-
tion ordered in energy as presented in Section [2.5.1] However, this is only a good

approximation in the wide-angle regime.

3.5 Summary

The form in which the amplitude )n(g> is written in Eq. is of course one of
many possibilities. There are two reasons why we presented the amplitude in this
way. Firstly, it exhibits the structure of the colour evolution picture that we described
in the previous chapter; it shows us which is the correct ordering variable that orders
the virtual operator with respect to the real emissions. Secondly, in chapters 5 and
6 we will show that the ordering condition that we found at this order generalises for
the case of two emissions and we think it is likely that it generalises for any number
of gluon emissions.

The ordering condition in Eq. can be summarised in a very simple form.
The virtual exchange between two hard partons {i,j} should be alternated with a
real emission, J,,11(¢), and should be ordered with respect to gr¢;;). In addition, the
emitted gluon that subsequently exchanges a virtual gluon is radiated from a dipole
d,41¢jiy and each dipole sets an effective hard scale gr(;;) that limits the virtual
momentum of the exchange.

The form in which we presented the amplitude, Eq. , shows that the eikonal
and Coulomb parts of the loop integral have the same colour and kinematic pre-
factors, the only difference is that Coulomb gluons are only exchanged between
incoming and between outgoing partons while eikonal gluons are also exchanged be-
tween incoming and outgoing partons. To be precise about this statement, we point
out that the complete amplitude, Eq. , can be obtained from its imaginary
part, Eq. , simply by replacing the Coulomb operators as:

(2) ()]

N 2\ —€ 2\ —€
e (23

The expression for the integrated amplitude Eq. (3.36)) has the virtue of showing

the simplicity of the ordering conditions. However, in order to compare with parton

S;jcij(()é, 5) = Z’/TSUTZ . T]%

€

(3.47)

shower formalism it is also interesting to write the eikonal part of amplitude in terms
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Chapter 3. One-loop, one-emission soft corrections

of phase-space integrals, i.e.

pip; [Qz‘j(k‘) —0ij(q > k)]
pi-kpj-k

Re{‘n(1)>} — P [JnH iTZ-~Tj /d[k;]
. Zn: {/d[k] T;-T;pi-p;bii(q > k) } oo

i<y pi-kpj-k

- gUDi-q pj-E
> {romaa, famg ot [pj-<k+q>]}
J#{i}

- 3 (T, fang iR }] )

i=1
s

(3.48)

where we have used the definitions 60;;(¢ > k) = 0(p;-(¢ — k))0(p;- (¢ — k)) and
0,(k) = 0(pi-(p; — k))0(pj-(p;i — k)). In particular, 6;;(¢ > k) allows us to write

Cets <QT(iJ))_E _ / a9V piops Oila > k)

2me? \ p? pi-kpj-k

It would be interesting to investigate further the connection between the above ex-
pression and the dipole parton showers where the gr(;;) are used to order emissions
[87, 88, [89], 90}, 911, [92] ©3].

Finally, to further show the relation between Eq. and the colour evolution
picture as it was introduced in the previous chapter, we point out that in the wide-
angle regime this expression should reduce to Eq. , which can be written as

3uala) (3100 [ 132,09 0@ > ko> )

(5100 [ 09320 0l > k) ) Tusala)] [2). o

where h(e) = % = 1+ 0(e). Up to subleading contributions, this expression
corresponds to the energy-ordered colour evolution picture, Eq. (2.71)). In chapter 6,
when we generalise the results in this chapter for the case of two emissions, we will
see that again energy ordering is a good approximation in the wide-angle regime but

we must emphasise that the expression that reproduces correctly the collinear limits

is Eq. (3.36).
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Chapter 4

Structure of infrared cancellations

at order o2

The one-loop, one-emission corrections that we studied in Chapter |3|first contribute
to cross-sections at order a? (relative to the order of the hard-scattering), when they
are multiplied by the tree level one-emission amplitude. The complete list of matrix

elements that contribute to an observable at this order is:

[ D o [ ata (w3 B) e o+ ()
X <n(o>’n(2>> i <n<2> n(o>> 7

where ¢1, ¢ are functions of the phase space that define the observable. According to

(4.1)

the Bloch-Nordsieck theorem, the inclusive integration over the soft gluon emissions,
ie. ¢, =1 for a ={1,...}, should cancel; this chapter is dedicated to the study of
these cancellations.

Our approach to the integration of these matrix elements uses a series of ap-
proximations, however it suffices to reveal some of the structure of the infrared
cancellations for a completely general wide-angle hard process. The primary aim
of this chapter is to provide some guidelines for the implementation of the colour
evolution picture at this order. In addition, these calculations will show us the order
at which the corrections to the colour evolution picture enter. For instance, we will
study the corrections due to the emission of a soft gluon that branches into a fermion
pair. Furthermore, this is the first order (a? with respect to the Born term) at which
Coulomb gluon contributions can contribute to particular observables and we will
pay close attention to such contributions.

The approximation consists of performing the phase space integrals neglecting the
recoil effects against the gluon emissions. Precisely speaking, soft gluon emissions are
integrated over their mass-shell without enforcing global momentum conservation.

We regularise infrared divergences performing the integrals in d = 4 — 2¢ dimensions
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l l l

m m m

Figure 4.1: Different topologies that contribute to the double emission amplitude of
a general hard process. Hard partons legs not involved in the soft gluon emission are
not shown. .

and cut off the high-energy momentum modes that are divergent due to the absence
of global momentum conservation. In order to focus on physics only, the reader is
referred to Section of Appendix [F] where we present the details of the integration.

We will study the different contributions of the double emission matrix elements
to the total cross-section in Section [£.1} Subsequently, in Section [£.2] we will study
the inclusive integration of the one-loop, one-emission matrix elements and will pay
attention to role of the Coulomb gluons at this order. Finally, in Section 4.3.1]
we shall study the Bloch-Nordsieck theorem to deduce the form of the two-loop
corrections necessary to cancel the above matrix elements. We will compare the

resulting expression with Catani’s formula for the singular infrared behaviour of the

two-loop corrections for a general scattering process, Eqgs. (2.50) and (2.51]).

4.1 Double real contributions

The lowest order amplitude of a general process with two soft emissions ‘n(f%> can

be expressed [54] in terms of an operator K,,12(q1, g2) that acts on the hard process
to insert two real emissions:

‘”$%> = 21> Knso(q1, ¢o)

n<0)> . (4.2)

The different topologies that contribute to this operator are depicted in Fig. .1} In

the Feynman gauge their explicit contributions add up to

. [TEM bi-€1 T72 Di-€2

Ki\5 (g1, q2) =
+2( ) Z YRR pl'(Q1+QQ)

2 + (14 2)} +

n Ta1 . Ta,2 m.
Z 1 Pbirer LD €2+ (4'3)

i UR (R R

Z Tipr,  if2VE2(qr + qo, —q1, —2)€0, (q1)E0, (G2)
— pr- (@1 + ) 2¢1- g

b
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where

VWIVQ(% + q2, —q1, —Q2) = 2¢,°g"" + (QQ - (]1)ugwj2 — 2qy°g"" (4'4)

is the triple gluon vertex contribution but with unphysical terms, €;-¢; = 0 and
g9 - q1 = 0, removed. The double emission tensor K, 15(q1, ¢2) has the same expres-
sion in the Axial gauge [54]. Indeed, this amplitude is gauge invariant as its action
on the hard subprocess vanishes when one of the polarisation vectors is substituted
by its respective momentum. We will study the factorisation properties of the dou-
ble emission tensor K, 12(q1,¢2) in the next chapter, here we are interested in its
contributions to the total cross section. For this propose it is convenient to organise

its contributions into three groups:

<n(o> n<o>> _ <n(o>

The contributions in KZ,, and K7, 3, contain only terms that are leading in the

KL+2 Ko

[Kg,o.z +KZ 54+ Kfub} ‘n(0)>, (4.5)

strongly ordered regime, i.e. terms such that when the momentum of one of the
gluons, say ¢, is re-scaled as ¢ — Aqq, the dominant term in the small A\ expansion
behaves as A™2. | whereas K2, contains the terms that are subleading in the same
regime. Each term in K2 , and K2, depends at most on the colour and kinematics
of two hard partons whilst each term in KZ,, depends on three or four different

hard partons.

2

4.1.1 Leading two-parton corrections K: ,

As terms in K2, depend on two hard partons, we can write

K2, ,=> K (i,]) (4.6)

1<j

where

K2, (i,j) = 4 {TT&} {TT&}

Jpz"fh Pi-q1 jpi'(h Pj-q2
2(pi-p;)?
+[T¢ T, T, T — (T;-T;)?] { (pi-p;) + (1o 2)]
Dih Pj-q Di- (1 + q2) pj- (1 + q2)
. [ 3pi-Dj . .
+T3T§zfade¢{ 4 - 1@2}+ i 4] } 4.7
T Ui @2 0 pi- (@1 + q2) ( ) ( ) (47)
. DiPj Di-q2 . .
+TgTb,Zfaded{ J +1<—>2}+ z<—>g}
! T ULpi a2 2 a1 pi- (1 + q2) P ( ) ( )
—T‘?T’?z’f“ded{— (b:-p,)" + (14 2)} + (i <—>j)}
L T Upiee pia pi- (1 + @) pirta
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Each term in this expression is leading in the strongly ordered regime.

Within our approximated methods of integration, the inclusive integration of the
fourth line of Eq. exactly cancels the fifth one. In fact, this occurs immediately
after the integration over the phase space of one of the emissions (see Egs.
(F.26):

2
Di-Pj Piq Di-Pj
/d[Q1] L2 = /d[QI] (b ;)
D@2 ¢2-q1 pi- (1 + @2) pirqa Pi-q2 Pi-q1 pi- (@1 + q2) pirqa
_ @)T+d  pip;  2pige) (4.8)
82 Pi'G2 pj @2 €

Hence, when one calculates the total cross-section only the first three lines in Eq.
contribute.

The terms in the first line of Eq. are just the product of tree level single
gluon real exchanges. The contributions in the second and third line of Eq.
have the interesting property that the integration over one of the gluon momenta
renders an expression which only depends of the transverse components of the other

momentum:

(pi-p;)? DiD;
/d[ch] ]) = d[fh] !
Picqr Piqr pi (1 + q2) pi- (g1 + ¢2) it q1-q2 i (q1 + ¢2)
2 —€
c.  pip; (Grap)
_ 4.9
872 Pi-q2 Pj-q2 €2 f(e) ( )

where f(¢) denotes constant terms such that f(e) = 1+ O(e?). Finally, using the
scalar integrals in Section we arrive at the following expression for the contribu-

tion of K2, ,(i, ) to the total cross-section

2
ceas 1 [2pip; |
2m €2 | u?

2
CeOlg 1 2pz ‘P -
21 €2 | p? ’

) [ G ) = [2mom 4 e

| 3Cu
1

T;-T,T[1 + 2€]T[1 + €][°[1 — ¢]

2
C a1 [2p;p:]1 ¢
= [2(T, T,)? — A1,1;| |2 (220
2 2r €2 | p?
a cocs 1 [2pipi] >
— =2 202 + O(e)] Oy | T;- T, 2= L . 4.10
27 [ i (6)} A T oon (26)2|: 2 ] ] (4.10)

4.1.2 Leading three and four partons corrections K2 _ 5 ,

We recall that terms K2 5, are leading in the strongly ordered regime. Below we

will demonstrate that their contribution to the cross-section perfectly factorises into
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— k k k
J J J

Figure 4.2: Purely (first row) real and and purely virtual (second row) graphs in-
volving three partons.

the product of two single real gluon exchanges.

Let us consider the graphs in the first line of Fig. 4.2l Each of these graphs
involves three different partons {i, j, k}. The first graph in this figure illustrates the
contribution with a triple gluon vertex. Its unpolarised contribution to the cross-

section is given by

111 n2 17 I

P D Vi (@ + G2, —q1, —q2) Pl
T, Ty, T, T ‘>/d dgp) B 28 T @1
<‘[ & T T o] [qﬂpi-qlpfqz pr-(q1 + @) (g1 + g2)? (4.11)

here, and the rest of this chapter we abbreviate the hard process amplitude as
) = ‘n(0)>. Observe that the colour operator corresponding to this graph is anti-
hermitian, i.e. [T; - Tf, T, - T4]T = —[T; - Ty, T; - T]. Thus, the sum of this,
Eq. , and its hermitian conjugate contribution exactly cancels. Nevertheless,
it is interesting to note that the inclusive integration of Eq. also vanishes. To
see this, it is convenient to express the gluon momentum in light-cone coordinatesﬂ

where p; = (p;,0,07),p; = (0, p;j,07). The following change of variables

- P + Pi -
<Q1 y 41 7q1T) — Fq2 y —42,492T |
p’j pi (4.12)
<QQ_7 q;a q2T) — (_]j_qi‘ra _’iq1_7 q1T) ’
Py Py

has a unit Jacobian. In addition, it changes the sign of the numerator, i.e.

PP P Vi (0 + @2, =1, —@2) = =0 DD Vi (@1 + @2 —q1, — @), (4.13)

and leaves the rest of the integrand invariant. Thus, this integral exactly van-
ishes it whenever is integrated over a domain invariant under the transformation
in Eq. (4.12). Next we consider the second and third graphs in the first line of

UE = (g £ 1) /V2.
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Fig. [£.2] The sum of their contributions can be written as

(| / Al T2 TP {TZIPZI Tep?  TEpe TR } )
Picth Did2 | P Pr(1 +q2)  Perqe pre(q1+ @)

1 T;-Tip;i-p T;-Tip;-p
= (|3 {/d[qﬂ#,/d[qﬂ#} )+ (4.14)
Dbi-dq1 Pr-q1 Dj-q2 Pk 42

T, Ty, T;-T i Dh D 1 1
2 it D@2 Pee(1 + @2) \Pe-qi DPreq2

The right-hand side follows from expressing the product of colour charges associated
with parton k as the sum of its symmetric and its anti-symmetric part and then
using the identity over the symmetric part to combine its propagators.

The term on the second line of is just the product of (uncorrelated) single
real exchanges. The colour part of the third line is the same as in and therefore
the contribution of this expression is also exactly cancelled by its hermitian conjugate
part even before integration. However, it is again worth remarking that the inclusive
integration of the the third line vanishes, as it changes sign under the transformation
in Eq. . Hence, we have shown that the contributions in K2, that involve
three partons either vanish or can be expressed as the product of two uncorrelated

single-gluon exchanges.

2
5.0.3

These are obtained by the multiplication of two graphs with the second topology

We shall now consider the contributions in KZ_,, that involve four-partons.
in Fig. but involving four different partons. Because they involve four different
colour charges they can be expressed exactly as the product of two single-gluon
exchanges. Thus, we have shown that the contributions involving three or four hard

partons perfectly factorises into a product of single-gluon exchanges, i.e.

A o i) o | (S0 -5 o) | o)

1<j 1<j

(4.15)

where I is the operator corresponding to inclusive integration of an eikonal exchange

between {i, j}:

Tij Di*Dj asce 1| 2p;-p; -
17 () = gop*T;-T; [ dlg]—" =T;- T - j . 4.16
(@ = gty [ B0 gm0 (416

The change of variables in Eq. (4.12) was also used in [94] to show that these same
conclusions hold for the two-loop corrections involving three or four hard partons,
i.e. the same conclusions that we obtained for the graphs in the first row Fig. [4.2

hold for the graphs in the second row of this same figure.
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2

4.1.3 Subleading terms involving one or two partons K .

We shall now complete our calculation of the double emission matrix elements by
considering the contributions in K2, . These contribution are subleading with respect
to K2, and K2_,, in the strongly ordered regime. More precisely, when one of the
gluon momenta is re-scaled as ¢; — Ag;, the dominant term in the small A expansion

behaves as A~!. Their exact expression is given by

I<§ub = ZKgub(ZL]) 9

1<j

_ O4T,-T,

K2 ..
sub(lhj) 2

2
Pitq2 Pj-q1 —Piq1 Pj g2
8@—d[ . 2 ] (4.17)

2q1-q2) pi- (1 + @2) ;- (1 + ¢2)

n 16p;-p;
G- pi-(g+a) pi-(¢1 + ¢2)

The emission of a soft fermion by a hard parton is subleading with respect to soft
gluon emission, this is the reason why we did not include them in Section [2.1} Never-
theless, the emission of a {qq} soft pair via a gluon is of the same order as the matrix
elements in K2 ,. To see this, we note that their total expression can be written as

the sum of terms involving two hard partons:

K, => Ki.(i.j),

i<j
2
{ Di*q@2 Pi-q1 — Pi*q1 Pj-q2 }
(2q1-q2) pi- (1 + @2) Pj- (1 + ¢2)

Ki.(i,j) = Ti-TjnsTr (4.18)

B 2pi-p;
¢ pi- (1 + @) pi- (1 + q2)

Then, by comparing this with Eq. (4.17) we see that they involve the same integrals
with different pre-factors. To understand the physics of these contributions we will

now integrate inclusively over one of the two emissions. After tensorial decomposi-
tions, the integration can be reduced to the integral in Eq. (F.30) of Appendix
and yields

/MKgub(ij) +/d[Q1]d[qQ]K?er(ij)

2!
YRE (4.19)
q”;”)] @),

2 o Ti-Tjpi-p,
= {_792_} /d[%] ’ ’
—€ ™ Pi-q1 Pj-q1 2

here f(e) denotes a constant such that f(e) = 14 O(e) and we recall that 5y = v, =
%C’A — %nfTF is the coefficient that accompanies the single 1/e hard pole in the
one loop insertion operator, see Egs. (2.39)) and (2.40|). This pole corresponds to the
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branching of a gluon into a pair of gluons or into a {q, ¢} pair. Indeed, one can track
the origin of this pole back to the region of integration where gs becomes collinear
with g;. Observe that the remaining integral over ¢; corresponds to a single emission
but with an extra enhancement factor whose argument is the transverse momentum

q17(i5)- Finally, the integral over ¢; yields

(| A, 0+ [ e |)

P[4 or-[s=]or P2

2F2[79+[ C’A—%nfTF}—i-O( )]< >

—€
Note that the highest infrared pole in this expression goes as 1/¢* which is subleading

B 2:(Si€e) <

17(2¢)

with respect to the 1/e* poles that appear in the calculation of the terms which are
leading in the strongly ordered regime. The above expression shows that, up to the
collinear pole 7, /¢, the contribution of K2 (ij) to the inclusive cross-section resem-
bles a single gluon exchange between {i, j}, but because this in fact represents two
collinear partons, the argument of i (2¢) appears doubled. We have now completed

the inclusive integration of the double emission matrix elements.

4.2 Real-virtual contributions

We shall now consider the inclusive integration of the one-loop, one-emission matrix

elements of the previous chapter:

/d[q] [<nﬂ n(ﬂ> +h.c.] = —/d[q]<n(0)’ [JiHIS) +Jnt1- J(+1 +h. C] ‘n(0)> :

(4.21)

This is first order at which, in general, Coulomb gluons interaction can have a non-
zero contribution. Let us consider first the contributions from the one-loop soft-gluon

current J S}rl This can be written as a sum over terms that depend on two hard

partons,
3=yl
- (4.22)
JO = XsYsl CFTb  freape pje  pice| [ @y et b
T oe pitq  Ppirq o e—diim

Again, it is convenient to consider the contributions that involve only two hard

partons and three hard partons separately. The part involving two hard partons
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sums up to

n

Z<‘ [_ (T;Pw n T;pju) ‘Jz(Jl')CM +h.c.] ‘> _ (4.23)

o Pirq g

Using the colour algebra, each term inside brackets can be written as

T TS
_<H mz+_ﬁﬁJ;u>+hc
bi-q Di-q
sgshicr C Oipi (G e—diaime—biaim )
:<‘ Qs Gsht C_I;_A I i qTQJe i ’>+h‘c. (424
2m € 2 Pirqpq \ 1 oo

Observe that the colour part of these contributions is hermitian. Hence, even before
the integration, the contribution from the Coulomb gluons exactly cancels when the
hermitian conjugate expression is added. Hence, contributions involving only two
hard partons are only due to eikonal gluons. They can be integrated using ,

and give

T¢ Tip
— gsu26/d[q] ( i + )JSM +h.c.,
pi-q pj-q

Carre o P21+ T — € [ase (2piopy) ]
N 7T L [[1 — 2¢] 27 €2 ’ (4.25)
2
_ CA sCe 1 Pi-Dj h 27 T
= Gremy |55 (M) | s e |5 v o) T

where I9 is given in Eq. (1.16).
We shall now consider the contributions involving three hard partons. They

amount to
n Tcp ¢
<‘ZZ kDPk Ju >+hc_z Z |[T; - Ty, T, Tyl |) x
i<j ktigy DR <3 ki) (4.26)
{ Pe'Di  Prpi } Giij) e Onime=0im | g e he
Pk qp; q  Pr-qpiq 1 e—0ijim o €2

When the hard process contains only three hard partons, {i, 7, k}, one can use colour
conservation to write T, = —T; — T, and the colour part of this expression vanishes
because (T + T;)T?z fbT¢ = 0. More generally, when there are at least four hard
partons this expression no longer vanishes. In this case, the colour part of each term
in Eq. is anti-hermitian. Hence, the situation is now reversed; the real (or
eikonal) part of the loop integral vanishes when one adds its hermitian conjugate

counterpart whereas the Coulomb gluon contribution doubles when the hermitian
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conjugate is added. Hence, the above expression reduces to
n.n poo 7@
(0 3

i< ketigy PR

i i <‘[Tj'Tk,Ti'Tk]‘>|: . ]x (4.27)

i< kot i) Pr-qP;-q9  Pr-qpi-q

>+h.c. =

2 (’(iq + gjq o 8;]) Sin(ﬂ'ﬁ) o 62 ,LL2

2 —€
Qsgsl Cr [qwj)]
For pure QCD processes, the contribution of this operator to the cross-section iden-
tically cancels for the same reason that Eq. (2.53) does. However, for more general
processes, it can contribute to observables, but it gives a vanishing contribution to
the total cross-section. To see this, we note that the integrals involving three partons

are all of the form

/ddq5+(q)( Pe'Pj _  PrPi )Q(QT(@')). (1.28)

Pr-qpij-q  Pr-qpi-q

By expressing ¢ in light-cone coordinates, one can check that the following change
of variables
— +
(¢ ,q") — (p—’iq+, p—%‘) , (4.29)
Dy, Dy
has unit Jacobian. Additionally, it leaves the kinematical variable, ¢, ;x, and the
on-shell conditions, §*(g¢), invariant but it changes the sign of the term inside paren-
thesis in Eq. . Therefore, integrals of the form of Eq. vanish if they are
integrated over a domain which is invariant under the transformation in Eq. .

Finally, we can now write the contribution to the total cross-section as:

a <‘ /d[Q]JnH-JffllD +he =

” S, [%06 Mr + %CA [_Q_WZ + O(e)] ”1'%’3’(26)] ’> . -

Z<‘ 2 2m €2 3

1<j

We shall now study the remaining part of the one-loop, one-emission amplitude
that contributes at this order (see Eq. (4.21)):

_<n(o>

It is straightforward to show that the contributions containing the eikonal part of

SE iy

n<0>> +he (4.31)
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the virtual radiation are just the product of single real exchanges, i.e.

n

—<‘/d[q]Ji+1(Q)/d[k‘]M‘>+h.c. - -4<‘ [ZTW‘(E)] ‘> (4.32)

1<j

Next we consider the Coulomb gluons in Eq. . Once again, it is convenient to
discuss the terms that depend on two, three and four hard partons separately. As
we will see, none of them contribute to the total cross-section, but terms involving
three partons contribute to non-inclusive observables.

Terms involving two and four hard partons exactly cancel before integration, as
their hermitian conjugates are equal and opposite. On the other hand, the terms

involving three hard partons add up to

n T, Thp;- T.-T.p.:- ~
<’ -y 2[ epipe Ty Tp; pk] 5,,C9(0,2p:-p;) + hc. ‘>:
= Pi*q p-q Pjqpq
kA {15} (4.33)
& p;p pip; | % imasce [2pip;]
-2 2<‘[Tj'Tvai‘Tk]‘>[ L . 15@' { 2]] :
o P4 Pq  PitqPq —¢ 1t
k£ (14}

The right-hand side of this expression is obtained by combining each term in the
sum with its hermitian conjugate. Indeed, each term in the sum is of the same form
as and hence the change of variables in Eq. shows that their inclusive
contribution cancels.

To summarise, if we neglect recoil effects, the contributions of this matrix element

to the total cross section yield:

/ alg) [(n9]n) +he] = 4| lz T (e)

(| Cap, o, {O‘sce Mr L %0, {_2_”2 v o(e)} Tij(Qe)] )

‘>+ (4.34)

Z<‘ 2 2m €2

i<j

Remarkably, there are no terms that correlate three or four hard partons.

4.3 Purely virtual contributions

In the previous sections we have calculated all of the contributions to the total cross-

section except the purely virtual contributions:

<n(1>

n(1>> i <n(o>‘n(z>> i <n<2>

n<0>> , (4.35)
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which we shall now discuss. As they have a similar structure to one-loop, one-
emission corrections in (4.31)), we shall consider first the contribution from the one-

loop matrix element squared:

<n<1>

The product of the two one-loop insertion operators has almost the same structure

n(1>> _ <n<o>’11(11>q§3>

n<0>> . (4.36)

as the one loop corrections in Eq. (4.31]). Using exactly the same decompositions as

we did for those contributions, their total expression can be written as

2 2
T — Z’fﬁj(e)] _ [Z&jcij(O,Qpi.pj) + (4.37)
i<j 1<J
- DDk pi'p; |~ imasce [2pip;] "
T, T, T;-T d[k — O:i .
;[ s k]/ H[pj-k'pk-k: pi-k’pk-k] 7€ { G }
k#{i,5}

In the second line, we have contributions that arise from combining the contributions
with one eikonal and one Coulomb gluon. They have exactly the same structure as
Eq. (4.28); thus they integrate to zero. Finally, as we will see, the Coulomb gluons

in the second line are exactly cancelled by pure two-loop virtual contributions.

4.3.1 Two-loop contributions

Anticipating the exponentiation of the soft (purely) virtual corrections, see Eq. (2.70)),

the two-loop matrix elements can be expressed as

) = <—[Ig)2<f) = I£3><e>> ) (438)

where Ig)(e) is an operator of order a? that gives the first correction to the expo-

nentiation of the one loop corrections.
We shall now use the Bloch-Nordsieck theorem to deduce the explicit expression
of this operator. According to this theorem, the sum over the soft corrections should

exactly cancel, i.e.

<n(°)‘n(2)> + <n(2)‘n(°)> =— /d[Q] [<n§0))n§”> + <n§1)’n§0)>]

1
— (0] - / dlgr)d[gs) {5 (3P D) + (i |l qqﬂ (4.39)
n 2 n 2 n
= i Qs [ o Tid
— [Z I(e)| + Z Clozppy | + 2% [?“’ +K+0 (6)} Z 1 ](26)]
i<j i<j <J
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where we used the definition K = [—?—Z + %} Cs+ 134nfTF. To obtain the lat-
ter identity we introduced the integrated expressions from the previous sections,
ie. Eq. (1.10), (4.15), (4.20), (4.30) and (4.37). By inserting this expression into
Eq. we can solve L(f)(e), this yields

<n(0)‘ 12 4+ 12)1] )n<0>> [79 +EK+0(e )} 10(2¢) + h.c. (4.40)

27T

It is interesting to compare this expression with the singular behaviour of the two-

loop corrections to a general process N. According to this (see Eqgs. (2.51)))

O | N @Y 4 (NN O - <N(°)H I )]2+h.c.] v
:<N( )| Y Vg [Iu)@) 1) HN >

2T €

. (4.41)
o] szt (5)" 2 )
+ <N(0))I >ﬁn +h.c. + O(e%),
where
ﬁ—; — %2} Cy— %TFn‘f? (4.42)

and H; denote flavour dependent coefficients and we used v, = y. The comparison
between our calculation in the eikonal approximation and the exact expression
shows that, in both cases, the poles of order 1/€*,1/¢3,1/e? are controlled by
constant coefficients and the one-loop insertion operator. However, Catani’s formula,
Eq. , has two terms proportional to 7, (see second line in Eq. ) Within
our approximation we only recover the first. Nevertheless, we remind the reader that
there is a contribution to the one emission arnphtude ‘n +1> that still has not been
included into our calculation, see Eq. (3.29)) and the last paragraph of that Section

3.3 Its contribution to the cross-section is equal to
— /d[q]<n(0)).]i+1’n(0)>l?w +h.c. = —<n(0) ‘I;l)(e)’n(0)>l?w +h.c. . (4.43)

The coefficient [?m, = I?m,(e) has a single collinear and single uv pole and we ex-
pect it accounts for the missing contribution. To close this section, we recall that

in this chapter we neglected the recoil effect against gluon emissions, i.e. global
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momentum Conservationﬂ. By including the recoil effects one shall get the Correctﬂ
K factor in Eq. . We leave this improvement as a pending task that might be
relevant to incorporate the effects of the running coupling; it is well known that in
the resummation of a wide class of observables at next-to-leading logarithmic (NLL)
accuracy, terms proportional to K can be absorbed into the running coupling [40] in
the so-called CMW scheme [95], 96].

4.3.2 On the role of Coulomb gluons

We close this section summarising the role of the Coulomb gluon from the one-loop,
one-emission amplitude to the cross—sectionﬁ. Terms that involve two hard par-
tons exactly cancel with their hermitian conjugate. Thus, only terms that correlate

three hard partons, say {4, j, k}, can contribute and, up to irrelevant factors, these

(Egs.(4.27) and (4.33])) have the following structure:

Coht
<n(0))% X (—im) TV e, L% - ; if‘q] g(qT(ij))‘n(0)> L (444)
where g = g(qr(;)) is a function of gr(;;) only. When there are no more hard partons
than {4, j,k} in the hard subprocess this operator identically vanishes. When there
is at least one more hard parton in the scattering, the operator enclosed between the
hard subprocess amplitude (‘n(0)>) is strictly speaking non-vanishing. However, its
contribution to a pure QCD process vanishes for the same reason Eq. doeﬂ.
For a more general observable, these Coulomb gluons can actually contribute but
they give a vanishing contribution to the total cross-section. This cancellation occurs
more generally when the domain of integration is invariant under the transformation
in . Since, we are dealing with wide-angle scatterings, we can assume that
pi/pe = O(1), then this change of variables is nothing but the symmetry along the
directions defined by p; and p;, invariance under (¢* <+ ¢~). We think this is an

2Because of this, gluon emissions are integrated over their complete mass-shell (emissions can
have arbitrarily large energy) and one needs to regularise the resulting uv divergences. One can
show that different uv regularisation procedures changes the coefficients at order 1/¢2. To see
this it is sufficient to choose different cut-off scales in the integrals of Appendix Then, to
reproduce the correct K constant one should perform the phase-space integrals of Appendix
without neglecting global momentum conservation as in Section 2.21 of [40]. The uv regularisation
procedure used throughout this chapter is discussed in Section [F.5] Although unrelated to this
chapter, it is worth pointing out that the conclusions of chapters 3, 5 and 6 are equivalent for
different uv regularisation procedures, this is explained in detail in Section

3In accordance with the calculation of the two-loop matrix elements within the eikonal approx-
imation [94]. In this reference the authors also show that the two-loop soft anomalous dimension
can be written as the product of the one-loop anomalous dimension and the K constant.

4The Coulomb gluons from the one-loop purely virtual contributions, Eq. , exactly cancel
with Coulomb gluons in the two-loop purely virtual contribution in Eq. (4.39).

5Succinctly, the trace over colour space that appears at cross-section level can be reduced to the
trace of a symmetric matrix times an anti-symmetric matrix, which is identically zero.
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interesting result, as the corrections at higher orders also exhibit the following dipole

structure:

. . Py Pi
—i7) T8 foeo T {i - —“} g(qrip) - 4.45
(—im)T; pd b (g765) (4.45)
Perhaps this kind of symmetry is responsible for the cancellation of Coulomb gluons

in the total cross-section at higher orders.

4.4 Summary

We have integrated the double real and the real-virtual soft corrections neglecting
the recoil against gluon emissions. By exploiting the Bloch-Nordsieck theorem we
deduced the expression for the pure two-loop virtual correction. The resulting op-
erator is consistent with the exponentiation of virtual corrections in Eq. and
has the structure of Catani’s two-loop infrared operator. The calculations in this
chapter are sufficient to reveal some of the structure of the infrared cancellations
for a general hard process. For instance, one can track down the contributions that
cancel the exponentiation of the one loop corrections (first term in Eq. )

In addition, we paid close attention to the contribution of Coulomb gluons at
this order. It is worth pointing out that in the subsequent chapters, when we study
the corrections due to one Coulomb gluon and two real emissions in chapters [5| and
[0, we will find again emissions with a “dipole structure” whenever an emitted gluon
subsequently exchanges a Coulomb gluon, see for instance Eq. . We expect
that the change of variables that we studied in this chapter (Eq. ) will help
to understand the infrared cancellation of terms involving dipole emissions more

generally.
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Chapter 5

One-loop, two-emission soft

corrections

In Section of Chapter [3, we studied the imaginary part of the one-loop, one-
emission to a Drell-Yan hard process. After combining the different cut graphs that
contribute at this order (see Fig. we found that the amplitude can be expressed
adl]

m {[20)} = [3201(0) C(ar, Q) + C¥(0.ar) 2 (@][27) . (5.1)

In this chapter we will study the generalisation of this expression for the case of
two-real gluon emissions. In this case, the transverse momentum ordering property
of Eq. is not an exact result anymore. Instead, it is a property of the amplitude
in certain regions of the phase-space of the emitted gluons. We will discuss these
regions in the next Section [5.1] after which we will proceed to study the behaviour
of the amplitude at tree level in Section [5.2] This will provide the foundation for the
calculation, which appears in sections [5.3H5.5] of the two-gluon emission amplitude
with a Coulomb exchange. Finally, in Section we study one more (sublead-
ing) kinematical region which can be also understood in terms of Coulomb gluon

exchanges.

5.1 Phase-space limits

In the first part of this chapter we will focus upon the following three limits. All of
them correspond to a strong ordering in the transverse momenta of the real emissions,

i.e. ¢i7 > qor. In terms of light-cone variables, the three limits are:

'Here and through all this chapter, to avoid cluttered notation, we will denote the transverse
components of any vector [ with respect to the incoming partons p;, p; simply as l7(;;) = Il and we
will omit the strong coupling gs. Also light-cone variables are always defined with respect to these
vectors, i.e. p; = (pj,0,07) and p; = (0,p;,0r).
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Chapter 5. One-loop, two-emission soft corrections

e Limit 1: Both emissions are at wide angle but one gluon is much softer than
the other, i.e. (¢ ~ qir) > (¢& ~ qor). Specifically, we take g, — Ago and
keep the leading term for small .

e Limit 2: One emission (gs) collinear with p; by virtue of its small transverse
momentum and the other (¢;) at a wide angle, i.e. g5 > gor and ¢ ~ qi7 >
qor. Specifically, we take g2 — (g4, \2qa7/(245 ), A\qar) and keep the leading

term for small \.

e Limit 3: One emission (¢;) collinear with p; by virtue of its high energy and the
other (¢q2) at a wide angle, i.e. ¢ > qir and qir > qor ~ g5 . Specifically, we
takef] g1 — (¢ /N Aadr/ (247 ), aur) and go — Ago, and keep the leading term

for small \.

When we consider the leading behaviour of the amplitude, either at tree or one-loop
level, we will make an expansion for small A, keeping only the leading terms. We

work with the following choice of polarisation vectors for the emitted gluons:

(g l) = A papy
V/20i - pipi - qDpi - q
N ot . o
q-P;jp; q-piD; Pi-Piq
(g, ) ﬂ . (5.2)

V20D qp; - q

In limits 2 and 3, only €7 (g, ||) of the collinear gluon, gives rise to a leading contri-
bution, see Appendix [C] for more details.

Limit 3 is of particular interest because it is the limit that gives rise to the super-
leading logarithmd| [31], 36]. It is worth noting that although gi7 >> gor in all three
limits, we may have ¢ ~ ¢ in limit 2 and ¢; ~ ¢, in limit 3. This means that
limits 2 and 3 are not sub-limits of limit 1. We will see that different Feynman
diagrams contribute differently in the different limits. It is therefore remarkable that
the final result is identical in all three limits. Although we have not yet proven it, we

suspect that the final results may well hold in the more general case in which only

Q1T > qor-

2We use the eikonal approximation for the emitted gluons, in which the hard partons define
light-like directions whose energies can be taken to be arbitrarily high. So even in the limit A — 0,
we assume q; /A < pi.

3Here we are thinking of gluon 2 as the central emission and gluon 1 as the out of the gap
emission. It is worth mentioning that the super-leading logarithms found in GBJ [31], 36} [51]
arise at one order higher in the perturbation expansion (N*LO). Their existence is based on the
kp-ordering property that is proven in this chapter. For completeness, we point out that these
super-leading logarithms in GBJ have subleading colour factors. To be precise, they have sub-
leading colour coefficients in the large IV, expansion with respect to terms that only involve eikonal
gluons. Finally, it is worth mentioning that the results of [97] (see Eq. 15 of this reference) can be
used to show that the Coulomb gluons contributions of the kr colour evolution picture given by
Eq. , only give rise to subleading colour contributions in this same sense.
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Chapter 5. One-loop, two-emission soft corrections

5.2 Tree-level amplitude

The tree-level amplitude with two soft gluon emissions is given by

‘232> = K2+2(Q17 Q2)

2<°>> . (5.3)

where Ko o(q1, g is defined in Eq. . In the case of only two incoming hard
partons {7, j}, the double emission tensor Ky, receives contributions from the four
graphs in Fig. plus four further graphs corresponding to the interchange i <> j.
As we will now show, Ky, 5 simplifies in each of the limits 1-3 to a product of two

single emission operators.
i , i i ) i 9
1 2 2 1
1
J J J J
(a) (b) (c) (d)
Figure 5.1: The case of two real emissions. There are four more graphs obtained by

swapping (i <> j).

Let us consider first the leading behaviour in limit 1. In this region only graphs
(a), (b) and (d) in Fig. are leading. They give

Kii(on ) = | T2 Tonea ] [Topc e D h o) (5.4
Pi-q2 Pi-q1 Pi-q2 bj-q1
+ [ifclcgaql o2 Tip; e if 1" Tiey '52] o).
¢ Q2 Pi-q 2q1 - @2

The &1 - £9 term vanishes when it acts upon ‘2(0)> due to colour conservation. The

leading behaviour can thus be written

(ceafnl?’) = I58° (@) 35, (@) [n¥) | (5.50)
cocia _ c cLa ifchalq + €
22+§ 1<Q2) = 211(‘12)5 H+ T 2’ (5'5b)
q1 g2

where J32%5* (¢2) is the current operator that adds a second soft gluon (g2) acting on

)2$%> = J2+1(Q1)‘2(0)>-
In limit 2 only the first two graphs in Fig. [5.1] are leading and they can be written

T i * € c
<01C2 25?%> = [L} Jll (Q1)’2(0)> . (56)

Pi - q2
This is exactly what is obtained by taking the collinear limit ¢ || p; in the expression
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for limit 1, Eq. (5.5al).
We now turn our attention to limit 3. The leading contributions are graphs (a),
(c) and (d), and the (i <> j) permutation of graph (b) in Fig. |5.1, These four

contributions (in order) sum to

K5 (o) = | T To0 ] [T T

4 ¢ t4q G G TG
+ {Zf e, Tiey } Ties Tiey (5.7)
& Gt Y

At first glance it seems like an interpretation in terms of a product of single emission
operators is not possible any more. However, using T;'T;* = T;>T;" + i f*TY¢,

the contribution of graph (c) can be written

Tie] Ti?ey T2e, Tiley iferetey Tley
i <1 12:|:12 11:|+|:f 2 7,1:| (58)

G @t @ Gt @ G tTa
The light cone variables make clear the fact that the two terms on the right-hand

side have the same dependence on colour and spin as the first term on each line of
Eq. (5.7). Their momentum dependence can be combined using the identity

1 1 1 1 11

—— —+—=—= - =——, (5.9)
GG T4 @ T4 @
to give
cicea T;l it €
<C102‘2g> = J51%9%(q2) (#) )2(0)> : (5.10)
it q1

As in the case of limit 2, this can be obtained by taking the collinear limit ¢; || p; in
Eq. . Remarkably, we will have the same property at one-loop order, i.e. the
leading expressions in limits 2 and 3 can be reached by taking the relevant collinear
limit of the leading expression in limit 1. This is particularly non-trivial in limit 3,
because the leading graphs are not a subset of those in limit 1.

Figure shows how the graphs in Fig. can be projected onto three spin and
colour structures. These particular structures are special because the net projection
onto each can be represented in terms of a product of two single emission operators.
Each grouping of graphs is associated with a specific spin and colour structure, which

can be read off from the graph at the end of each row. These are

{T?pi ey Ti'pi a1 if9 qu ey Tipi-e1 TPpi -2 Tj'pj - &1
Di Q2 DPiq1 7 q1 - q2 Diq1 ’ Pi-q2 pj-q1

} o).
(5.11)
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i

N}
—

<.

i

2
1
i ) i i 2
1
>02
1

J J

Figure 5.2: Diagrammatic representation of how to group the graphs in order to write
the final result as a product of single emission operators. There are three further
structures, obtained by exchanging 7 < j.

In limit 3, the two diagrams on each of the first two lines of Fig. 5.2 combine to give
each effective diagram on the right, interpreted as if the two emissions were inde-
pendent. Equivalently, they conspire to act as if ¢ and g, were strongly ordered,
even though they are not. It is this fact that allows the limit 3 result to be obtained

from the limit 1 result (in which they are strongly ordered).

5.3 Two emissions at one loop

We now consider the one-loop amplitude for a hard process with two incoming par-
tons and two soft emissions. The imaginary parts of these graphs correspond to
eikonal cuts through the incoming partons and, in contrast to the single real emis-
sion case, we must now consider graphs with cuts through two soft gluon lines,
i.e. corresponding to a Coulomb exchange between the two outgoing soft gluons.
The derivation of the cutting rules corresponding to this amplitude are presented
in Appendix @, see Eq. . We have calculated the exact infrared poles and the
logarithmic enhancements of these imaginary contributions within the eikonal ap-
proximation. The necessary methods are discussed in Appendix [H] and these were
implemented in Wolfram Mathematica with the Feyncalc package. We recall that
we are only using the Eikonal approximation for the emission off the hard parton
lines. This is the only approximation we make and, in particular, we use the full
triple-gluon and four-gluon vertices for soft gluon emissions off other soft gluons
and we use the exact expressions for soft-gluon propagators. This means that we
make no assumptions about the relative sizes of the momenta of real and virtual soft

radiation.
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5.4 Eikonal cuts

Figure illustrates the three gauge-invariant classes of cut graph, where the cut
is through the two hard partons. As before, we refer to these as eikonal cuts. The
corresponding amplitudes can be reduced to transverse momentum integrals. In
order to regulate the diagrams that do not involve any emissions off the virtual gluon,
we introduce an uv cutoff Q2. In all cases we regularize the infrared divergences by
analytically continuing the dimension of the transverse momentum integral d*ks —

d?%ky. We start by simply stating the bottom line. The remainder of this section

T T

Figure 5.3: The three cuts corresponding to the three different physical mechanisms
for double-gluon emission. Each of these cuts is gauge invariant.

will be devoted to examining how these results arise. The complete calculation
involves explicitly computing the diagrams Fig. [5.5]

The leading behaviour arising from eikonal cuts in limit 1 is

C7(0, qar) I35 (q2) 5 (1) + I53(02) CY (qor, q1r) I541 (1)
+J525(02) 3541 (1) CY (qur, Q)} ‘2<0>> : (5.12)

where the current J$2%3%(¢s) is defined in Eq. (5.5b]). This expression is the expected
generalization of the one-emission case and the key point is that the kr of the
Coulomb exchange is ordered with respect to the real-emission transverse momenta.
For the first two terms, the vector J§ +1(q1)’2(0)> acts as a hard subprocess for the
second gluon emission, i.e. as in Eq. with ¢i7 playing the role of Q.

Similarly, in limit 2 the sum over eikonal cuts gives

N TCQ i - € . ’:[‘lC2 i © € i c
[C”(O,CJQT) {Lq??} o1 (q) + {#} CY(qor, ir) I 1 (@)

T pi- 22| e is
+ T2 g ) @) |20 (5,13
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whilst in limit 3 the result is

ij cacia T;z Dbi- €1 cac1a ij T? bi- &
[CJ(O,QQT) 555" (q2) {—pi 0 } + J25%(a2) CY(q2r, q11) [Wl
cacra T? i " € ij
+J25%(¢2) { p 7 1} CJ(QlTyQ)} ‘2(0)> : (5.14)

As in the tree-level case, the leading behaviour in limits 2 and 3 coincides with
the expressions that result from taking the relevant collinear limit of the leading
expression in limit 1. These results showed that the eikonal cuts exactly behave as
as chain of emissions and Coulomb gluons ordered with respect to the transverse
momentum of the real emissions, although, as we will shortly see, the way that the
k7 ordering establishes itself is rather involved.

In order to see our way to Egs. f we must understand how to deal
with the graphs involving the triple-gluon vertex. In the simpler case of only one
real emission, this is illustrated in Fig.[5.4] which illustrates how the Feynman gauge
graphs are to be grouped together and projected onto the relevant spin and colour

tensors. The corresponding amplitudes are

szlé‘ —ZWT]TZ —Z’ﬂ'TjTl szz€
Pi 1 82 ’ 8 Pi-q1

} +{(i<j)}. (5.15)

The single graph involving the triple gluon vertex is thus shared out between all four
+
+

Figure 5.4: Diagrammatic representation of how to group the graphs that give rise

to the transverse momentum ordered expression (3.7). Two more structures are
obtained by permuting (i <> j).

contributing tensors.

Figure[5.5]is the generalization of Fig.[5.2]and Fig.[5.4] By way of illustration, the
graphs in the first row have all contributions to the tensor structure of the rightmost

graph, this tensor reads

TEQ Pi - &2 Tfl Pi- &1 —T Tz . Tj
Pi Qo Pi Q1 82

(5.16)

In limits 1-3, every row in Fig. [5.5] contribute to the respective tensor, shown in

the rightmost column, and either adds up to a subleading expression or to one of
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i ) i R i N i | i i i y
1 %D + %D %D %D §D+ 31} %D
j j j j j j j
2 1 n 1 2 2 n 1
]: ;: y: J: 3 j J:
3 1 + 1 1
7: /j 7: E % 7:
i ) i i . i . i i 2
4 g n Ep “30 gb %)Q g
J J J J J
1 ]2 2 !
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i s i B i i i )
6 % D+ ED ED % @) % D
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j j j j j

Figure 5.5: Diagrammatic representation of how to group the graphs that give rise
to the transverse momentum-ordered expression in the case of two emissions at one
loop. There are 12 more structures to consider: 8 are obtained by permuting (i <> j)
and the other four are obtained by permuting (1 <+ 2) and (¢ <> j,1 <> 2) in groups
3 and 7.

the terms in Eqgs. f. This figure contains all of the leading contributions
arising from the 36 different graphs with eikonal cuts.

In order to illustrate how the transverse momentum ordered integrals arise, we
will consider two examples in some detail. We will omit the respective tensor and
will focus on the kinematical integral that accompanies it. We start by taking a
closer look at the first row of six graphs in Fig. [5.5] All of these graphs have only a
single cut, corresponding to production mechanism (C) in Fig. [5.3] The first graph
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of the six gives rise to a factor of]]

- @ qk2
G =2 )/ T (5.17)
0

The factor multiplying the integral simplifies to unity in the case of limits 1 and 2

but not in limit 3, where ¢; and ¢, could be of the same order. The projection of

N @ qk2
Gz = _QQ - / 2T (5.18)
((h +qy ) 0 kT

and this is only leading in the case of limit 3. Obviously these Abelian-like contri-

the third graph gives

butions place no restriction on the kp of the Coulomb exchange. Note that

Q? dk2
Gy +Giz= / —L. (5.19)
o k7
The second graph is the first involving the triple gluon vertex. It gives
2q; a5 dk2 — = r2qf ey )2 Jay dk2
Gio = — / i R 1 / L. (5.20)
0 k7 & ta Jo k7

We note that the Coulomb integral cannot be written purely in terms of transverse
momenta. However, the fourth graph is obtained from the second by interchanging

q1 and ¢o. Thus the sum of graphs 2 and 4 is

C [Erdk2 [T dk2
0 / —2 T / k—zT] . (5.21)
0 T 0 T

Graphs 5 and 6 also combine to produce a reasonably compact result involving the

1

G+ Gu= _W
1 2

azimuthal angle between ¢;7 and gop. It is sub-leading in limits 1 and 2, and in

limit 3 it simplifies to

2
qs fr Ak
Gis +Gg~ —m=— —_— . 5.22

" 1 (@ +a5 )/ k7. (5:22)

2
457

Now we can combine the graphs. In limits 1 and 2 only G1; and G4 contribute,

with the latter contributing only for kr < ¢i7, exactly as in the one emission case.

Q2 dk2
/ SR (5.23)
q kT

2
17T

The two combine to give

which is exactly as expected. Limit 3 is more subtle and involves the interplay of all

4In dimensional regularization, we write dk2 (k2)~! — p2¢dk2.(k%)"17¢g(e), where g(e) = 1 +

Ofe).
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6 graphs. Remarkably, the sum of these is also exactly equal to (5.23). The key is
the way graphs 5 and 6 serve to extend the upper limit in the first of the two terms
in Eq. from g3, to ¢iy, so that the net effect of all four graphs involving the
triple-gluon vertex is merely to cut out the region with kr < qi7.

It is also instructive to look at the graphs in the third row of Fig. 5.5 These
involve cuts of type (B) and (C) in Fig. We will just state the results (the
subscripts B and C refer to the cut):

@ k2
Gan = [ Gt = ~Ginc (524)
0 T
1 Gr (k2 Ar (k2
G+ Gyzp = — q_/ —T—l—q_/ —L s 9.25
. ¥ (v +a) |2 Jo K Yo K (5:25)
Br (k2
Ga3p = —/ k—QT ; (5.26)
0 T
so that ,
n A dkg
Gsz + Gz = f/ —5 (5.27)
(¢ +42) @y k%

Once again the graphs where both gluons are emitted off the Coulomb exchange are

sub-leading in limits 1 and 2 and in limit 3 we find

s Gir q)2
Gsy + G5 = %/ iy (5.28)
(Q1 +q ) q

2
2T
On summing the graphs we obtain the expected result:
air dk2
/ o (5.29)
G T

Notice how the sum of type (B) cuts is exactly as expected from the single-gluon

emission case, i.e. the Coulomb exchange satisfies kr > qor.

5.4.1 Physical picture

As we did for the one-emission amplitude, it is interesting to group together the
cut graphs into gauge-invariant sets. In this case, that means according to the cuts
shown in Fig. Cuts (A) and (B) are quite straightforward because they can be
deduced directly from the one real-emission case. In (A), the Coulomb exchange
occurs long before the double-emission and its k7 is unbounded (see Eq. (3.12)); the
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result (which is exact in the eikonal approximation) is

C7(0,Q) K512(q1, q2)

2<°>> . (5.30)

The gauge invariance of this expression is inherited from the gauge invariance of the
tree-level double emission amplitude, Ko 2(q1, g2)[2).

In the case of cut (B), one of the emissions occurs together with the Coulomb
exchange, before the hard scatter, and the other during the hard scatter. These
could be ¢; 5 either way round. In the case that it is ¢; that is emitted with the
Coulomb exchange, just like the case of cut (A) in Fig. [3.2 its kr must be larger
than that of the real emission, kr > ¢11 (see Eq. ):

Q% 1.2
crarpa |Pi €1 Pit€ dk .
[ 37 sz flereTs L; - ;- qj / k_zT] J%1 ()
J i Er T

which is manifestly gauge invariant.

<°>> , (5.31)

Cut (C) involves physics that cannot be inferred from the one-emission amplitude.
In view of Eq. (3.10), one might anticipate that this contribution is also infrared
finite and this is indeed the case. The proof of this involves the graph containing the

four-gluon vertex. The leading expression in limit 1 is

T | pjrE€1 Dit €1 Pj-€2 Q1 d; pdesb; pheiarpa
. _ _ T 2 1T
i | J{ [ - o] e

pi-¢i Piq Pj-q2 Q1@
. . @ qk2
n |:q1 E9 . Di 52:| [T?ifdclbifbcgaT?] }/ ‘2 > (532)
q1 - q2 Di- Q2 @iy

This is manifestly gauge invariant and, as anticipated, the result is cut off from
below by the larger of the two emitted transverse momenta. As was the case at tree
level, the leading behaviour of the expressions in limits 2 and 3 can be deduced by
taking the respective collinear limits of this expression. By using the algebra of the
generators one can show that the sum of Eq. , Eq. and its permutation

(1 <> 2) and Eq. (5.32)) is equal to (5.12)), (5.13]) and ((5.14)) in limits 1-3 respectively.

5.5 Soft gluon cuts

To complete the calculation of the imaginary contribution, we turn our attention to
the “soft gluon cuts” illustrated in Fig.[5.6, We will show that the leading behaviour
in limits 1-3 of this operator can be understood in terms of the re-scattering cuts
that we encountered when studied the one-emission, one-loop amplitude.

Before presenting the full result, it is useful to focus first only on the 1/e poles.

In general the integrals of these cut graphs contain more than one region in which
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5 T X
Figure 5.6: Kinematically allowed soft gluon cuts.
é i = ( E; + ( E + O(€?)
J J J
Figure 5.7: Schematic representation of regions that give rise to infrared poles. Poles
arise as a result of the vanishing of the red propagators.

the propagators vanish and, in dimensional regularization, each region gives rise to

a 1/e pole. To illustrate the point, we consider the first cut graph in Fig. 5.7, which

gives
1 a;: pacab: rberdmpd ddl Zf(lvpu q1, QQ) (27T)5+(l> (27T)6+(q1 + q2 — l)
TN [ o oD a1 0

where f is a scalar function whose precise form is not important and 0% (l) =
0(1o)6(1%). In the reference frame in which the time-like vector g, + ¢ is at rest,
one can integrate over the energy [y and the magnitude of the (d — 1)-momentum m

to give

quZ'faczbifbclde <<Q? + qg)/2)d_6 /de_Q Z{C(Z) _ (534)
27" bo8(2m) gy 1 —pi =g -1

where d2;_» is the solid angle element of the unit (d — 2)-sphere. Clearly the de-
nominator of the integrand only vanishes when the virtual light-like momentum is
either collinear with p; or ¢y, which cannot occur simultaneouslyﬂ It follows that

the pole part of this expression can be computed as

/de_2 (D) L f(”’[:pi/ A
[1- [

pi-[1 =1 -1] L=pi-q 1 —p;-
Dli_s dQ,_
+ / )Jl—qi/ 12 _ L 0(®).  (5.35)
L=pi-q1J [1—q -1

The remaining angular integration can be performed by standard methods, after

5Unless these two vectors are exactly collinear, but we are excluding this case.
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which, Eq. (5.33) can be written

. i 1 F(1) f)
T% aczbZ bC1dT€l v
v f f b &2 (_pi : Q1)(CI1 + Q2)2 € __ 4192 €

i (a1 tan) P

+ O(€°).

(5.36)

This expression indicates that the pole part of this cut graph arises from the region
in which the virtual emission is collinear to the hard momentum * — %pf
and from the region I* — ¢}'. The latter corresponds to an infinitely soft virtual
exchange between the two real emissions. These two contributions are represented
on the right-hand side of Fig. 5.7

Exactly the same type of analysis can be carried out to compute the pole parts
of each of the cut graphs in Fig. . In all cases, the 1/e poles arise either from the
region in which one of the eikonal propagators vanishes (collinear singularities) or
from the region in which the two real emissions exchange a soft gluon between them.
We note that included in Fig. [5.6] are cut self-energy graphs and the corresponding
ghost graphs should be added to these. However, neither of them gives rise to infrared
poles (or their associated logarithms).

The colour operator associated with each leading graph in Fig. [5.6] can be written
as a linear combination of the colour structure on the left-hand side of Fig. [5.8 and
its permutation (1 <> 2). For example, the colour operator corresponding to the
graph in Fig. can be rewritten as

T?ifaczb,l'fbc1dTgl’2(0)> _ —T;»lifdclbibeQGT?

2<0>> . (5.37)

After expressing all of the colour structures in this way, one can confirm that the
poles corresponding to collinear singularities cancel. This cancellation gives rise to
the zero on the right-hand side of Fig. [5.8] It follows that the only 1/e poles of the

i i I 1t I %
1 2 2 2 1 1
+P + + + ,t , | =0
2
J J J J J J

Figure 5.8: Cancellation of collinear poles. The operator P projects out the appro-
priate colour structure.

cut graphs in Fig. [5.6 arise from a Coulomb exchange between the two real emissions.

These are represented in Fig. [5.9 Explicitly, the pole part of the amplitude arising
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J : J }D J
Figure 5.9: The relevant 1/¢ poles arising from soft-gluon cuts correspond to Coulomb
exchange between the two real emissions.

from the sum over all soft gluon cuts can written

~ s | K w

- |0 2<°>>, (5.38)
where Ko 15(q1, ¢2) is the two-gluon emission tensor. This expression can be combined
with the pole part of Eq. to determine the leading 1/e pole of the imaginary
part of the double-emission amplitude.

We will now go beyond the calculation of the leading € poles and compute the
corresponding leading logarithmic contribution arising from the soft gluon cuts. As
before we computed all of the contributing Feynman graphs exactly in dimensional
regularisation and within the eikonal approximation, and then extract the leading
behaviour in limits 1-3.

In limit 1 the amplitude is

i [ e e Gran dk2 e &)
Z 2 {Zf vy f 2db2/ k_zT} T)? [pz 2 _ 4 2} I3 (@)
T

I={ij} 0 b q2 q1 - g2

2<0>>. (5.39)

We recall that qu(li) = 21”;1?'% is the transverse momentum of gluon ¢, oriented

with respect to the {p;,¢1}. It is important to remark that the colour charge of the
term inside braces corresponds to the product of the colour charges associated with
the soft gluons, i.e 7fe2d2jferdar = (T, )20 . (T, )", In view of this observation,
the comparison of the soft gluon cuts with Eq. shows us that the soft gluon
cuts in limit 1 are nothing but the re-scattering cuts where Joy1(q1) ‘2(0)>, the Drell-
Yan subprocess with the harder gluon ¢, plays the role of the hard subprocess .

Observe that the term inside brackets would be exactly equal to the current Jo,2(go)

q1-€2 __ q1-€2
a2 T Nqirge
this is not possible as the Coulomb gluon is limited by the dipole momentum qu(u)-

if we could use colour conservation to write — ), iy T . However,

Let us recall that the plus and minus components in the {p;, p;} frame are defined

as
0 = qre™/V2 and ¢ = g™ V2 . (5.40)
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The logarithms are then
2
I <2Qz Qi C.Iz) oy [ Zran | _y, <q2T) ln (2q1 'QQ> T
@ - pit® I I Qirgar ’
2
In (QQQ “q1pj QZ) 1 Grgy | _ In <q2T) o (2% 'QQ) tys— .
G - P I I QiTgar

In the calculation of observables where the terms o y; are formally subleading,
Eq. (5.39) can therefore be simplified to

{ 87’ 22f01da1zfc2db2 |:_ +1n (q:T) +1In (qj];q2q;):|} J2+2(Q2)J2+1(Q1)‘2(0)> .
(5.42)

(5.41)

The operator enclosed in curly brackets has the colour structure of a Coulomb ex-
change between the two emissions, and its pole part agrees with Eq. ((5.38)). The first

logarithm can be written as

1 q @y MQe de
——+lh ( /jT> +O(e) = /0 (k%)lfe. (5.43)

Then, since the second logarithm is sub-leading, the gluon cuts in limit 1 reduce to
a simple product of emissions and Coulomb gluons that are ordered with respect to
the transverse momentum with respect to the incoming partons.

In limits 2 and 3, the sum over soft gluon cuts yields respectively

2
o codb cida r /JJ% dk% by Pi * €2 a
2dba 1day b2 1
{ 8 4 /0 (kg)tte " i 2h(@)
: BGr 26 qL2
cadbo crdaq /’l’ T ai
{ S 2Zf if /0 (k%)l-i—e} J2+2(Q2) [T i 1 ‘2 > (5.45)

Again, the result in limits 2 and 3 can be deduced by taking the corresponding

2<0>> , (5.44)

collinear limit of the leading expression in limit 1, Eq. ((5.39). It is worth remarking
that Eqs. (5.44]) and (5.45)) contain the exact logarithmic contributions. In particular,
in deducing these expressions we did not neglect any factors that we did to derive

Eq. (5.43)), which is only approximation in limit 1.

Soft gluon cuts graph-by-graph

We recall that the colour part of all of the graphs in Fig. can be written as
a linear combination of the colour structure of the graph on the left-hand side of

Fig. and its permutation (1 <> 2). Written in terms of these two colour tensors,
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in limit 1, the amplitude is

. 2
_1721' [pj €1 . Di - 61} {pj - E9 o q - 82:| _l 4 ln Q2T(21j) T?ifchbifbclaT?
8T |pj g1 DPi* (1 Di"G2 Q1 Q2 € H
i€ - € 1 C]2 ;
[pz 2 @ 2] L 2T(211) T flerty fhezae ‘2(0)> . (5.46)
Pi - q2 qi - q2 € 2!

The leading cuts in limits 1-3 are presented in Fig. [5.10] and can be expressed in
terms of the two colour tensors in Eq. ((5.46)), which are illustrated in the final column
of the figure. There are additional graphs, other than the ones shown, that involve

the four-gluon vertex but, along with the ghost graphs, these are sub-leading. In

+

7
Eé::]
’
J
i i
2 2
+
1 1
J J

2
1

7
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j:
;}}-ﬁ +
J
zj
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Figure 5.10: Leading graphs in limits 1-3. Their contributions are projected onto
the two colour structures in the final column.

limit 1 all cuts in this figure are leading except that with a four-gluon vertex. The
non-trivial way in which these graphs combine to deliver Eq. (5.46) is illustrated
by considering, as an example, the graphs that give rise to the term with Lorentz
structure

T Pj-€14q1 &2

_ 5.47
812D -1 1 - @2 (547)

in the first line of Eq. (5.46). The first five graphs of each colour structure are all
leading. In the case of the first colour structure (the top half of Fig.[5.10) we label
these {G14, Gy, G1e, G14, G1e }- The first two of these cancel exactly, whilst the others
give
3 Pj-q2 dk2 3 2q1-92 dk’2
G = ——/ —rL— —/ -z (5.48)
2 )y K2 2 k2

116



Chapter 5. One-loop, two-emission soft corrections

3 [aaz (2
o, -3 dip 5.49
1d 2/0 /{%’ ( )
2q1-q2 dk2 1 [P k2
Gre = —/ —T+—/ —ZL. (5.50)
0 k% 2 pjq1 kiz“

In stark contrast, for the second colour structure the first two graphs again cancel

exactly but the others now give

3 2q1-q2 dk2
Gy = - —L 5.51
2 4/0 k%7 ( )
3 2q1-q2 dk2
Goqg = ——/ —L 5.52
2 2 /o k2 (552)
7 2q1-q2 dk2 Pitg2 k2
Gye = —/ —T+/ —L. (5.53)
4 0 k% Pi-q1 k%

In both cases, these terms sum up to give the corresponding terms in Eq. (5.46]).
Limit 2 is particularly simple since from all the graphs in Figure[5.10|only graphs

G and Gy, are leading and they give rise to the two terms

im 1pi-eapi- e /qu dk (5.54)
822D @2 pi- ¢ 0 k% .
and
. 2
_m lpi'52pi'51_pi'52pj'€1:| /quﬁ (5.55)
812 |2pi-@pi-qi i @Dty kE:

which add up to the corresponding collinear limit of Eq. (5.46]).
Finally we study the leading cuts in limit 3. There are leading contributions
to the second colour structure but they cancel. The first colour structure receives

leading contributions to the following two Lorentz structures:

- — + —_ —_
o ferey 6_16_2} (5.56)
8 {Ch @ a q;

Only graph G, contributes to the first and it gives

QST dl2
— / k—QT (5.57)
0 T

Graphs {G14, G1p, Gie, G14, G1e, G1;} contribute to the second Lorentz structure in
(5.56)). The contributions of graphs G1,, G, cancel whilst

(5.58)

. 3<q1>2+3q1q2+2(q2>2] /qfq? dk? 1 /Wl*‘m dk?
le —
0 p

Uy +ar)? ko2 B

i°q1
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307 + 205 0 a; dk2 pi-(a1+q2) 2
G = —M/ —2T+/ —r (5.59)
2(qr +a2) Jo k7 pi-q1 kp
Tqr +6¢; [T dk2 1 [re@te) g2 pran k2
Gie = o o) 72 9 T2 72 (5.60)
(@ +4a) Jo T pirq1 T piraz T

The sum of these three contributions is

Gr qk2 s a2
/ T _ % / = (5.61)
o Kkt 204 +4)* Jo kt

Finally, the four-gluon vertex graph Gi; exactly cancels the second term of this

expression and so the sum of leading graphs in limit 3 reduces to

_imey [i - i] / L flezby freree, (5.62)
872 g1 |4 Q;r 0 kCZF ’ '
This expression is identical to the corresponding collinear limit of Eq. .

It is clear that while the sum of diagrams reproduces kr ordering in all three
limits, the contributions of individual diagrams are very different in each region. In
particular, the emergence of kr ordering in limit 3, of most importance for the un-
derstanding of super-leading logarithms and factorization breaking, involves a very
non-trivial interplay of many different orderings in many different individual dia-
grams (in Feynman gauge at least) including diagrams involving the four-gluon ver-
tex. Another derivation of the leading behaviour of the sum of the soft gluon cuts

in limits 1-3 can be found in [85].

5.5.1 Physical picture

We close our study of the soft gluon cuts by relating them to physical amplitudes,
just as we related the Coulomb gluons at previous orders. To do this, we first point

out that the sum of cut graphs illustrated in Fig. [5.6| can be written as

3 [ AP gl a4 (569

where A is the amplitude to produce a pair of gluons with momenta ¢; and g5, B is
the amplitude for that same pair of gluons to scatter into the two final state gluons

with momenta (¢;) and (g2) and

dd(]l’ dd(]2’ d Lot Lot
o) (27r)d5 (g1 + g2 — qu — qo ) (—2mi0 " (q1)) (—27mid0 " (qor)).  (5.64)

As we already mentioned, ghost graphs also have imaginary contributions, however

dLIPS, =

we neglected them before this section because they do not give poles or logarithmic
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enhancements. This occurs because the cut condition together with their numerator
factors of ghost graphs effectively suppress their in the regions where propagators
become small. Nevertheless, they allow one to substitute the metric tensors in the
above expression by sums over physical polarisation, i.e.

1 . ) L
5 / ALIPS,(iB™) | Y " evugiis Y coneyy | (1AM . (5.65)

[ Tor

5.6 Physics of two collinear gluons

In addition to limits 2 and 3 there is one more collinear limit that we now address.
Limit 4: the two gluons are nearly collinear, have wide-angle with respect to the
incoming partons and their momentum components are of the same order (qf[ ~

qir ~ ¢& ~ qor). This kinematical configuration can be defined as

2

dr ~
Qip = 2qu — 922G - Tr,u + i,
@
Gop = (1 — 2)qu — mm —qLu (5.66)
a7
2 gy = ——,  Gr—0
q1 - g2 Z(]_ _ Z) ) qr )

where ¢ is the vector that denotes the collinear direction and the vector r specifies
the directions in which the collinear limit is approached (¢, - g = ¢, -7 = 0). At

tree-level order, all the divergent terms in this limit are given by

4o e .
‘ﬂ2>=:;@?3gsmmkyw$b+ﬁ%#%w%®> (5.67)

here J%., (g) denotes soft-gluon current and SO (g, + ¢o) is the splitting operator

that describes the splitting of the collinear gluons, its explicit expression yields
©) 7 cicad
S (q1, q2) C> = 282, V""" (—q1, @2, 1 + @2) , (5.68)

clc
<1 ? 2\/(11'(]2

since we have e1,169,, V*'*2*(—q1, —q2, 1 + ¢2)(¢1 + ¢2), = 0, we can re-write the

‘2$%> = S(O)#[_gluu((h + q2)]JZ+1(q> 2(0)>7

ru(@ 4+ @)y + 1 (@ + @),
(¢ + q2)

above expression as

(5.69)

gJ.,uI/(Ql + q2) = Jw +

Using the polarisation vectors in Eq. (5.2)) with p; — 7 one can show that the splitting

operator is related to the Altarelli-Parisi gluon-gluon splitting function Py, (2, ¢r)
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Chapter 5. One-loop, two-emission soft corrections

[27] via
2
ngocu(zv qT)(SC ‘= Z glaﬂ(Ql + 6.72)<C/ S(O)TBS(O)M c>giuu(q1 + q2)
01,02 (5.70)
, z 1—-2 q1aq1v
=C40°° | —gow —4z(1 —
e R e R

We now proceed to study the collinear limits of the one loop amplitude. In limit 4,

the eikonal cuts adds up to

Amoug e v i
il B S(O)M[_guu(% + ¢2)] [J2+1 (@1 + ¢2)C” (QTW)’ Q)

Va1 42 (5.71)
+CZJ (0, qT(,‘j)) J§+1 (QI + (]2)] ’2(0)> .

This expression shows that the physics of the eikonal cuts in the double emission case
can be understood in terms of the physics of the one-emission case, see Eq. .
On the other hand, in limit 4 the soft gluon cuts adds up to
O o 0,72) SO g0 T a1 + )20 (5.72)
m ) weldor1(d1 T G2
Hence, the amplitude reduces to a single Coulomb gluon operator acting on the
collinear emissions and the kr of the Coulomb gluon is limited by ¢, , the transverse
momentum that defines the collinear limit in Eq. (5.66]).

We close this section with two remarks. Firstly, we mention that, although in
this section we deduced the divergent terms in limit 4 at amplitude level, there is
a missing step necessary to deduce the squared amplitude in this same limit. Due
to our poor choice of polarisation vectors in this section, the tree-level (one-loop)
amplitude has terms that behave as ¢ 'and as ¢ L_Q. We expect that, as at tree-
level, the one-loop contribution to the squared amplitude in limit 4 will be equal to
the product of the tree-level amplitude (Eq. (5.72)) and the one-loop amplitude (the
sum Egs. and ) in this limit. However, to prove this one needs to check
that the interference between terms of order JL_Q and (¢, )" cancels, this is a pending
task. Secondly, one can check that limits 1 and 4 commute in the sense that the
leading behaviour of the eikonal and of the soft gluon cuts is the same if we take

limit 1 and then limit 4 or if these limits are taken in the opposite order.

5.7 Summary

We have shown that the imaginary part of the one-loop, two-emission corrections to

a Drell-Yan hard process can be separated, gauge-invariantly, into distinct physical
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Chapter 5. One-loop, two-emission soft corrections

mechanisms for double gluon emission. The sum of these contributions in limits 1-3
can be written in terms of the building blocks that we found in the one-emission
case: Coulomb exchange operators, soft-gluon currents and dipole emissions. A can-
cellation of many graphs imposes precise ordering conditions. The Coulomb gluons
exchanged between the incoming partons are always ordered with respect to the
transverse momentum of the real emissions. More precisely, the transverse momen-
tum components defined by the direction of the incoming partons. The Coulomb
exchanges between the emitted gluons have the same structure as the re-scattering
cuts in Section In the next Chapter we shall discuss their contributions in
more detail.

In the calculation of observables like ‘gaps between jets’, where the rapidity log-
arithms are subleading, see Eq. and the comment below this equation, the

leading contribution to the amplitude in limit 1 yields:

tnf203) = (Gl + Ol ) Tovalae 1) + Fasalae) g Tosa(a)

+ J2+2(Q2)J2+1(%)CZ&T’Q)] ’2(0)> ) (5.73)

Furthermore, the expression for the amplitude in limits 2 and 3 can be directly de-
rived from this expression. These results constitute substantial progress in confirming
the assumption that kr ordering is the correct ordering variable in the computation of
‘gaps between jets’; this expression is in accord with the kr-ordered colour evolution
picture, Eq. . Although to solve the ordering problem discussed in Section
one needs to consider the matrix elements that appear at N*LO we think that the

results of this chapter suggest that kr is the correct ordering variable.
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Chapter 6
General hard processes

In this chapter, we investigate the imaginary part of the one-loop amplitude for a
general hard scattering process accompanied by the emission of two gluons. We will
bring together results from previous chapters to express the strongly ordered limit
of the amplitude in terms of: soft-gluon currents, dipole emissions and Coulomb
operators. We will see that cancellations between many graphs imposes a precise
ordering condition on the Coulomb gluon operators.

The main conclusion of this chapter is a generalisation of previous chapters: the
Coulomb gluon exchanged by a pair {i,j}, either incoming or outgoing and either
hard parton or soft emissions, should be ordered with respect to the transverse
momentum (to {p;,p;}) of adjacent gluon emissions. In a schematic notation, this

ordering condition can be summarised as follows

=z %ra dk ;-
(Tipl 52) —iﬂTi.Tj/ e dir (Tipl 51) . (6.1)
Di* G2 ; kg Piq1

2
2T (i5)

In Section [6.1] the different contributions to the amplitude are organised in terms
of the physical mechanisms for double-gluon emission. Exact results for the ampli-
tude are presented in Section [6.2] In order to avoid cluttered notation, we shall
restate our notation in Section [6.3l Further sections will discuss the structure of
the different physical mechanisms. Firstly, we address the cuts over eikonal lines in
Section [6.4] and the soft gluon cuts in Section We will find that their expressions
are straightforward generalisations of the previous chapter. Then, in Section [6.6] we
study re-scattering cuts which contain physics that we have not yet encountered in
previous chapters. We conclude this chapter in Section where, based upon the
assumption that the ordering structure that we found in this and previous chapters
continues to higher orders, we conjecture an expression for the one-loop amplitude

with any number of strongly ordered real emissions.
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Chapter 6. General hard processes

6.1 Physical mechanisms for double emission

The imaginary part of the two emission amplitude for a general hard process can
be organised into the sum of the different mechanisms for double gluon emission,
each of which is separately gauge invariant. This time, there are eleven different
possibilities; these are illustrated in Fig. 3.3l As in the equivalent figure for the
one emission case, Fig. [6.1] we have abbreviated graphs by only showing the lines
that are cut and the emitted gluons. Furthermore, the gluons radiated from black
shaded circular blobs should be understood to be radiated in all possible ways. The
derivation of the cutting rules that gives rise to these graphs can be done following

analogous steps to those in Appendix D]

Im

{17]}’5111

{l,m}€out
1 Ll 1
I o=

sl dei
£ (o S

Figure 6.1: Imaginary part of the one-loop corrections to a general hard process
organised in terms of the different physical mechanisms for double gluon emission.
These graphs are the generalisation of Fig. [3.3] The second graph in the fourth row
stands for the production of two ghosts that scatter into two gluons.
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6.2 Exact results and cross-checks

We have calculated the exactﬂ infrared poles and logarithmic enhancements of each
graph in Fig. 6.1, The necessary integration methods can be found in [98] 99| 100,
107, 1T02], these are discussed in Appendix [H| and were implemented using Wolfram
Mathematica with Feyncalc. As far as we are aware, such corrections for a com-
pletely general hard scattering have not been studied previously in the literature
except for particular processes, see [43], [46] and references therein. Remarkably, al-
though the exact amplitude is a complicated expression with involved logarithmic
Correctiomsﬂ7 see for instance the scalar integral in Eq. , the dependence on the
hard scale (@)) and the sum of the infrared poles have simple expressions. We recall
that the tree-level amplitude with two soft gluon emissions (with colour ¢; and ¢y)
’252> can be expressed in terms of an operator K, 12(q1,g2) that acts on the hard

process to insert two real emissions:
0 € gcic 0
<6162‘n3-%> = gglu2 K’r&—l—%(Qla QZ) ‘ng—%> ) (62)

its explicit form is given in Eq. (4.3). The sum over all of the infrared 1/e poles of
the cut graphs in Fig. [6.1] can be written as

—imagc, 1 L
Im {<0201‘n$%>} = Zg—:cg X [Z 5ijTi'Tj(SCla1502a2
1<j

+ g‘]lQQ (TZQ)CQO/Q (Tgl)clal (63)
S mg e 3 ] ),
where gkm = 1 if {k,m} are both incoming or outgoing and gkm = 0 otherwise.

The terms in the first, second and third line in Eq. correspond to Coulomb
exchanges between: hard partons (second and third rows in Fig. , the emitted
gluons (fourth row in Fig. and an emitted gluon and a hard parton (fifth and
sixth row in Fig. . Eq. is not a new result but a cross-check. Indeed, one
could derive it from the universality of the singular infrared behaviour of the one-loop
corrections to a general scattering, i.e. setting N'— n_ in Eq. . Nevertheless,
this is a strong cross-check of our Mathematica calculation as it involves proving the
cancellation between many graphs, e.g. the cancellation of collinear poles illustrated
in Fig. that includes a four-gluon vertex!

"'Without specialising to any particular phase space region for the two emissions.
2We will not present the complete expression for the amplitude as it is too lengthily to include.
We have the contributions in Wolfram Mathematica notebooks.

125



Chapter 6. General hard processes

In general, the sum over all of the contributions in Fig. [6.1] can be written as

Im{‘n$)>} - [lem {10} 4 Im {KS@H ‘n(0)> (6.4)

where Im{IS)} is the Coulomb gluon operator (see Egs. (2.23) and ([2.25)), i.e.
Eq. (2.25)), and all the other contribution, Im{KSJ)rQ}, are power suppressed in the uv

region. Some of them are infrared divergent but this is not relevant for the rest of this
section. We recall that the contributions in Im{IS)} are logarithmically divergent
when the momentum of the (Coulomb) exchanges becomes arbitrarily large, see
Appendix [A] for more details. Such uv divergences are fictitious in the sense that
they have been introduced by the eikonal approximation in the propagators. In
chapters [3] and [5[ we introduced cut-off scales to regularise these uv divergences.
However, Eq. , and the same applies to Eq. , shows that we could have
presented our results without imposing a cut-off and expressing the uv divergences
only in terms of IV, The conclusions in this and previous chapters would be the

same.

6.3 Notation

From now on, we will focus on the leading behaviour of the amplitude in the strongly
ordered limit ¢ > ¢1, i.e. limit 1 from before. Specifically, we take g — Ago and
keep the leading term for small A\. For the sake of readability, we will present our
results without explicitly projecting over the colour states of the emitted gluons and

in this section we outline simple rules to project over the colour states of the gluons

{Cl,CQ}.

Let us start by considering the double emission tree-level amplitude, ng> In
the strongly ordered limit this yields
Jnt2(g2)Int1(q1) |n(0)> (6.5)
where
n+a Die
Jn+a<Qa) = gs,uE Z T; 1 a7 ((Z = Oa 1)7 (66)
i=1 vHa

and it should be understood that T, ; = T, and p,y1 = ¢1. We recall that
the action of T,, over the space spanned by the vectors {T;|n°) |i = {1,...n}} and
similarly, the action of T,, 12 = T, over the vectors {T;T; |n°) |j = {1,...n+1},i=

{1,...n}} is defined as in the eikonal rulef’] Also, we will find it convenient to denote

3See Fig. and Eq.
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Prny2 = q2.
We can project Eq. over the colour state {c;, c2} of the emitted gluons using
the following simple steps

<clcg n(0)> = |:<0162 a1>] <a1 Jn+1(q1)‘n(0)>

- [Soarzzon spren 2] sy o)

j=1 J q1-q2
At one-loop order we will often express our results in terms of two emission oper-

Jny2(q2)dni1(q1) Jni2(q2)

(6.7)

ators T; and T; and a single virtual exchange (T;-T}). The different combinations

n(o>>,
n(0)>, (6.8)

T, Ti(Tl-Tk)‘n(0)> .

that we will encounter are

(T,-Ty) T; T,

T; (T,-Tx) T,

These vectors can be projected following the simple rules:

<c102‘T]- Ti(Tl-Tk)‘n(0)> - <c1c2‘Tj

CL1> <(11 ‘Tl(Tl Tk) ‘n(0)>
a1> _JTpene it =10} (6.9)
ifeen i =g

n(0)> = <0102 b1><b1

o) {2,
) > 6T if j e {1,...n},
1 =
ifaetifj=q . (6.10)

<0102‘T]-

Tj (TlTk) Tz T] TlTk Tz

<C1C2
<C102

(o

T;

st Ty, if {1k} € {1,...n},
Tl-Tka1>: 1" Ty {Lk} e }

iftrdad  if [ =¢q and k € {1,...n},
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(e16|(T-T) T, T

<a1 n(0)> =T

T;

n®) = <0102’Tl-Tk‘blb2><ble‘Tj

n®).

o) o[ T ),

ghrer b2 if 5 e {1,...n},
<b1b2 T, a1> = J VASHH ¥
iftte e {1,...n} . (6.11)
(
geabrgeb T, if {k,1} € {1,...n},
Z’ Cldble502b2 lf l — a,nd k < ].7 ooy
<0162’T1-Tk‘blb2> _ / k ¢ { }
ifc2db2Tz(5clb1 ifl=qyand k € {1, .. .n},
\ifcgdbgifcldbl ifl = q2 and k£ = q1 .

The rules for amplitudes with many more strongly ordered emissions would be defined

in an analogous way.

6.4 Initial- and final-state eikonal cuts

The sum over the eikonal cuts through a pair of incoming partons {i,j} can be
organised into four physical mechanisms illustrated on the second row of Fig. [6.1]
These mechanisms correspond to an on-shell scattering of two eikonal lines {i, 5} in
the initial state before the hard process, and the real emissions can occur either as
part of this initial-state scattering or as part of the hard scattering. This graph is
the generalisation of Fig. for the Drell-Yan case. In fact, the red ovals in both
figures abbreviate exactly the same graphs.

The first physical mechanism in the second row of Fig[6.1] where both emissions

a0

The limits of integration of the Coulomb exchange are independent of the kinematics

occur as part of the hard scattering, yields

CY(0,Q) x Ki'3(q1, ¢o) (6.12)

of the emissions.
The expression for the second physical mechanism (the third one is obtained
swapping (1 <+ 2)) in the second row of Fig , where emission ¢, occurs as part of

the on-shell scattering and ¢; as part of the on-shell scattering, adds up to:

. 2
— TS5 g rdeserpe ((Pi'€2  Piea) [© dk
—sterpd; pdeserpe (72 r
27 Pitq2  Diq2 k7

2
14

x Je

n+1(91> ‘n(0)> .

(6.13)

Notably, the part of this expression corresponding to the 2 — 3 on-shell scattering

(inside the brackets) is independent of the emission ¢;. The fourth mechanism in
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the second row of Fig does not have a simple expression in general but in the
strongly ordered limit (¢ > ¢2) it becomes

—imag; [pj'ffl B pafl] { [%"82 _ ‘h'ﬂ [T ez foerere]
J (2

2m Di*q1  Pa Q1 Di*q2  q1-Q2 (6.14)
. . 2p;-pj dk2 .
+ |:Q1 5P o Di 52:| [T?ideIbibeQQT?] }/ _QT‘n(0)>
A1"92 Di'q2 Pris, k7.

It is worth pointing out that these are exactly the same expressions that we found
in the Drell-Yan case (n = 2). Note that Eq. can be obtained directly by
considering the coherent emission of ¢; off the 2 — 3 scattering process described by
Eq. (3.16)).

In addition to the physical picture that we have just described, the sum of these
four physical mechanims can be written in terms of emission currents and Coulomb
exchanges. Crucially, the k7 of the Coulomb gluon is ordered with respect to the
transverse momentum, defined by the direction of partons {i,j} involved in the

exchange, of the real emissions:

[Cij (0, QQT(ij)) Jn+2(€l2)Jn+1(C]1> + Jn+2(Q2) CcY (QQT(ij)7 Q1T(ij)) Jn+l(‘11) )
+Jn+2(Q2)Jn+1(Q1) o (QIT(ij)vQ)} ‘n(0)> ) (6-15)

where the Coulomb gluon operator is defined in Eq. .

We do not need to compute separately the expressions for the final-state eikonal
cuts depicted in the third row of Fig. [6.1] Instead, we can infer them from the
identity illustrated in Fig.[3.4] As this identity holds on a graph-by-graph basis, we
can obtain the expression for the final-state eikonal cuts by simply replacing i — [
and j — m in Egs. —.

Based upon the observation that the structure of the eikonal cuts (of a general
hard process) in the one- and two-emission cases is exactly the same, we conjecture
that the sum of eikonal cuts (both in the initial and final state) in the presence of

q1 > g > -+ - > qp strongly ordered emissions should add up to

Z gij Cij(oa @) Inio(qp) -+ Ins1(qr)

1<j

+ Jin()C (Gp1,G) Tnap-1(qp-1) - Tnia(qr)

b T Taal0)C 0, Q) | 1)

(6.16)

where, here and subsequently, ¢ = gr(;) when used in the argument of an C¥

operator. We used this notation to emphasise the simplicity of the ordering condition.
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6.5 Soft gluon cuts

We will now focus on the physical mechanism in the fourth row of Fig. [6.1 As
we discussed in Section [5.5.1] this mechanism corresponds to the on-shell scattering
between the emitted soft gluons whilst the ghost graphs only serve to remove the
unphysical degrees of freedom. Up to terms that cancel due to colour conservation,
the structure of cuts over soft gluon lines for a Drell-Yan process is the same for a
general scattering. In particular, in the strongly ordered limit the sum over the soft

gluon cuts has the same dipole structure that we found in the Drell-Yan case, see

Eq. (530):

n+1 . q2 . 2
—ia 2rGay) dk Dj-€2 Q1'52}
s ) o T [ if2 J, n(0)>, 6.17
;1 or { @t /0 k‘% } gsdj Pita G- +1 (QI) ( )
J#{ar}

if the amplitude J,,1(q1) }n(0)> is thought of as an effective hard process for the vir-
tual gluon and the softer gluon gs, this expression has the remarkable property of be-
ing equal to the re-scattering cuts that we found in one-emission case, i.e. Eq. .
Exactly as in the one emission case, the softer emission, ¢o, that will subsequently
exchange a Coulomb gluon is emitted from the dipole formed by the harder gluon ¢,
with which it will exchange a Coulomb gluon, and hard parton j. In addition, the
k7 of the Coulomb exchange is limited by the dipole momentum, i.e. k7 < ga7(q,)-
Observe that each term in Eq. is gauge invariant with respect to the softer
gluon, i.e. it vanishes under the replacement €5 — ¢». In general, we will find that
gluons that subsequently exchange Coulomb gluons are always emitted via a dipole
structure. Anticipating this observation, let us introduce the dipole operator for the
emission of gluon ¢, from a dipole formed by [, the parton with which it will exchange

a Coulomb gluon, and each of the partons j # {l}:

. Di€y  pIegs
dp o0y (q2) = gsp°T; [p;_% — pz—qJ : (6.18)
The sum over the different dipoles adds up to a tree-level soft-gluon current:
n+2
>~ dusin(@)|nls) = Jusa(a)n) (6.19)
by

and it should be understood that T, = T, and p,y1 = ¢:.. However, observe
that the sum symbol in Eq. (6.17) cannot be commuted to the right of the Coulomb
operators as these exchanges have a “memory” of where ¢, was emitted from. It is

this memory and the requirement of gauge invariance (with respect to softer emission
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¢2) that forces the softer gluon to be emitted from a dipole operator. Written in terms
of dipoles, the total expression for the soft gluon cuts, Eq. (6.17)), reads

n+1
Z Caaz (0, qu(qu)) dn+2(jq1)(Q2)Jn+1(Ch)

j=1
J#{q1}

n<°>> . (6.20)

In this equation and throughout this chapter we shall show the sum indices very

explicitly to avoid any confusion.

6.6 Re-scattering cuts

We shall now study the physical mechanisms corresponding to an on-shell re-scattering
between an outgoing hard parton and a previously emitted gluon. There exist three
different physical mechanisms; these are illustrated in the fourth and fifth row of
Fig.|6.1] The red hatched ovals represent the 2 — 2 and 2 — 3 on-shell scatterings
between the gluons and the hard parton [. To be precise about the definition of
these ovals, we point out that the first graph in the fourth row of Fig. [6.1] can be

also represented as in Fig. [6.2]

1
3 2 2 2

S o T
—3 I I

Figure 6.2: Explicit representation of the red oval of first graph in the fourth row of

Fig. [6.1}

In the strongly ordered region, q; > ¢», the total expression of the contributions

in Fig. [6.3]is

_4 " . . Gras) dk2
1T Qs T?if”db? Zngdqal [pg €2 P 62] / J T
0

2 = Pid2  Pirde k3 6:21)
, G1-ea pres] [Braa dk2
+ch1b2a1 . _2T Jflll (C]1) ‘n(0)> )
q1-q92  Pr-q2] Jo kT

As in case of the soft gluon cuts, if the amplitude J;(¢) ‘n(0)> is thought of as the
hard subprocess, Eq. (6.21)) is equal to the expression for the re-scattering cuts in

the one-emission case; compare Eq. (6.21) with Eq. (3.22) and Fig. [6.3 with the
fourth row of Fig. Motivated by this observation, let us write this expression,
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Eq. (6.21)), in terms of the dipole operator, d,12(j1)(¢2), defined in Eq. (6.18), i.e.

n+1

> C(0, qargny) duan (42) s (1)
=1
o)

n<0>>. (6.22)

It is worth noting that this formula has the same structure as the expression that we
found for the cuts over soft gluon lines, Eq. (6.20)), and that their common feature
is they can be written in terms of Coulomb exchanges between ¢; and the outogoing

partons.

e T

Figure 6.3: In the strongly ordered regime ¢; > ¢o the sum of these two gauge in-
variant physical mechanisms adds up to the simple transverse momentum expression

given by Eq. (6.23)).

There are only two more distinct physical mechanisms left to study, these are
illustrated in Fig. |6.3] Up to this point, we found that the individual expression for
each physical mechanisms has a simple structure in the strongly ordered region, ¢; >
¢2. This is not the case for these two mechanismﬁ. Nevertheless, their expressions
in the strongly ordered limit greatly simplifies when these are combined together, for

each outgoing parton [ they sum up to

n

Z {Clql((]’ 52) Jn+2(92) + Jn+2(Q2)Clql (@27 Q1T(jl)) }dn+1(j1)(Q1)
i=1
!

n<0>> (6.23)

where d,,11(j1)(q1) is defined identically to the dipole operator that we introduced
for the re-scattering cuts of the one-emission amplitude (see Eq. ) and, as in
Eq. , where ¢ = gar(q,) When used in the argument of an C''.

As in the case of one-emission, in Eq. the emission of a gluon ¢; that may
subsequently exchange Coulomb gluons is emitted from dipoles, d,,+1¢;1)(¢1), and each
dipole sets an effective hard scale for the kr of the subsequent Coulomb exchange,
i.e. k7 < qir@y. Crucially, Eq. shows that when there is a real emission and
a Coulomb exchange after the dipole, the Coulomb exchanges are ordered exactly as
the eikonal cuts. More precisely, the softer of the emissions appears emitted through

a current, J,12(g2), and the kr of the Coulomb gluon is ordered with respect to the

40f course, the first mechanism would simplify in the opposite strongly ordered region gz > q;
as the the contributions in Fig. do when ¢; > ¢, i.e. Eq. (6.22).
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transverse momentum of this emission: when the emission acts closer to the hard
process the Coulomb gluon has k7 < ga7(q,1) and when the Coulomb gluon acts closer
to the hard process it has gap(q) < kr. Expression is a crucial result of this
chapter as it highlights a remarkably simple structure that cannot be inferred from

previous chapters.

6.6.1 Physical picture

As we already mentioned, the 2 — 2 and the 2 — 3 on-shell scattering illustrated in
Fig. have complicate expressions. Nevertheless, in this section we will show that
when their expression are combined in a different way than above to render physics
analogous to the eikonal cuts of the one-emission case. To be precise about how to
combined these scatterings, it is convenient to point out that contributions of the

2 — 3 scattering Fig. [6.3] can be written in terms of the following colour tensors:

n<o>> _

g2 [T if i o T F gy, q0) + T i 190920 TS F(gz,00)] n®)

j=1
JA{}

Mgl—fg,l(fba )

(6.24)

The function FY(q, ¢2) has a very simple behaviour in the strongly ordered regime,

q1 > q2,

Fi(gr,q2) = iTag [pz-@ QI'52:| |:pj'51 pl'51:|
1,42) — - -
2t \prge @1rq2] P prqu

Gras) dk2
/ —rL. (6.25)

k
qu(qu) T

Then, by using the colour algebra and colour conservation, the sum of these contri-

butions can be written as

S T i T8 F gy, 00)|n ) = (6.26)
i=1

A0

n . 2

—iTQ firgy dk? Prr€2  qi1-&2
srpa  paczd(pd ) / T _ ar (0)> _
Z { o l Zf ( th) 1b1 oo ]{Z% D1 Go 01 n+1(gl)<Q1> n
q1

7j=1
au
Each term inside braces has the same structure as the physical mechanism that we
denoted by (A%™) in the one-emission case, i.e. Eq. (3.19). In this comparison,
we are identifying parton m with the harder emission ¢; and the dipole momentum

qi7(y with hard scale Q.

The coefficient functions F¥(qy, q1) that gives rise to the remaining contributions
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in Eq. (6.24) do not have a simple behaviour in the strongly ordered limit, ¢ < ¢;.
The total expression for the 2 — 2 scattering in Fig. , M35 (g2, @) ‘n(0)> is also

complicated in this limit. However, they sum up to a simple expression:

MngQ,l(Q%(h) + Z T? ifdclgifgm Tze ]'—lj(QQ,Ch) ‘”(0)> =
=1
D
<0102‘ Z C' (0, (i) Int2(g2) dn+1(jl)(Ql)‘n(0)> - (6.27)
j=1
JA{1}
Observe that the Coulomb gluon is completely independent of the softer emission
g2. This is exactly the physical picture that we encountered for the cuts of type
(B in the one-emission case, see the second line in Eq. (3.19). In this comparison

lm

by

dn-l—l(jl)
parton m with ¢; and the dipole momentum g;7(;; with the hard scale Q).

To show that the sum of Egs. (6.26)) and (6.27) is equal to Eq. (6.23]) we point

out that (6.26]) can also be written as

(¢1) ‘n(0)> is thought of as the effective hard subprocess and we are identifying

Y T i fo T F(qr, o)
j=1
JA{}

<C1C2

n<0>> - (6.28)

a0

- pr-&2 qi1-€2 lan / ~
T + T L C Gy, gy } d,. (g
Z [ "prgo g (@2 @1705) | dnsrn(a1)

j=1
JAL

6.7 Conjecture for the case of many emissions

In the case of the one-loop amplitude with more than two real emissions we expect
that the amplitude can still be organised into the different mechanisms for multi-
gluon emission as we did in Fig. [6.1, To be precise, we expect that the amplitude
will be equal to the sum of eikonal cuts in the initial and final state, cuts over soft
gluons and re-scattering cuts. We recall that we already conjectured the expression
for the eikonal cuts, see Eq. . In this section, we present a conjecture for the
sum of all of the re-scattering and soft gluon cuts.

Let us start by recalling that, in the strongly ordered region (¢; > ¢2), the total
expression for the soft gluon cuts, Eq. , and the re-scattering cuts, Eqgs.
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and ((6.22), can be written as

n+1 n+1

D b Y € (0, qarny) duragn(92) p Inia(ar) ”(O)> (6.29)
=1 A

+ Zglfh Z c'n (0,2) Jnia(q2) + Jn+2(¢]2)clq1 (6727 C]1T(jl)) ] drany(qr) n(0)> .
=1 A

The complete imaginary part of the double emission amplitude is given by adding
the eikonal cuts in Eq. to this expression. Observe that the first sum symbol
(to the left) runs over the Coulomb exchanges between each of the gluon emissions
and harder partons.

In the case of a general hard scattering process accompanied with b strongly
ordered gluon emissions {p1,...pp} > ¢ > -+ > ¢, > -+ > @, we conjecture
that the total expression for the sum of re-scattering and soft gluon cuts can be
written as the sum over the Coulomb exchanges between each gluon emission ¢, and
harder outgoing partons. More precisely, the sum of Coulomb exchanges between
¢, and each of the outgoing hard partons and between ¢, and each of the harder
gluon emissions, {qq+1,---,¢1}. In addition, based upon the structure exhibited by
Eq. , we expect that the sum of the Coulomb gluon exchanges between ¢, and
each of the harder outgoing partons [ yields:

n+a—1

O Y, [C(0,8) I(gb) -+~ I(dar1) + I (@) C(Gop1, @) I (1) -+ I (das1)
=1
A
+...+ Jn+b(qb) e 'J(Qa+2) Clqa(§a+2> (ja-i-l) Jn+a+1(Qa+1)

{J(qb) ++ - J(Gat1) C(Gas1, Guriity) H diy(¢a) 7152_1> :

(6.30)

where the dipole operator is defined as before:

Pi'Ga _ M}

6.31
Pi‘9a  Pi'Ya ( )

dn+a(jl) (qa) = gleLETj |:

and it should be understood the momentum and colour charge of the (n+d)th parton
are denoted by pp1q = qq and T, g =T,.
Each of the terms in Eq. (6.30]) has the same structure as those in ((6.29). Precisely

speaking, this structure is defined as follows:

e Before ¢, is emitted, the gluons harder than ¢, are radiated via soft-gluon
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currents, i.e.

’n$3—1> = Jn+a71(Qa71>Jn+a72(Qa72) <. JnJrl (Q1) n(0)> . (632)
Observe that this is in agreement with the first line on the right-hand side of
(6.29)).

e Since ¢, will subsequently exchange a Coulomb gluon, with parton [, it is
emitted via a dipole operator d, 4 (ji)(¢.) formed by parton [ and each of the

harder partons j < n + a different from parton [:

n+a
S 1 Jdnsa ()90 ). (6.33)
j=1
JAL

where the ellipsis denote emissions or exchanges to the left of the dipole in
Eq. (6.30). Indeed, the sum over all possible dipoles adds up to a soft-gluon

current: N
> A (@) n001) = Tnsal@2)| 0 ) (6.34)
i=1
A

e Each dipole sets an effective hard scale that limits the transverse momentum,

kr, of the subsequent Coulomb exchanges, i.e kr < qu7(;).

e Finally, the term enclosed in squared brackets in Eq. accounts for the
softer emissions, ¢, < ¢_1 < ...Qq+1, emitted via soft-gluon currents and
Coulomb gluon operators that appear ordered with respect transverse momen-
tum of these emissions. More precisely, the transverse momentum components

defined by the direction of the partons that exchange the Coulomb gluon, i.e.
{qa,1}. Observe that this is in accord with the second line in Eq. (6.29)).

The total expression for the cuts over soft gluons and the re-scattering cuts is ob-
tained by adding the Coulomb gluons exchanged ( given by Eq. (6.30])) between each
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gluon emission and other gluons or hard partons, i.e.

b n+a—1 n+a
a=1 [=1 7=1

{Clq“ (0,G) Jnto(qs) - 'Jn+a+1(qa+1)}

+ {Jner(qb) Clqa((jbfl,a (jb) Jn+b71<Qb71) e Jn+a+1 (Q(H»l)}
(6.35)

+ ...+ {Jn+b(Qb) o ‘Jn+a+2<Qa+2) Clqa(q~a+27 (ja+1) Jn+a+1(Qa+1>}

0
nsr¢)171> :

+{Jn+b<qb> T Jn+a+1 (Qa+1> Clga(dtﬂrl s QaT(lj)) }] dn-i—a(jl)(Qa)

It is straightforward to check that for b = 1 this expression is identical to the re-
scattering cuts in the one-emission case, Eq. , and that for b = 2 this expression
is equal to Eq. . Then, the total imaginary part of the double emission ampli-
tude amplitude, Fig. [6.1] is obtained by adding the eikonal cuts in Eq. to this
expression.

Let us recall that when studied the one-emission and one-loop corrections in
Section [3.4] it was found that the eikonal and Coulomb parts of the loop integrals
had the same colour and kinematic pre-factors, see Eq. and the discussion
above this. If we assume that, in the presence of many gluon emissions, the eikonal
and Coulomb contributions still have the same kinematical and colour pre-factors
we can conjecture that the expression for the complete amplitude is given simply by
replacing each of the Coulomb gluons in Egs. ) and - with

gijCij(oc,B) = Z7T5ZJGT ‘T —— Qs [(5_2) — (a—z) ]
e |\ p I
2 2\ —¢ 2\ —¢
— [1 +imdye] T - Tj% [(%) - (%) ] ,

To highlight the simplicity of this conjecture we rewrite it using a more compact
notation. After making the substitution in Eq. (6.36]), the complete amplitude with

b strongly ordered emissions readsﬂ

> Z ZZ I(a) - I(@ms1) L (Gont1s Gon) )n(f)n> (6.37)

m=0 =2 j=1

(6.36)

b nt+m-—1

+ Z Z qm-‘rl) In+m]<Qm+17 QmT(]k)) djk qm ’n+m 1>

m=1 jk=1

®Omitting the dimension of the current and dipole operators, i.e. J,iq(a) — J(g,) and
dyta(ij) (@) = d(ij)(qa)-
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where p=nifm=0orp=n+m —1if m > 1 and where the one-loop insertion

operator is given by

- 2\ —¢€ 2\ —¢€
I(0,8) = %:—;Ti~Tj(1+i5ij7T€){(E> —(%) } (6.38)

where ¢ = g¢r;; when used in the argument of an I,; operator. This expression
summarises many of the results of this thesis. In particular, it reproduces our fixed
order calculations for the one- and two- emission case. As in the one-emission case,
see Eq. , we expect that Eq. be accurate up to non-logarithmic terms of
order € in the real part and order €' in the imaginary part.

It is worth noting that the universality of the infrared singular behaviour of
the one-loop QCD corrections, i.e. Eq. , places a strong constraint on our
conjecture for the real part of the amplitude. The consistency with this constraint
can be proven by induction over the number of emissions. In addition, the complete
amplitude, Eq. , has two remarkable properties. Firstly, we point out that
our conjecture for the complete amplitude is gauge invariant with respect to each
of the soft emissions. The proof of gauge invariance follows directly from colour
conservation, see Appendix [B.1]for more details. Secondly, in an idealised wide-angle
regionﬂ colour conservation can be used to write the complete amplitude (Eq.

as

b n+m i—1

) = ST 3@ Iame) L) [n0) - (6:39)

m=0 i=2 j=1

This expression is equal to the one-loop matrix elements of the energy-ordered colour
evolution picture, i.e. first line of Eq. with the Sudakov operators expanded
at one-loop order. A naive use of quantum uncertainty suggests to associate a time
scale to the radiation as the inverse of the magnitude of its momentum components.
With this interpretation, the above expression exhibits a time-ordered structure.
The importance of this property is that it suggests that, in the same idealised wide-
angle region, the amplitude with many loops may also reduce to this energy-ordered
picture. We close this chapter by mentioning that future studies should address the

generalisation of the results presented in this chapter beyond one-loop order.

6 G.-p;~0fori={1,...n} and ¢ = {1,...b} and also G, - . ~ 0 for all ¢ # a witha = 1,...,b.
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Chapter 7
Conclusions

There has been a growing interest in ascertaining the contributions of Coulomb
gluons to non-inclusive observables, in part spurred on by the discovery of the
super-leading logarithms in ‘gaps between jets’, and also motivated by the fact that
Coulomb gluons introduce violations of coherence and violations of strict collinear
factorisation in partonic scatterings. Previous analyses have been based on the colour
evolution picture, a framework devised to account for the soft gluon corrections to
non-inclusive observables, including Coulomb gluons and their colour interference.
In this thesis we have made substantial progress in determining the correct ordering
variable that should be used.

We did this by making a full Feynman diagrammatic calculation of the one-loop
correction to a general hard process accompanied by the emission of up to two gluons.
Although different graphs have different and intricate ordering conditions, the result
for the physical process, i.e. the sum of all contributions, can be written in terms
of soft-gluon currents, dipole emissions and Coulomb gluon exchanges that satisfy
very simple ordering conditions: the ky of the Coulomb gluons should be always
ordered with respect to the transverse momentum (defined by the direction of the
two partons that exchange the Coulomb gluon) of the real emissions and, in addition,
each soft gluon that may subsequently exchange a Coulomb gluon is emitted via a
dipole that limits the k7 of the subsequent exchanges.

Based upon the assumption that this simple structure continues for the one-loop
corrections to a general hard scattering accompanied by many more strongly ordered
real emissions, we conjectured that the same ordering variable should be used to dress
the imaginary part of the amplitude with many more real emissions, Eqs. and
. When we studied the one-loop, one-emission amplitude we also showed that
the eikonal, or real, part of the loop corrections obeys the same simple ordering
condition that the Coulomb exchange does. More precisely, the eikonal exchanges
have the same colour and kinematic pre-factors; the only difference is that Coulomb

gluons are only exchanged between incoming and between outgoing partons while
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eikonal gluons are also exchanged between incoming and outgoing partons, Eq. .
Based upon the assumption that, in the presence of many more emissions, eikonal
and Coulomb gluons still satisfy the same ordering condition, we also conjectured
an expression for the complete one-loop amplitude accompanied of any number of
strongly ordered emissions, Eq. .

These studies constitute a formal step towards the inclusion of colour interference
into parton shower event generators. Note that Coulomb gluon effects are currently
neglected even in the recent framework [34] that incorporates some of the subleading
colour interference. Furthermore, even in the large N, approximation, our studies
propose a particular parton shower in the sense that they suggest a specific variable
that should be used to order the successive emissions. Hopefully, these studies will
help to improve the accuracy of parton showers by using an ordering variable that
correctly describes the leading behaviour of the matrix elements, as we did in this
thesis.

Our analytical calculations have also shed light into the structure of Coulomb
gluon corrections. Specifically, we have seen that the full emission and exchange
process can be separated, gauge-invariantly, into distinct physical processes (Figs.
and . Each process corresponds to on-shell scattering between the incoming
or between outgoing partons, with gluon emission being part of the hard process or
any of exchange processes. Perhaps this offers hope of a deeper understanding of
the role of Coulomb gluons and a generalisation of our calculation to an arbitrary

number of loops.
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Appendix A

Regularisation of one loop

corrections

The integration of Eq. (2.15)) is carried out in dimensional regularisation. The in-
tegration for each pair {i,j} in the sum of Eq. (2.15) is more easily performed
expressing the loop momentum & in light-cone variables (k~, k%, k) defined as:

k* P+ kp (A.1)

KT k=
V/2pi -pjp /20 pj

where kr is a d — 2 dimensional vector that satisfies p;-kr = p;-kr = 0. In terms
of these variables we have d’k = dk*dk~d* 2kp and 6+ (k) = 6(k*k~)d(k?). For the
real part of the integrals, i.e. Eq. , the transverse components can be integrated
out using the delta functionﬂ:

d’k 0t (k)2 pi-p; g c2 1. .
/(%)d—l 0, k) pirk) 82 /dk (k7) /dk (k)7 (A2)

The infrared divergences are regularised by performing the integration in d = 4 —
2¢ > 4 dimensions. In accordance with our usage of the eikonal rules, we cut-
off momentum components above the hard scale ) ~ \/m To do this, we
cut-off the integration over the light cone variablesﬂ {k™,k™} respectively at the
scales {p;", p;j }. This can be done in a Lorentz invariant manner by constraining the

integration domain using the step function 6;;(k) = 0(p;-(p; — k))0(p;-(pi — k))

/ d’k 5+(k)ﬂ26pi'pj_>/ A%k 6 (k)6 (k)pi-p;
(2m)4= (p;-k)(pi-k) @m)=t (pj-k)(pik)

Qg sz "D - 1
= —cC. )
2m p? (—€)?

1For an introductory reference to the integration of d dimensional solid angles see [9]
20bserve that by doing this the on-shell condition requires us to cut-off the transverse momentum
lT at l%« = 2pzpj

(A.3)
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Appendix A. Regularisation of one loop corrections

We now study the Coulomb part, i.e. Eq. (2.17). The delta functions fix {* equal to

zero and one is left with an integral over the transverse momentum:

—ig*me e / dk2. (A4)
82 kS '

In accordance with our previous approximation, we cut-off the integration of the
transverse components at 7 = 2p;-p;. By doing this, integration in d = 4 — 2e > 0

dimensions yields

—imace 1 (2pip; ) (A5)
21 —e \ p? ' '

Finally, we put together the eikonal (real) and Coulomb (imaginary) contributions

/Q d’l G pi-p; _ QsCe [2101"203} [+ ime] (A.6)
(2m)4 [p;-k + 51-%][—}9]--]{ + 5]-%] (k2 + 0] 2m 2 (—e)? )

Clearly, this integral would be uv divergent without the upper cut-off. It is worth
noting that this divergence is fictitious in the sense that it is introduced by the
linearisation of propagators in the eikonal approximation. The exact integral would

instead yield

(2m)4 [—p; -k + ;9] [pi -k + 6, 2][I2 + 40]

/ dk —14p;-p;0:9;
(2m)d [(k — 6,;p;)? + i0][(k + 0sp;)? + i0][k2 4 40]

1 (2pepe®m 1
= 87T20f ( 6—2, (A?)

12

where ¢z = (4”)622[[11:262{ 4 — ¢, 4 O(e). Comparing expressions (A.6) and (A.7),
we see that our naive regularisation procedure gives us the correct expression up to

constant terms of order €.
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Appendix B

Gauge invariance and consistency
with the Bloch-Nordsieck theorem

In Section we introduced the energy-ordered colour evolution picture. Its corre-
sponding matrix elements are given in Eq. (2.71)). In this appendix, we demonstrate
that they are gauge invariant with respect to each gluon emission and that their

inclusive integration is consistent with the Bloch-Nordsieck theorem.

B.1 Gauge invariance

The first show that the multi-emission tree-level matrix elements are gauge invariant.
This can be done recursively. Let |N) be any amplitude with n external partons
that satisfies colour conservation y ;_, Tf |[N) = 0, then the amplitude T; |N) with
i€ {l,...,n} satisfies the identity

(Z TZ(de + Z'fbad) Tgl

k=1

N> ~0. (B.1)

This can be shown using the colour algebra to commute T¢ to the right of T¢ in
Eq. (B.1), then by colour conservation of |[N) the resulting expression vanishes.
Observe that the term i f*?T? is exactly the colour tensor corresponding to a gluon
with colour a emitted off a gluon with colour b emitted off parton ¢. Thus, in a colour

index free notation, Eq. (B.1]) reads
n+1
k=1

These observations show that the following tree level matrix element

N) =0, (B.2)

T2(a)Jna () ), (B.3)
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is gauge invariant with respect to each of the two emissions. A recursive use of the

above argument shows that the tree-level amplitude with any number of emissions,
Eq. (2.62), is gauge invariant.

Now we move to consider the complete matrix elements dressed with their virtual
corrections, i.e. Eq. (2.71). Let us first show T;T; |N) with ¢, j € {1,...,n} satisfies
S THTT,) IN) =0if " T |N) = 0 does. Again, thanks to colour conservation,
the following identity holds

(i TZ) T; T,
k=1

Using the colour algebra, it is straightforward to show that this commutator vanishes.

N> - ‘/\/> (B.4)

Ti'Tj7zm:TZ
k

This observation together with the proof of gauge invariance at tree-level shows
that the matrix elements in Eq. expanded at one-loop order is also gauge
invariant. Finally, it is easy to generalise this argument for an arbitrary number
of virtual emissions. To see this, observe that same argument applied recursively
shows that (T;,-T;,)... (T, -T;,.) N) with {i.,j.} € {1,...,n} satisfies the same
colour conservation equation that |[N) does. Hence, we have shown that the all
orders matrix elements Eq. , with or without Coulomb interactions, are gauge

invariant with respect to each gluon emission.

B.2 Bloch-Nordsieck cancellation of soft gluons

We will show that the inclusive integration of the matrix elements in Eq. (2.67)
is consistent with the Bloch-Nordsieck theorem, i.e. soft gluon corrections exactly

cancel. To do this, it is convenient to define an additional piece of notation for the
argument of the Sudakov operators, Eq. (2.71)),

. 1 - a
1) = [- / k)T 1 (k) Tra (R)O(a < ko < B) + Y 6,C0 | (B.5)

2 —
1<)

where ky denotes the energy component of the virtual emission. Also, to avoid

cluttered algebra we modify our notation for the current operators as: J,., — J,.

Expectation value of a squared current

We first prove the identity:

VROV 1 = / A VIR (@) VYO0 < <Q),  (B6)
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where we used the shorthand J}(¢1) = J{(q1)-J1,(q1) and the Sudakov operator,
ordered in energy, is given in Eq. (2.71)). This identity can be proven by expanding
the right hand side as

00 (I(q(l)vQ)T)m (I(q(l)vQ)

Jaw Y Eo L0 Lo < g <0

m,r=0

1 —(I%O,Q)T)m (/ (I%O,Q))T
= dlg]J3(a)0(0 < ¢} < Q)
m;Om—i-T—i- 1 I m! rl (B7)
o0 1 _(Iglon)T)m—i-l (I%OQ))T (ISLU:Q)T)m (I%O’Q))H'l
:m;0m+r+1 m! 7! + m! 7!

_ [VgO’Q)TVT(lO’Q) _ 1] )

In the second line we used the following identity

{ / bdlof(lo)] { / ’ dkof(ko)} T (m+++1) { / bdlo f(zo)]w+1 . (BSY)

and, to deduce the third line from the second, we replaced the integral inside paren-
thesis by 09 4 1001, Eq. is just the simplest case of the following series of
identities for r = {0,1,... }:

0 0 0 0 0 0
VIOV 1 = / Algr Vi ™02 () VI 000 < % < ¢D), (BL9)

that can be shown along the same lines as Eq. . Each of these identities relates
the virtual corrections to a hard process with n partons and r soft gluon emissions

to the matrix element obtained by inserting an additional softer emission.

All orders soft corrections

Let us calculate the contributions to an observable ¢ using the matrix elements of
the colour evolution picture ordered in energy, i.e. Eq. (2.71). The contribution due

to purely virtual corrections is

oo =(n|n) = <n(0)

[(VOIVOR _ 1) 4 {1}] ‘n(0)>, (B.10)

while the contribution due to the amplitude with m soft emissions is

m)!
o= | (sl Gy (B.11)
0<¢9,<...¢9<Q

m)!
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where we used the following short-hand notation
/ _ /d[qm] @O0 < < ... <Q). (B.12)
0<%, <...q7<Q

The m! in the denominator (numerator) is the symmetry factor for m identical gluon
emissions (different energy-ordered configurations). Finally, ¢,y is the function that
defines the observable for m gluon emissions. It is convenient to re-write the m > 1

emissions amplitude as

Um:/
0

0<gl<.-.a)<Q

~

{<n;m\ (Vi VI 1) [l
"'+m71> }¢{m},

(B.13)

(q9,,45, )T (a949, 1)
Vn+m 1 ' J2 ( m>Vn+m—1 '

/
- <n+m71

where we have used the definition

0 0 0 0
W) 3oV T i (@) - VIR I (@) VEQ @) (B14)

Observe that |n/.,) is almost identical to |ni,,), but in the former, the softest
(leftmost) emission is not dressed with virtual corrections with energies in the interval
(0,¢%). Finally, using the above definitions, the corrections to an observable ¢ to all

orders reads

Z om = (nOn0) + Z/

0<q9,<.. -q7 <Q

(a2, 1,00t (a2, 1:0%)
— / A[grm41]O(0 < ¢y < @)V T ™2 L (i) Vil ¢{m+1}] ‘”+m>

— (n© |n(0>+2/

0<q9,<.. -q5 V<@

n+m‘ [/d[qu] [Dms1y — Dpmy]

0 0 0 0
00 < i < q&>viﬁ”;1’qm’*an+l(qmmvi"r;“qm’] o) (B.15)

Here it should be understood that ‘nﬂr0> = ’n(0)> and to deduce the second equality
we made use of the identities in Eq. . Observe that for a total cross section, i.e.
¢gmy = 1, all soft corrections identically vanish and one is left only with the Born
level amplitude. A discussion of the general conditions that a general observable must
satisfy in order to be collinear safe is beyond the scope of this appendix. Nevertheless,
we can point out an important feature of the last expression. Suppose that the
observable is fully inclusive below a scale Q)y. In this case, Eq. shows that one

can set (g as the lower integration limit of real and virtual corrections.
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Appendix C

Choice of polarisation vectors

A choice of polarisation vectors in the Feynman gauge is presented that enables us
to consider collinear limits at amplitude level [85]. The kinematic configuration in
which a physical light-like vector ¢ becomes collinear with another light-like vector py
can be parametrised as the limit qéf’ w — 0 of the following Sudakov decomposition:
rq

2
qT,kr
P+ QT-qTM + qg",kr ) (C.1)

¢" =

TPk
where 7* is a light-like reference vector that parametrises how the collinear limit is
approached. In order to compute collinear limits at amplitude level it is convenient

work with the following choice of polarisation vectors:

) _ iE“Va’BqukJﬁ
= .- ar-a
Z;k Pr-qr-q (C2)
q-rpl — q-prert — prerg”

V2D TPR-qTq

One can show by direct substitution that they have the correct normalisation

e(q, L

(g, 1)

o (Q> J) '€(Q> 0/) = _500’7 (03)

and that the sum over polarisations yields

» q“/ru _|_ qy/r“

D (g 0)e™ (g, 0) = —g" + (C.4)
q-r
o=1,]|
Polarisation vectors can be also Sudakov decomposed as
et (q, o e (q,0
e(q,0) = Lp’g + Lr“ +el(q, 0). (C.5)

DPk-T \VPkT
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In the collinear limit g7, — 0, all the (non-vanishing) components of polarisation
vectors behave like (gz,1)° except the minus component of the parallel polarisation
(¢, 1) = —lqrrk|/Pr-T/7-q, which vanishes linearly in this limit.

Proof: Introducing the decomposition of ¢ into the above polarisation vectors we

get
€was DT’
e(g, L) = ——————, (C.6)
Pk'T\QT,kr\
g jer | 1
e(q, ) = ———r" = ——p jr- (C.7)
r-q |qT,kr| T

We can rewrite these polarisation vectors as follows

cg o) = 09, (@ 0)

DL \VPkT

because of Eq. (C.6) we have py-e(q, L) = r-£(¢g, L) = 0 and hence e(q, L) =
£ (¢, L) = 0. Also, since g-e(q, L) = 0 one has q¢ry--£(q, L) = 0 and therefore the

rt +eh(q, o), (C.8)

vector £(q, L) = er(q,T) lies in the transverse plane (to the colliding axis) and is
perpendicular to q%kr. Similarly, for the polarisation in Eq. , one can show that
(g, 1) =0, e7(q: [I) = =lgrpe|\/Pe7/r-q and (g, 1) = =/ |qT 0.

An entirely analogous proof shows that if we rescale r-g — r-q/\ in Eq.
and take the limit A — 0, all the (non-vanishing) components of polarisation vectors
behave like A° except for the minus component of the parallel polarisation (g, ||
) ~ A, which linearly vanishes in this limit. This is the case relevant for limit 3 in
Section [B.1l

C.1 Collinear limit of the tree-level single emis-

sion amplitude

To illustrate the use of the above vectors, we will now compute the collinear limit of

the single emission amplitude at tree-level, i.e. ‘n$}> In this limit:

7
. P
lim J# )n(0)> = ‘Tp— + O(g? ‘n(0)>, C.9
- n—i—l(q) gl kpkq (QT,kr) ( )
where py-q = (’)(q%rk). We have not yet included the contribution of the polarisation
vector of the soft emission. To do this one needs to contract the leading term
on the right-hand side of this expression with the different polarisations. Because

pr-€(q, L) = 0, the contraction of £(g, L) is subleading and, thus, the contraction
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with £(q, ||) gives the leading contribution:

€

—2gp

—_— C.10
" ’fJT,rk’ ( )

— (0) .
Sp (¢,pr) = ih? Jni1(g)-e(l)) =T
k

One can check that the leading behaviour of the squared amplitude is equal to the

leading behaviour of the amplitude squared.
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Appendix D

Cutting rules

In this appendix we derive cutting rules to isolate the real and imaginary parts of
one-loop graphs in the eikonal approximation. For simplicity, we consider graphs
with only incoming hard partong| with momenta {p;, p;} and any number of gluon
emissions. However, by the end of the appendix it will be clear that these derivations
can be extended to a more general process.

In principle, instead of the rules derived in this appendix we could have used
Cutkosky rules [103] or the Feynman tree theorem [104]. Instead, we found it useful
to derive cutting rules to isolate the imaginary parts of the loop integrals by studying
the contour integration of individual graphs; in the eikonal approximation there is a
cancellation between many contributions that enter in intermediate steps. Inciden-
tally, our derivation of the cutting rules to isolate the imaginary contribution will
give us, as a by-product, rules to calculate also the real part of the loop integrals.

As the derivation of these rules is technical, we first present the cutting rules that
are relevant in the rest of this thesis for the imaginary contributions in Section
and for the real parts in Section . Then, we shall discuss the mechanism re-
sponsible for the cancellation of many imaginary contributions in Section and
for many real contributions in Section [D.4] Finally, in Section we work out the
complete derivation of the cutting rules to isolate the imaginary and real parts for
a particular graph, but the derivation for other graphs can be done along the same

lines.

D.1 Cutting rules to calculate the imaginary part

It is convenient to organise the one-loop amplitude according to whether the loop

involves both of the incoming hard partons, one hard parton or no hard partons,

LAs in a Drell-Yan process.
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e.g. as in Figure [D.I] Here we derive the cutting rules that we use to determine
the imaginary part of the first two of these three types of graph. The third type of
graph is an exact loop integral because it does not have any virtual propagator in

the eikonal approximation. For this topology class more conventional methods can

be appliedﬂ

Figure D.1: The three types of one loop contribution. Only those hard parton legs
that couple to the virtual exchange are drawn.

Let us consider a general one-loop integral involving both incoming hard partons
(e.g. the left-most graph in Figure . Real emissions occuring before the virtual
exchange lead to propagators that do not depend upon the loop momentum. We
therefore bundle these emissions into a single four-momentum: ry for emissions off
incoming parton ¢ and ¢y off the incoming parton j. We then suppose there are k
subsequent emissions off ¢ and m emissions off j, as illustrated in Figure We
also allow for n emissions off the virtual exchange. The resulting integral can be

written as

k m
1
IZ:/ZV = — -
’ l g)pl l+ra+hn)_lg] LIJOZPJ(QC_Z)_Z%]

[— (D.1)
d:O l + hd + 20
where
Te = er, Ge = qu, h, = hy, ho=0. (D.2)
f=0 f=0 f=0

In what follows the momenta {rg, ...7+}, {qo, ---, @m }, {P1, ..., hn } could represent either
on-shell emissions or off-shell emissions that branch into many more emissions (not
drawn in the figure). The momenta of the two hard partons i and j are denoted by
p; and p;. All external partons are assumed to be non-collinear and to have positive

energy. We omit colour factors and we only invoke the form of the numerator V

2For instance, graphs with this topology can be thought of as the decay of a virtual gluon into
many real emissions and one can apply the Cutkosky rules.
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Im

Figure D.2: The two types of cut that contribute to the imaginary part of graphs
with a virtual exchange between the incoming partons.

when is relevant. Finally, we will use the following compact notation

[~ & o

In Section , we will show that the imaginary part of Eq. can be written
as the sum of two contributions Im(Z;;) = Ig + Ig . The term Ig consists of
kinematically allowed cuts through soft lines Ig ,
a pair of incoming hard lines. The application of these cutting rules to Eq.

gives

1
_'ZZE-E—/V
J 2[

and Ig contains only cuts through

n

1
H (1+ h)?

[z<—zm~>a<pj a-n T ;] »

e=0 =0 d=0,dc Pi (qa—1)
k ~ k 1
(=2m0)0(pi - (1 + T+ ) | (Daw
;0 b—%;)[;éa bi- (l + 1+ hn)

and

G
5= [v

"L (=2mi) (L + he)?)(=2mi)0t ((—hy — 1)?) 1~ 1
; 5 HH) Trhp TG0
(h2—hs)*>0 g#e.f

ﬁ 1

Spi (147 + D)

[H ﬁ] X (D.4b)

c:Opj'

The term (4 — G.C.) denotes possible terms with 4 soft gluon propagators set on-
shell that also appear in our derivation below. They only exist for n > 3, i.e. for
cases in which there are at least three real emissions. In the calculations of chapters
3, 5 and 6 we only consider graphs n < 2. Also, we point out that such graphs
with four cut propagators cannot give rise to poles or logarithmic enhancements as

the respective delta functions would constrain the four momentum components. We
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Im

Figure D.3: The two types of cut that contribute to the imaginary part of graphs
with a virtual between an incoming parton.

think that these contributions vanish but we have not shown this yet. The cutting
rules expressed by Eq. and are illustrated in Fig. , where four gluon
cuts are omitted.

Similarly, the loop integral corresponding to graphs like the second graph in
Figure [D.3] can be written

R 1 n 1
L’Z/ZZV gpj-(gc—l)—i(]/Q] [Hm ) (D.5)

and its imaginary part is

m(Z) — % /l Y

Epj-@—o_m/z] Yo (=2m)at (L + he))

e>f
(;lg—ilf)2>0
- " 1
x (—2m)0T ((—hy —1)?) ——— 4 (4-G.C.). (D.6)
U@
g7e.f

Again, for n > 3, the term 4-G.C. denotes possible contributions with 4 gluon
propagators set on-shell. The cutting rules expressed by Eq. are illustrated in
Fig. |D.3| where four gluon cuts are omitted.

The key point of the above cutting rules, Eq. , and , is that
there are no “mixed cut” contributions, i.e. cuts that set both soft and eikonal lines
on-shell. The general mechanism responsible for the cancellation of such contribu-
tions is discussed in Section[D.2] The application of the cutting rules in Figs. and

D.3| to the one-emission amplitude,

2$i>, gives directly the cut graphs in Fig. .

The application of these cutting rules to the two-emission amplitude, ‘2$%>, gives

rise to the eikonal cuts depicted in Fig. [5.3| (due to Fig|D.2) and the cuts over soft
gluon lines in Fig. [D.3] (due to Fig. (D.3)).

We close this section with a remark concerning the physical significance of these
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rules. When we applied the above cutting rules to the calculation of the imaginary
part of ‘2$£> and ‘2$%>, we realised that the different cut graphs can be organised,
gauge invariantly, into physical mechanisms for gluon emission. Each of which can be
written as the product of two on-shell scattering amplitudes integrated over allowed
on-shell states, see Eqgs. and . Indeed, this strongly suggests that the
cutting rules in this section can be derived using using the unitarity of the S-matrix,

see for instance [32].

D.2 Cutting rules to calculate the real part

In Section [D.5| we will show that the real part of Eqs. (D.1)) and (D.5) is given by

i 1
Ll_gpj ' (QNC—Z)] :

k

| P

a=0 Di - (l + Tq + hn)

Re{Z;;} = Pv / %

l

n e - n 1 (D?a)
;0(—27”)5 (L + he) )g iy +3G.C.,
g#e
Re{Z,;} = Pv /V ﬁ _ i(—?m’)ﬁ((l + he)?) ﬁ ;
! I Btrd R (Rl B s ‘ a0 (L+ hy)? (D.7b)
g#
+3-G.C.

where the symbol Pv indicates that the principal value prescription is applied for all
the propagators that are not cut, we shall precisely define this prescription below.
The terms denoted by 3-G.C. are cuts over three soft gluon propagators. In Appendix
[E] we apply Eq. (D.74) to a non-trivial case to calculate the real (eikonal) part of the
loop integrals of the one-emission amplitude (n < 1) obtaining the correct expression
for this amplitude previously reported [41].

Expressions ([D.7a)) and (D.7b]) resemble the Feynman tree theorem but they are

not the same. As presented in [104], the Feynman’s tree theorem can be used to

write a general one-loop integral as a sum of single cuts over each of the virtual

propagators. In contrast, the sum over single cuts in Eqgs. (D.7al) and (D.7b|) only
runs over the soft gluon propagators but not over the propagators of the eikonal

lines. In Section [D.4] the mechanism responsible for the cancellation of the single

cuts over the eikonal lines is discussed.
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D.3 On the cancellation of “mixed cuts”

The loop integrals corresponding to the first two types of graph in Fig. [D.] i.e.
Egs. (D.1)) and (D.5]), can be written as

if(l)
/I[Pj'l—Pj-q+z‘0/2][52+z0] ’ (D.8)

where f(l) is a function that represents the contribution of the rest of the graph
and ¢ is a light-like or time-like vector, with positive energy, that represents the
momentum of some of the emitted gluons. To illustrate the cancellation of “mixed
cuts” we only need to consider the contributions written in this form. In this section,
we show that Eq. gives rise to two “mixed cuts” contributions in which the
eikonal and a soft gluon propagator go on-shell, and that they identically cancel.
When we consider the complete derivation of the cutting rules for a particular graph
in Section [D.5 it will become clear that the cancellation of other “mixed cuts”, due
to propagators not shown in f(l), occurs due to this same mechanism.

For simplicity, we work in the frame in which p; = p?(l, —1,0,). The two propa-
gators shown in Eq. have poles in the lower half of the [° complex plane located
at (e.g. see [104])

] = —l.4qo+q —i0/2p), (D.9)
and 13 = \/|l2—i0. (D.10)

The residue of these two poles sums up to

/ Ky

—2m1
27) PEro)

0 [pjl—pi-q+ 924/l -0

The important point to note here is that the evaluation of the residues fixes the

lo lo=19

prescription of the poles as follows:

lO
I* 4 i0 = [?+i0 |1 — — | + O ((i0)? D.11
[1* + 0] |lo=l? [ t { p?} +0 ((i0) )} lo=—ls+q0+a: ( )
i0 Py .
o l—p;- — = |p;- (I — 0= | ——1 O ((i0)? .
et g |y = e g [ -1 ron] |,
Taking into account these shifts, the integral can be written as
—2mi)d(p; - (I — —2m1)6(12)6(1°
[ist) |2y o (2o o
l l2+z()< _F) [pjl—p]q—i—z()ﬁ(;—g—l)}

J
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Note that we have neglected any possible shifts in the imaginary prescriptions of any
propagators in f(l): when we consider the complete derivation of the cutting rules
for a particular graph in Sec. we will justify this subtlety. In the derivations in
this appendix we make use of the Sokhotski-Plemelj (SP) identity:

lim —— — Py <1) _ isign(e)w8(x),

e—0t+ T + 1€ T

1
Pv ) =lim—— (D.13)
T+ i€ e—0 12 4 €2

€

o(z) = lim ———

(z) 50+ (22 +€2)’
where sign(e) denotes the sign of € and the second line is the definition of the principal
value prescription applied to a propagator 1/(x + i€). In what follows, we are only
interested in the imaginary part that results after applying this identity to each of
the propagators within the squared bracket in Eq. (D.12)). After doing this, the

imaginary parts of the two terms add up to

0
/lz'f(l) (—2im)(im)d(p; - (1 — q))6(1%) sgn (]% — 1) o(—1"). (D.14)

J
Since both delta functions cannot simultaneously be satisfied, this integral vanishes.
It is interesting to note that the cancellation occurs for all 1°/ p?. This would have
not been the case if we had not originally included the factor of one half in the
pole prescriptions of eikonal propagators. Also notice that the cancellation no longer
occurs if the imaginary prescription in the eikonal propagator in Eq. had
the opposite signﬂ. To summarise, we have illustrated that the imaginary part of

Eq. due to the “mixed cuts” cancels.

D.4 On the cancellation of single cuts over eikonal

lines

We will now illustrate how the single cuts over eikonal propagators vanish. For
simplicity, we focus on the particular case of the second graph in Fig. when
there is only one virtual propagator associated to the eikonal line. It is convenient to
consider the expression for this graph without contracting the vectors associated to

emissions radiated off the virtual exchange (red line), the corresponding loop integral

3When it has the opposite sign, this propagator corresponds to an outgoing, instead of an
incoming, parton. In this case, these cuts do not cancel and, in fact, give rise to the re-scattering
cuts illustrated in Fig. This emphasises the relevance of the imaginary prescriptions in the
eikonal propagators. In this appendix we only consider a DY process.
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Figure D.4: A particular graph that we consider to illustrate the cancellation of
single cuts over the eikonal lines.

can be written as

n

GYHL-Hn 1
: = : D.15
/lpj'(q_l)_ZO/QH(l—th)Q—Fio (D-15)

d=0

where VH1#n is the tensor associated with the triple gluon vertices in the numerator.
We work again in the frame where p; = p9(1,—1,01). Closing the I° contour below
we get residues from from the soft gluon and eikonal propagators. Up to a constant

factor, the residue corresponding the eikonal pole is of the form

i 1
ATAVEETY | [P——— (D.16)
/ e=0 lz - a/e - Zoge

where a, = a.(ly) and g, = g.(I ) are functions of the loop momentu whose explicit
forms are not relevant here. Suppose we apply the SP relation to each of the
denominators in this expression. Because every denominator is linear in !, terms
with more than one propagator set on-shell vanish. The terms with one more soft
gluon propagator cut are purely imaginary and we are not interested in them for the
rest of this Sectionﬂ we are only interested in the real part, i.e. the term with the
principal value prescription applied to each denominator. This contribution would
correspond to a single cut over an eikonal line and below we show it vanishes. To do

this we point out that this single cut contribution is equal to

n

1
Pv / i,y I T

g b= — ae —10ge

n

1
=Pv / .y T

e—0 lz — Qe — Z0|ge| ’

(D.17)

4These are also functions of the external momenta but this is not relevant in what follows.

5In fact, theses imaginary contributions are mixed cuts that identically cancel by virtue of the
mechanism of cancellation illustrated in the previous section, compare Eq. with Eq. .
But this is not relevant in what follows.
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Furthermore, by using the SP identity on the right-hand side of (D.17]) one can show

that this integral vanishes if the following integral does

/dl V/"‘l pus H l — 20|g€| (D18)

From now on we focus on showing that this integral vanishes as this proves that
the left hand side of , i.e. the expression corresponding to the single cut over
the eikonal propagator in Fig. [D.4] also does. This would be the case if we could
close the contour in the lower half of the [, complex plane. The tensor V#!#» has
at most n triple particle vertices and thus, in principle, could have terms of the
form [**...["* that contain n powers of [,. At first glance, this indicates that one
cannot close the contour. However, one can show that such terms were reduced
[ B — [ [Pe1gkn when we picked the residue of the eikonal propagator in
, i.e. pj-l = p;-q. Hence, the highest power possible of [, in the numerator is
n — 1 and then, the contour can be closed and the integral in Eq. Vanishesﬂ

We close this section by commenting on the extensions of this result for more
general graphs. The generalisation for a graph with many virtual eikonal propagator
(due to multiple emissions off parton j) is direct as exactly the same steps apply to
the residue of each propagator associated to the eikonal line. The case of a graph that
involves both hard partons is very similar. In fact it is easier as the denominators
contain more powers of [,. Finally, we comment that the cancellation of the single

eikonal cuts occurs in a similar way if the hard parton in j in Fig. [D.4]is outgoing.

D.5 Deduction of cutting rules for a particular
graph

In this section, we will work out the derivation of the cutting rules to isolate the
real and imaginary contributions of a particular graph. In order to avoid cluttered
notation, we consider a graph represented by Eq. (D.1) that has only two eikonal

propagators:

iV -
/z[pi-(l+r+iln)—i0/2][ (qg—1)—10/2] [H I+ he)?+i0

e:O

6 Due to the radiation and absorption of the virtual gluon (red gluon in Fig. , the tensor
YHi-bn ig contracted twice with p;. It follows that terms with n powers of the loop momentum
[ ... [Mn either vanish (because they are proportional to p? = 0) or the number of powers are
reduced I#1 .. [#n — [F1 | [Fn-1ghn (because they are contracted at least once with the vector p;
and, then, can be evaluated at p; -l = p; - ¢. Hence, we have shown that the highest power possible
of [, in the numerator is n — 1.
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We will show that the real and imaginary parts of this expression are respectively
given by Eq. and . The derivation of these rules for more general graphs
can be carried out along similar lines. In the frame in which p; = p?(l, —1,0,), the
poles of Eq. in the lower-half [y plane are located at

and  —(h)o+ [T+ el —i0, e=1{0,1,....n} . (D.21)

We will denote by I; the contribution due to the pole in the eikonal propagator in
Eq. (D.20) and by I, that due to the poles of the gluon propagators, i.e. I;; = I+ 1.
Following the same steps we took to deduce Eq. (D.12)), the residue of the pole in

Eq. (D.20) gives

- (2m)iVi(p; - (1 — )) - =
I, = ‘ _ . . (D.22)
/l[pi (U7 ha) =000+ 56)/2) | 20 (14 hy)2 + 0 (1 —~ lo:oh?‘>

J

The integration over the energy component of the loop momentum, [y, renders an
integrand with a denominator that is the product of propagators that are linear in

the integration variable [.:

n+1
1

drt _ D.23
/ Vel_[olz_ae_ioge’ ( )

where a, = a.(Ir) and g. = g.(l) are functions of the loop momentun{’| whose explicit
forms are not relevant here. Suppose we apply the SP relation to each of the
denominators in this expression. According to the results of Section [D.4] the only
terms that survive this expansion are those with one of the propagators in set
on-shell, i.e. the contributions with a single cut over the eikonal propagator vanish.
It follows that Eq. is purely imaginary and its value is obtained by summing
over the n + 1 contributions obtained by setting one more propagators on-shell in
Eq. . The sum contains two terms, one with mixed cuts and one with an

eikonal cut:

_ [Cri)Valp; - (1= a)) 5~ ACSN GRS o
Il_/z pi- (47 +hy) ; o(Ethe)”) se ( Y 1) i L+ hy)?
Fe
(=2mi)d(p; - (1 — @) (=27)é(p; - (L +7+ho)) 77 1
+/IV . M (D.24)

"These are also functions of the external momenta but this is not relevant in what follows.
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Now we turn to the residues in (D.21])), these add up to

Ig/[ v - > X
. 7 194-hY 1}

Pz‘(l+7‘+hn)} lpj'(l )‘f'ZO (lo+ho) (,,_g!_

n n . (D.25)
> omict(1+he) [] g
e=0 ;7&0 (I+hy)?— 0

We have ignored the pole prescription in the first eikonal propagator because this
never vanishes now that one of the soft gluon propagators is on-shell. By using the

SP identity for the eikonal propagator of hard parton j, the above expression yields:

iV(2miot(l h, 1
I~ z/ I h) 77—

(474 hy)] I
=0 (l+h 20
f¢e< f)

10+h0

[% ~imsgn (lo ;_ohg - 1) o(ps- (1= q))] - (D.26)

pi-(l—q )i

We will now show that the contributions with one on-shell eikonal propagator can-
cel all of the contributions in , except for the term in which the two eikonal
propagators are cut. To see this, we use the SP identity on the gluon propagators.
One can be shown that the term in which the eikonal propagators are on-shell ex-
actly vanishes when three or more propagators are set on—shel]ﬂ Then, the above

expression reduces to

=

I, - /z'V(2m'5+(l+iLe)) -

1 9 [ Pv }
7 g RO —h P —
e (U7 4 ha)] =0 (I 4+ hy)? — iO}ngJSg pi(=a)

~

e

=

. e 7 n
N /ZV(27T25 (1 +~he)) 1~ y (D.27)
l [pi ) (l +r+ hn)] e=0 f=0 (l + hf>2
f#e

{—iﬂsgn (lo ;Lohg - 1> 6(pj - (1= CD)} :

J

When this expression is added to Eq. (D.24)), there is a pairwise cancellation of the

mixed cuts. This cancellation is entirely analogous to the cancellation encountered

for Eq. (D.14).

8 As the different delta functions that appear cannot be simultaneously satisfied.
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[ /V (=270 (p; - (1 = @) (=27)8(ps - (L + 7+ hy)) 771
ij I 2 i (I+ Bf)Q

n

L (=2mist(I+ he))iV Py ]
i /l; i (L+7+ 71”)] [pj - (g —1)] ][[0 (I+ ﬁf)Q _ iOsgn(ﬁ? _ 712) . (D.28)

J#e

The integral on the first line is purely imaginary. To separate the real and imaginary
contributions in the second line we apply the SP relation on each of the uncut
gluon propagators. In order to spot terms that vanish because their respective delta

functions cannot be simultaneously satisfied, it is convenient to make the shift [ —
I — he, after which, the integral (D.28) becomes

n 1
(—2mi6" (1)) — PO 0
/z EO [2[ “(hy = he) 4 (hy — he)? — i0sgn(h$ — h?)

I#e

(), (D.29)

where (...) denotes the rest of integrand not explicitly shown. We recall that hy, ... h,
represent the momenta of on-shell emissions or off-shell emissions that branch into

many more emissions and

=
o
Il

hy. (D.30)
f=0

Now, suppose that one of the denominators in Eq. (D.29) is set on-shell, i.e.
5+ (1) (21 (hy = he) + (hy — 56)2) . (D.31)

If the vector hy — h, is light-like, (h; — h,)? = 0, both delta functions cannot be sat-
isfied simultaneously. Indeed, this case corresponds to a two-to-one on-shell process
which is not kinematically possible. If f > e, (fz ;- Be) can be either light-like or
time-like with positive energy. Since we already ruled out the light-like case, we focus
on the time-like case. Clearly, both delta functions cannot be simultaneously
satisfied if (h ;= h.) is time-like with positive energy. On the other hand if f < e,
then (iLe —h ) is either light-like or time-like with positive energy. Since the light-like
possibility is ruled out, the only case in which both delta functions can be satisfied

is when f < e and (h, — hy)? > 0 is time-like. Kinematical considerations show that
in this caseH: ()0 <2l < (hy — he) + (hy — ﬁe)2> =o0t()ot (l + hy — l~ze>, and then

9To see this, go to the reference frame in which k. — hy is at rest.

162



Appendix D. Cutting rules

finally we can write

= /z'V (—2m0)3(p; - (1 — q))(—=2m0)3(p; - (1 + 7 + hy) ﬁ

2 fol—l—hf
)

iV UL (=2@i0t (1 he))(—2midt (—1 — hy))
/l[pz-(l+r+ﬁn)][pj-(q—l)] 2. 2

et
(ho—hf)2>0

y . (=2mi6t (1 + he))iV . 1
1{_1}< ;P /Z T Tyl § ST
g#{e.f fe

+(3,4-G.C))

where the symbol 3,4-G.C. denotes terms with three or four cuts over soft gluon
propagators. These are respectively real and imaginary. This proves the particular
case Egs. and , that we are considering. The general case is a straight-
forward extension because no two eikonal propagators from the same hard line can
vanish simultaneously and, thus, we can consider separately the residues of every
pair of eikonal propagators as we did in this section. The cutting rules for one-loop
integrals which involve only one hard line, i.e. Eq. , can be deduced along

similar lines.

D.5.1 Final remarks

Identical rules to isolate the real and imaginary parts of loop integrals apply to graphs
where the virtual exchange radiates gluons through four-gluon vertices and to cases
in which some of the lines in the virtual exchange correspond to ghosts. Repeating
the above proof taking into account these possibilities is straightforward. We close
this appendix by remarking that more mathematical rigour would be desirable in our
proofs. In particular, we have not proved that the principal value prescription applied
over the uncut propagators, Eq. , can be commuted with the loop integration
as we often assumed. Nevertheless, the fact that these rules render the correct real

(1)

and imaginary parts of the one-emission amplitude, |n +1>, and that, more generally,

the imaginary parts can be related to a product of physical amplitudes (physical
mechanisms for gluon emission) validate the derivations of this appendix to a good

extent.
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Appendix E

Reductions of ‘nﬁ

In this appendix, we show how to reduce the one-loop, one-emission amplitude ‘n$i>
to the scalar integral shown in Eq. . This amplitude receives contribution
from the different topologies illustrated in Fig. 3.6, After straightforward tensorial
reductions, the graphs illustrated in Fig. yield:

c € c Di - Pjpi - €
(a),ij n(0)> =(gsp)*T5T; - T {ﬁCb(q}} ‘n(0)>, (E.1a)
b),ij |1 =gsp g LiLi\Pi - Pipi - €V Q) g |07 ), .
c € Pk - €
Gk n(0)> =(gsht )3Tj . TiTk{pi 'pjpk _ qC?j} n(0)>, (E.1c)
c € - rbcarmpa bi-qp; - €
Ga),ij n(0)> =(gsp)* Thi f" Ti{ — pi - epj - qD;(q) + T ‘Jq C3(q)
! E.1d
Lo pi-€  Pj-€ Lo (E.1d)
+§ 4 (@pi - p;j Pi'q—i_m + (i< 7) ¢|n >,
c € a; rac 2]71, "€
Gl n(0)> =(gsp*)° T34 f*" T} {WB(q) —pi- EC?(CJ)} ’n(°)>, (E.1e)
"
c € pi e v
G(f),l n(0)> :(gslu >3T7,dp . q7T<q2) (gul/ - ;2 ) £ n(0)>, (Elf)
@) =01 T (@D ), (B1)

where 7(¢?) denotes the soft gluon self energy correction, ¥;(p?) denotes the self

energy correction of external parton i and By(q), Cj;(q), C;, C}(¢), Dj;(q), Di;(q) are
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Appendix E. Reductions of ‘n$i>

two, three and four point scalar functions:

. —1

Bd@zizul+wua+qy+4m’
ng(‘]) =

—1

/l[zz 0} [pi - (0 + @)+ 03] [y (=0) + 053] 7

C2 E/ fz .
YO0 pi- 1468 [pi- (<) + 6,8

3 = —

(E.2)
@ /,[12 +0][(1+9)* +i0) [pi - (I +9) + 6]

—1

Y /z[ﬂ +i0] [(1+ @) +i0] [pi - 0+ ) + 5] [y (=) + ;5]

—1

D?.E/ . A A —
R R PR R R R

and we have used the shorthand [, = d?l/(2m)%. In Fig. we have drawn all the
topologies as if partons {i, 7, k} were all in the final state, but Eqs. (E.1) are valid in
general, i.e. each of these partons can be either incoming or outgoing. The number

of independent scalar integrals can be further reduced noticing that, in d dimensions,

ng(Q) = Djl'i(Q)a

D) = ?pj C¥(g). (£3)

C%j(‘]) = C?j —Di- qD?j(Q)'

The first line can be verified by direct substitution, the second line follows from
comparing the integrated expressions (F.21]) and (F.22)) and the third line is a con-
sequence of the identity:

1 1 1

— = + : (E.4)
zy  w(z+ty)  yl@+y)
It is convenient to separate out the contributions in Gfe)ﬂ. as follows: G((:e),i = C‘rce)’i +
G¢ . with
(uv),i
~c — e\3rma,; racbrpb 3 c — €\3 Tfple
G(e),i = (gsp) Tiif*"Typi - €C;(q), G(uv)i = (gsp)"Ca———B(q). (E.5)

bi-q

In order to spot cancellations between different graphs we need to use the colour

algebra and the colour conservation of the hard scattering. In particular, by using
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Appendix E. Reductions of ‘n${>

Eq. (E.4) and the colour algebra to combine graphs (a) and (b) one gets

G?“)ﬂ]

+ Gl = Gl T Gl

3Tipz
bi-q

Gl = (9s )3Tb2fbcaszz pjpi - 5D?j(¢])-

T; - Tip; - p;C3, (E.6)

’L]’

G?I),ij = (gsp1)

Observe that Gfl 1).i; has the same colour factor as Gfe) ;- Due to colour conservation,
the colour part of graph Gy.); can be expressed as a linear combination of the colour

tensors appearing in Gg;, i.e.

Ta fachb

> Z Tb  fearpalyy

J#{i}

0>> (E.7)

By using this colour identity and Egs. (E.3) the sum over all graphs for a general

hard wide-angle scattering with n external hard partons can be written as

Z Z Ging+ D, D Gl ‘”(0)>: ca (@I |n

i=1 j£{i} i<j k#£{ij}

C >>, (E.8a)

> Gl + 3Gl + DG,
=1 j£{i} i<j i=1 (E8b)

)3 Z T?z’fbcaT? [pj “EPitq —DiEP;- C]} ng(Q) = J(I)C(Q)a

1<j

where I ) denotes the one loop insertion operator, Eq. -, and the contributions
on the second line depend only on the four point scalar Dij( ). Finally, using colour

conservation, one can write

n

Z [G + G (9),8 + G(uv J = Jn-l—l(Q)f(/uv

=1

= Ju41(9) | (9s1)°CaB(q +ZE pi)| - (E.9)
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Appendix F

Virtual and phase space integrals

at order o2

In this appendix, we present the master scalar integrals that appear in the calculation
of the real and imaginary parts of the one-loop, one-emission amplitude )n(ﬂ>, ie.
the scalar integrals in Appendix [E] and the phase space integrals that appear in the

calculation of the total cross-section at order a? in Chapter [4
0|« 0|,.©
[ dta (n0n2) [ dlalaas) (o2} (F.1)

F.1 Imaginary parts of the one emission ampli-
tude n$i>

In this section, we show the master scalar integrals that appear in the calculation of
the imaginary part of ’n$i> These integrals are obtained performing the tensorial
reductions of the cut graphs in Fig.[3.TJand[3.5] By integrating out the delta functions

associated to a cut in one of these integrals, see below, these reduce to integrals over

kr components. There are contributions that diverges as kr — 0 (IR divergent) and

contributions that are power suppressed as kr — oo (uwv finite).

F.1.1 Eikonal cuts

We shall now present the integrated expressions of the master scalar integrals that
appear in the calculation of the graphs in Fig. 3.1}
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Appendix F. Virtual and phase space integrals at order o?

uv divergent

The scalar integral corresponding to graph (a) of Fig. is

1/ Ak (=2mi)*0(pi - (k+a)o(p; k) c /d’f%m) (F.2)
2 (27T)d k2 87Tpi *Dj k??:&?;
2 2
o Ce /Q ARz
8TD; - 1 f2t2e
Pi * Pj T(ij)

where we introduced a cut-off scale Q? to regularise the wv divergence. The contri-
bution of cuts (b) and (c) in Fig. is similar. It is worth mentioning that if we
set the cut-off scale equal to 2p; - p;, this expression is equal to the imaginary part
of the corresponding exact (without using the eikonal approximation) integral up to

terms of order e.

wov finite

After tensorial reductions, the calculation of graph (d) of Fig. reduces to the

following scalar integral

1/ A% (—2mi)28(pi(q + k))d(p; - k)

2) (@m) k2(k + q)2
_ 1 / dd_QkT(ij) 1
205 ) @2 (k) (k) + arep)” (F-3)

_ 1 LUAR cr
8mpi - qp; - q \ 1P €’

This is the integral that was represented as a “switch” in Eq. (3.5)), i.e

d— 2 d— 2
/ A kr;) Trij) o / A kr;) rij) (F.4)
d—2 2 2 d—2 2 2 2 : .
@m)2 (krp)” (krag + ara) (2m)42 kg (K + )

F.1.2 Re-scattering cuts

We now discuss the scalar integrals that appear in the calculation of the cuts in

Fig. 3.5
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Appendix F. Virtual and phase space integrals at order a?

uv divergent

The calculation of graphs (a)—(f) of Fig. involves uv divergent integrals of the

form:

1 [ d% (=2mi)?0t (k)o(p - (g — k) —ce 2 22
/ ( / k7 )k

2/ (2m) p; -k 8mp; - p; T

—c, 2pi-q ) .y

— m/ dkT(lj)kT(lj) , (F.5)
where in the second line we introduced a cut-off scale 2p;-q to regularise the uv
divergences. This is the cut-off that matches the respective exact integral up to
terms of order e. However, this choice of cut-off scale is irrelevant because, as we
showed in Section the sum of all the contributions that are uv divergent cancel

in this case.

wov finite

Graphs (a) and (d) of Fig. involve the following scalar integral:

1 / A%k (—2mi)28F (K)o (py - (@1 — k) 1 (qF1;) “cr (F.6)

2 ) (2m) p; - k(g —k)? C 8Tpioqpicq  —€

Clearly, this integral can again be written as a “switch”.

F.2 Real parts of the integrals of ‘n$i>

In Appendix |[E| we reduced the computation of the one-loop, one-emission ampli-
tude, ‘n$i>, to scalar integrals. Apart from the one-loop integral contributions in
I, that were already considered in Appendix [A] the relevant scalar integrals are
{D};(9). D;;(q), C; (@)}, see Egs. (E.2). Their imaginary parts can be calculated by
cutting the propagators of these scalar integrals, as in Figs. and Fig.|3.5 and are
equal to the integral that we considered in Section [F.I] In this section, we focus on

their real parts. We do this by using the cutting rules derived in Section [D.2]

1
F.3  Djlq)
The general expression for this master scalar integral is

—1

R A e e e e

(F.7)
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Appendix F. Virtual and phase space integrals at order o?

According to the cutting rulesﬂ in Eq. the real part of this integral can be
obtained by adding the residues of the soft gluon propagators and applying the

principal value prescription on each of the propagators that are not cut:

e{DL =Pv —2n07 )
B o o | S e | o

+PV/ —27r5+(l q) .
: [p"'(HQ) B [5’_ u'i%” [_pf L4y [5 * \yﬁﬂﬂ [FHO\EW]

(F.8)

After making the change of variables [ + ¢ — [ in the second integral, we can write

this expression as

—27T5+(l)
Re{Di()} = / 0 —0)] 2
N / —27T5+<l) Pv '
v [pi - [=20-q][pj - (g = 1) +ie]
where € = “}ﬁ + 9, ] Observe that we only retained the principal value prescrip-

tion on the rlghtmost eikonal propagator. To justify this simplification we point out
that by keeping the dimension d = 4 — 2¢ > 0 the infrared divergences of the other

propagators are regularised.
By using Eq. (D.13)) in Eq. (F.9) we can write

—27r(5+(l)
Re {D( }/ 0 (—D2-d

—2mot (1 1 ‘
+/z[pz -2l q] { Pi (q—l)iz'\e|i”‘5(pj'(q—l>> : (F.10)

Although the integrals in the second line render separately complex numbers, their
sum is a real number. The first two integrals, with a single delta function, are partic-
ular cases of (F.12)) and the integral with two delta functions is given by Eq. (F.6]).

After inserting these integrals one gets

Re {Dj;(q)} = ! PP+l - 1 (Qpi ~qp; - q

8mpi-qpj-q  T[1—2¢ €\ dmp; - p;

X )_6 oster) (F.11)

= cos2(er) / d[l][ NETRIER

where the second identity follows from comparing the first line with Eq. (F.16]).

In fact, in Section we derived the cutting rules for the specific case in which the hard
partons ¢ and j are both incoming. However, one can show that the same rules also still apply
when one or both of these partons are in the final state. The proof in those such cases can be
carried out along the lines of those of Section The key point is that as we remarked in Section
|]Z[|, the cancellation of single eikonal cuts also occurs also in such cases.
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Appendix F. Virtual and phase space integrals at order a?

F.3.1 Catani and Grazzini’s Integral

The calculation of the real part of the scalar integral {D;;} in Section was
reduced to Eq. - The two phase-space integrals that appear in this expression

are particular cases of:

o= [ G O
cc\Pi,4,Pj,5) = (2m)1 (p;: - D)(q - 1) p; A+ s

where and s is a complex number. This phase-space integral also appears in the

(F.12)

integration of the double emission contributions below, in Section [F.5 Although it
can be found in [41} [105], we integrate it here to illustrate how the other phase space

integrals in this appendix can be carried out.

Case s >0

It is convenient to use the standard method of Feynman parametrisation to combine

two of the propagators as

A 5t(1) Ly
@1 p (l' (g +p;(1—2))+s(l—x)) " . (F.13)
For every x € (0,1) the vector h* = ¢’z + pjj(1 — z) is light-like with positive
energy. Thus, there is always a frame in which this vector is at rest, i.e. h* =
V2q - pjr(1 —2)(1,0), and in this frame we have

67 (1) 07,0 _ —2
/ dx/ 27rd T 0 (I°R% + s(1 —2)) . (F.14)

One can use the delta function to integrate out the energy component. Integration
over the remaining components can be done by the standard method of separating

angular and radial integrals [9], d%" ! = dQq_.d|I]|]]*2 , i.e

s 1 Mitd—4 (171 -\ 2
ele :{/ (;w)dl 20 _1@ .[) }/0 dxm/dylwd <u| +s(1 — x)/\/h_>
(F.15)

The integral inside the braces evaluates to a number that depends only on €. The
integration over m is straightforward and, after this, the integration over x is also
elementary. Observe that we have expressed the latter in terms of only Lorentz

invariants. After integration one gets

8m2s(p; - q) €2 (pi-q)s?
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7

t(1 —x)/q° —ie

Figure F.1: Contour integration for the case s = —t 4 ¢0. The zig-zag line indicates
the branch cut of the complex function (F.18) and the black dot denotes the only
(simple) pole of the integrand. The blue contour is located at a infinitesimal distance
k from the negative real axis, and ¢ is a small radius of the orange semicircular
contour.

Case s = —t Fie,t,e >0

Following the same steps as in the previous case we can write
oo =3 [ de—L [T ailie=r (- w0 o) T @)
oo ={.. —— - ( —(t+i0)(1 - ) . 1
o pi-hvh?Jo

Observe that the integration over |I] passes closes to the complex pole |I] = #(1 —
x)/h° & ie, with ¢ = 0(1 — z)/h® > 0. In what follows, we focus on the lower
sign case but the other case is similar. Below, we use contour integration over the
radial component of the virtual momentum r = m . In order to identify a convenient
contour deformation, we need to identify the branch cuts of the integrand. Clearly,

this is single valued in d = 4 — 2¢ > 4 if we define:

T—2e _ ‘r’—2e€—i2eArg(r)

: (F.18)

and identify R, including the origin, as a branch cut. The contour depicted in Fig.
avoids this branch cut and deforms the green contour away from the pole of the
integrand r = ¢(1 — z)/h® — ie. In the limit § — 0 the green contour reduces to
the original integration domain. Since the integrand does not enclose any pole, the
clockwise oriented contour integral over the green, blue, and orange contour vanishes.
Clearly the integral over the red contour vanishes as we increase the radius whilst
the integral over the orange contour behaves as 6 ~2¢ and vanishes in the limit § — 0.

Then, we are left with the blue contour, this yields

Ioq = {...}/01 dx% /Ooodm (|f|€z‘7r>26 <_|f| —t(1— x)/q0>2 . (F.19)
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Appendix F. Virtual and phase space integrals at order a?

Observe that, up to the phase factor —(e™)~2¢, this is the same integral as in

Eq. (F.16)). More generally, this integral can be written as

o — [T(1 +2¢)I(1 + e)I[1 — 6]]12 (2%(}2;1 CI;S;; 1%‘))E pEizme (F.20)

8m2(—t +40)(p; - q) €
F.4 D?j(@ and C?j(‘])

These yield:

o v [ d% —i
%0 - | G o T T

_ (47)~T[1 + €] (2p; - ge~ ™) =€ (F.21)
872p; - pipi - q €2 ’ '

5 o d% —i
Cula) = / (2m)4 [k2 +40] [(k + q)2 + 0] [pi - (k4 q) + 6 5]
(4m) " T[1 + €] (2p; - ge~ ™) =€

1672p; - q €2 '

(F.22)

Observe that these two integrals are equal. The calculation of the real part reduces to
phase space integral, see in Section while the imaginary contribution reduces
to one of the integrals in . It is worth noting that these two integrals are
equal even without imposing cut-off scales. It is important to point out that even
without introducing cut-off scales these two integrals can be shown to be equal.
As a consequence, in the computation of the one-emission amplitude, ‘n$i> the

contribution that involves these two integrals cancels.

F.5 Phase space integrals for double emission

In this section we present the details for the scalar integral necessary for the inclusive
integration of the double gluon emission <ng‘ng> in Section . Our integration
methods neglect the recoil effect against gluon emissions. In principle, in accordance
with our deduction of the eikonal approximation, we should cut-off the integration
for momentum components greater than the characteristic scale of the hard process.
In practice, it is easier to only cut-off the integration along the directions in which

the integrals are uv divergent. We shall now explain this in more detail.
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F.5.1 Integrals for KSO 2

Let us consider the following integral

1

/d[Q1][ i Q1][pi : (Ch + QQ)][pj : Ch] '

(F.23)

It is convenient to consider the integration expressing ¢; in terms of the following

light-cone coordinates

Qf_ w a1

[ — H iz
@ = —F——p; + q; +qi7 - F.24
1 2]?1 . q2 2pl . qj J 17T ( )

One can integrate out the transverse components using the on-shell condition. After
this, one is left with an integral over ¢ and over g¢;. The integration over ¢,
is power suppressed as qg; — oo and hence we do not need to impose a cut-off
for the integration of this variable. In contrast, the integration over g, diverges
logarithmically as ¢; — oco. To regularise this integral, we cut off the integration

over ¢ at pj. This cut-off regularisation can be written in a Lorentz invariant way:

1 0(p; - (pi — q1))
/d[(h] i - allpi - (01 + @)l - 1] _>/ Ch i - allpi - (01 + @2)lpj - @]
_ (47)°T[1 + € 1 (2p; - q)¢
872 Pi-Dipi-q2 €

(F.25)

We applied the same procedure to regularise the uv divergent integrals that appear in
the inclusive integration of the other phase space integrals that appear in Chapter
and in the calculation of the real part of the one loop integrals in Section [F.5.1]
Below, we present the complete list of scalar integrals, indicating explicitly their

cut-off regularisation:

1 ‘9(612 : (Pz‘ - Ch))
/d[(h] g1 - @)[pi - (@1 + )i - @1 -~ /d[qﬂ ~qo)[pi - (1 + @)lpi - @1
_Wm)T+d 1 @pi-g)

F.26

872 (pi-q@)* & (F.26)
2
Di - D;
dlg;]d J

/ ] [QQ] i (1 +@)p; - (0 +@)pi - ap; - ¢
. / mld q2 pi - 030i5(q1)045(q2) (F.27)
(n + @)p; - (@ + @2)pi - vy - @1

1 CeM i
4 \ 872 €2 ’
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where 0;;(q) = 0(pi(p; —q))0(pj(pi —q)). There is one more phase space integral that

appears in the integration of the double emission cross section:

Di-Dj
dlq , F.28
/ [ 1](]1 “q2pi - 10y - (1 + @2) (F.28)

this is wwv finite and is given by Eq. (F.12)).
In all the above cases we have performed the integration over one of the two

real emissions. The integration over the second variable is always reduced to the

following uv divergent integral

i p; 1+e Do 1te
/d[Q1] (#> — /d[(h] (#> 0:j(q1)
Pi-q1ipj - q1 Pi-q1ip; - q1 (F29)

1 2%,

Sy )
(—2¢)? 87?2( pi - D)

F.5.2 Integral for K2

sub

The integration over the phase space of one of the gluon emissions is uv finite. It
can be performed with the same methods of Section [F.3.1] It yields

1 1 1
d[QQ] =
@@ (@2+a)pi (¢2+¢)
1 T[1+€*T[1—¢ 1 (4m)e ( Di* Dj )6
82 (14 2¢) —€q1-piq1 D \21 - piqi D)

(F.30)
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Appendix G

On the breaking of strict collinear

factorisation

By inspecting the eikonal ruled!] corresponding to the graphs in Fig. [3.6] one can
deduce that the one-loop corrections to a hard process that absorbs an incoming

gluon with momentum ¢ is
n0(=0)) = Tua (=) (10 4 Koo ) [n) + 30 (=) [n @) [n)

In this case, the symbol 9;, in Jn +1( q) is equal to one when i is incoming and zero
otherwise. We can now derive all of the conclusions drawn in Section 2.4.4] for the
breaking of strict factorisation in the two particle collinear limit. This time, however,
one can derive not only the collinear behaviour of the pole part but for the finite

—~(1
part of one-loop splitting operators Sp( )

lim n+1> Sp©(q) (1°9 + K,,) ‘n(0)> + S(l)‘n(0)>,
pulla (G.1)
Sp( =limJ,1(q) , é\f)( = hmJ ( ).
pulla pullg

~(1
We remind the reader that strict factorisation holds whenever Sp( : can be expressed
in terms of the collinear partons only (see Section[2.4.4). In the particular case where

¢ is an emission which becomes collinear with an outgoing hard parton [, we have

- (De

2 —imdy, | €
dran€ 1 —~ (0
Sp L] Sp( )‘n(0)> 7 (G.2)

<o>> Y I
2r 1 €

'From Fig. we can infer that the eikonal rule for momentum ¢ flowing in the initial (final)
state is the same as minus the eikonal rule for momentum —g flowing in the final (initial) state.
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Appendix G. On the breaking of strict collinear factorisation

and thus, in this case, strict factorisation holds.

collinear with an incoming parton [ we have

2 —T
Sp ) = S E T T T —
.. g Cr
L Ty Promin - (T — T
+(281n(7re))47r = 4Tnen (T, P)

In striking contrast, when ¢ is

—€ é\i/)(()) ’n(0)>

e (G.3)
QTZT N(O)

ol g )

where Tp = T; + T, is the colour charge of the parent parton. Again the first line

depends only on collinear partons, whereas the second is purely imaginary and in

general, depends on Tyxcni, the total charge of the non-collinear incoming partons.
Indeed, this expression has the same violations of strict factorisation as Eq. (2.47)).

Hence, the violations of collinear factorisation of the finite part of the one-loop

splitting operator has the same structure that the pole part does.
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Appendix H

Reductions: from cut pentagons

into boxes

In this appendix we discuss the methods of integration required to calculate the
tensor integrals that appear in the calculation double emission case. These were
implemented in Wolfram Mathematica notebooks using the Feyncalc package. For
reasons explained below, we adopted the dimensional reduction scheme [106] 107] in
chapters [ and [6] i.e. we imposed the condition that the momenta of all the external
partons are four dimensional vectors and their respective polarisation vectors and
spinors have exactly 2 helicities. The virtual momentum is a vector in d =4 —2¢ > 0
dimensions.

Schematically, the tensor integrals that appear in the calculation are:

/ (double cut) (H.1)

do
/ (double cut){1, k*} (H.2)
k dody 7 '
/ (double cut){1, k*, k*k"} (1.3)
k dodyds ’ '

where {dg, d;,ds} denote propagators, and the explicit form of the double cuts de-
pends on whether we are considering eikonal, soft gluon or re-scattering cuts. It is
customary to refer to these integrals as three, four and five point integrals and to
the number of powers of the loop momenta in the denominator as the integral rank.
In what follows, we will show that, up to non-logarithmic corrections, these integrals
can be reduced to scalar three and four point functions.

The reduction of rank 1 tensor integrals can be carried out using the standard
technique of Passarino-Veltman (PaVe) reductions [98]. The reduction of the second
rank and scalar five-point integrals into boxes are more subtle and we discuss them

in detail. For simplicity, we specialise to the particular case of the eikonal cuts. But
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Appendix H. Reductions: from cut pentagons into boxes

the reduction in the cases of soft gluon cuts and re-scattering cuts is similar. Eikonal
cuts can be expressed as transverse momentum integrals after integrating out the
delta function associated to the cuts. After this, the double cut five-point integrals

become three point functions:

/dkoT{l’ kéj:ﬁ k"l]};k%}
dodidy

do — k%+m(2),
dy = (k+q)% +m?,
dy — (k+ q)5 +m3 |

where {qi7, gor} denote the transverse components, and the masses {mg, m, ms} are
positive constantsﬂ Observe that the double cut pentagons in d = 4 — 2¢ dimensions
becomes three point functions in d = 2 — 2¢. In what follows, we will show these
three point integrals can be reduced to scalar two point integrals.

To carry out reductions for five-point functions, it convenient to introduce the so-
called Van Neerven (VN) basis [99]. Our presentation of this method closely follows
[T0§]. The first step of this method is the construction of a basis that spans the same

space as the vectors {qir, a7} such that

lifa=0,
Qo1 - Vb = (H4)
Oifa=b.

The explicit form of these vectors can be easily written in terms of the two-dimensional,
completely anti-symmetric, tensor ¢ = 1. In terms of this tensor, such a basis is

given by

v el'ujl EH’LU‘
{Uf = T ‘h“—} | (H.5)
q

» Y2
M2 ql’2 6#2 v qHQ qV2 6#2 v

Here and in what follows, we omit the subscript 7" in the transverse vectors. In terms
of the Van-Neerven basis vectors, the d — 2 = 2 — 2¢ > 2 transverse components of

the loop momentum can be written as
k' = aqvf + aguly + kH, (H.6)

where a; o are coeflicients of the linear decomposition and k. is a vector that parametrises
the d — 4 = —2¢ dimension. Since we are working in the dimensional reduction

scheme, the vectors {qi, ¢} live in exactly 2 dimensions and hence ¢, - k. = 0 for

!They can depend on the non-transverse components of the real emissions, but this is irrelevant
for what follows.
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Appendix H. Reductions: from cut pentagons into boxes

a = {1,2}. By construction, see Eq. (H.4)), ¢, - ¥ = a, and from this it follows that

1
Qg = 3 da —do + Ta]
o = do 7, e

— 2 2 2
Tg =My — M, — (g, -

By contracting (H.6)) with the loop momentum % and after some algebra one has,
(additional details can be found in Ref. [108])

1
k2 = 5 Z ([Qk-va—wma]da—l—(w—Qk) 'Uadg) +w?| (H.8)
a={1,2}
where w” = rv}’ + rovh is a vector independent of the loop momentum. This

expression can be rearranged into the following form

2

1 2

= W ; [(JJ cV; — 2k - Ui] dl + [4 — (Qk — W) : ('Ul + Ug)]do — 4]436 (Hg)
We can now use this expression to reduce the three point function:
1 1 w-vy —2k-v w-vy —2k-v
dd_zk — /dd—Qk 1 1 2 2
/ dodrdy  Am2 4P Bds T dds
1 o, [44 2k —w) - (v + 1) 4k2

— [ d¥ %k — - . (H.10
Amg + w? / { dids dodyds (H.10)

Observe that the first three integrals are now two-point functions with denominators
that depend on the loop momentum. Due to the euclidean invariance in d — 2
dimension, the terms linear in the first two integrals vanish. Indeed, they have to
be respectively proportional to ¢ and ¢; but because vy - g = vy - ¢ = 0 these
terms disappear. The same occurs in the third integral, after a change of variables

k — k — ¢;. After this, the three-point function reduces to

1 1 w-v W v
ddizk — /dko 1 2
/ d0d1d2 4m% + w? d0d2 * d0d1

1 /dd2k |:2—w’(U1+U2)_ 4]{362 1 .

4m% + w? dldg d0d1d2

(H.11)

Hence, the first three integrals have been reduced to scalar integrals. Observe that
the fourth integral is still a three-point integral. In general, these remainders that
arise from the decompositions of (cut) pentagons into (cut) boxes are known as
rational terms. They can contribute to the loop integrals with finite (as d — 4)
rational polynomials of the kinematical invariants [108, [100]. In chapters [5|and|[6], we

neglected these contributions as they do not contain logarithmic and pole corrections.
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Appendix H. Reductions: from cut pentagons into boxes

The latter arise from the integration of the two point functions.

We shall now study the reductions of the tensor three-point integrals. These
integrals can be straightforwardly reduced by inserting the parametrisation of the
loop momentum in terms of the VN basis, see Eq. . For instance, in the case

of the scalar three-point function one gets

kM avt + asvh + k*
d?2k = /dd—% 1 7727 T e H.12
/ " dodydy g dodydy (H.12)

Since, see Eq. , the coefficients, a 2, are linear combinations of the propagators
the terms proportional to the VN vectors can be now reduced to two-point functions.
Finally, within the context of dimensional reduction, the terms proportional to the
vector k¥, that parametrises the d — 4 dimensions, exactly cancel at the amplitude
level. Indeed, they always appear contracted with two-dimensional vectors and hence
vanish, e.g. er - k. = 0.

The reduction of the second rank, three point function in terms of the VN vectors
is analogous. In principle, we could use more conventional reduction methods, such
as the PaVe reductions. A naive use of the PaVe reductions suggests that the right
hand side of the second rank tensor is a linear combination of all possible tensor

structures:

— k#k’/ v v v v v
/dd kr = [hdlai + Ldbds + I [t ds + dbay ] + 0" 1] (H.13)

where 77(’jf2 denotes the metric tensor in d — 2 euclidean dimensions and [; 3 4 denote
scalar functions. This naive parametrisation of the possible tensor structures on the
right-hand side is wrong. The reason is that the space spanned by the first three
tensors, i.e. {qi'¢Y,dbdy, q\'dy + qhqs}, already contains the two-dimensional metric
tensor 75”. It follows that the introduction of the tensor 7", on the right hand side
over-parametrises the space of possible tensor structures. The reduction in terms of
the VN vectors solves this problem as, by construction, it parametrises exactly the
d — 2 dimensions of the loop momentum.

To summarise, we have discussed how, up to rational (non-logarithmic) contribu-
tions, the calculation of the eikonal cuts can be reduced to scalar two-point functions.
Exactly the same methods can be applied to the re-scattering cuts. In the case of
soft gluon cuts, it is easier to reduce the integrals to scalar boxes before integrating
out the delta functions corresponding to the double cut. In an analogous manner,
one can introduce VN vectors to reduce the (double cut) pentagons into (double cut)
boxes. In the rest of this appendix we present the relevant master scalar integrals.
The epsilon expansion of this expression can be carried out using the mathematical

package in [109].
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Appendix H. Reductions: from cut pentagons into boxes

H.0.3 Master integrals for eikonal and re-scattering cuts

The eikonal and re-scattering cuts can always be reduced to transverse momentum
integrals. In addition to the integrals encountered in the one-emission case, the
required integrals for the case of two-emission (Figs. and [6.3)) are:

2m)d-2 k2[k2 4 a] 4t —€

/ 192 112 (4mp?)T[1 + €] a'° (H.14)
( :

/ A2k 1
(2m)4=2 k2[(k + q)2 + a]
(Amp®)T[1 + €] (a+ h?) '€ h?

= Ar e QFl[—E, 1+ €, 1-— €, m] (H15)
(Am)T[1+¢ 1 1 (h? + a)?
_ STy
47 (a+ h?) \ —¢ i ap? +0(e),

where in these two expressions a > 0.

H.0.4 Master integrals for soft gluon cuts

We shall now present the four point scalar functions that appear in the calculation of
the cuts over soft gluon lines (Fig. [5.10]). It is convenient to introduce the following

notation:
A(k) = [—2mid T (13)][-2mid T ((§ — k)?)]/2, (H.16)

where here and throughout this section ¢ = ¢ +¢2. Exactly as we did with Eq.,
the soft gluon cuts can be reduced to an integration over the solid angle in d — 2
dimension, see ((5.34). The exact expressions of the resulting integrals in dimensional
regularisation can be found in Ref. [I01], 102]. In particular, the cut box integrals

yield:

/ A(k) B Ce {E]ij . Ch] 1
- = = — = —x
ki (@— k)@ +k)?* 8mpj- @ | pi-q —€

1+e
I2[1 — ¢ [pj'%] i L1 P (H17)
Il —2¢ | pj-q o " pjq
~ —e
B Ce qu'QQ] 1 < 2
— = —_— + O(e%) ],
87D; + 2¢? { pi-q —€ [ ()]
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/ A(k) Ce Fﬂpi ‘gl] RN

pi'k(k—ch)Q B 8mp; - 1¢? bi-q —€

2711 . ..
{F 1 [pz N 11—l qi]H (H.18)
1 —2¢ [ pi-q piq
Ce 2Q1'Q2pz"(h]_e 1 2
= — — x |1+ 0(€)],
87rp¢~qq§2{ Di-q —€ [ ()

/k [pi - k][§j<-k()§— k)] St2pi- v, _(27 — pi - D¢ [Z]Q { B %ﬂ_e—%x

FZ 1 - - ~2 1+e€ . ~
Ll [1 _ P b ~] B[11,1—e1— LBt (H.19)
[[1 — 2¢] 2p; - qp; - q 2pi - qp; - q
A—Q —€
—Ce o Di * Piq 1 9
87[2pi - qpj - (@) — pi - i ¢ { { 2pi - qp; - q —€ | ]
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