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Abstract

The University of Manchester

Abstract of thesis submitted by René Ángeles Mart́ınez for the degree of

Doctor of Philosophy and entitled Coulomb gluons and the ordering variable.

Month and Year of Submission: 27th December, 2015.

In this thesis, we study the soft gluon corrections to hard wide-angle scattering

processes due to a virtual gluon exchange (one-loop order) and the emission of up to

two gluons. Our primary aim is to determine the ordering condition that should be

used to dress a hard scattering process with corrections due to gluon emissions and

a Coulomb (Glauber) gluon exchange. We find that, due to an elegant cancellation

of many Feynman diagrams, a specific ordering variable should be used to order

the transverse momentum of the exchanged Coulomb gluon with respect to the real

emissions. Furthermore, in the case of the scattering process accompanied with a

single emission, we find that the radiative part of the loop correction satisfies the same

ordering condition as the Coulomb gluon contribution. Based upon the assumption

that the ordering condition continues at higher orders, we conjecture an expression

for the soft corrections to a general hard scattering process due to one-loop and any

number of gluon emissions.
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Chapter 1

QCD preliminaries

...mathematicians may be

completely repelled by the liberties

taken here. The liberties are taken

not because the mathematical

problems are considered

unimportant.... in the meantime,

just as a poet often has license

from the rules of grammar and

pronunciation, we should like to ask

for physicists’ license from the rules

of mathematics in order to express

what we wish to say in as simple a

manner as possible.

R. P. Feynman.

1.1 Introduction

In the history of physics there has always been the pursuit of understanding nature in

terms of simple principles. Nowadays, particle physics offers a mathematical descrip-

tion of nature in terms of a small number of fundamental particles (constituents),

and only four interactions. The current theory of particle physics that best describes

experimental observations is the Standard Model (SM).

This model is based on the principles of quantum mechanics and on the symme-

tries that we have observed in nature. Special relativity, the symmetry that dictates

the equivalence of the laws of physics for inertial observers, implies that the funda-

mental particles have definite mass and spin (intrinsic angular momentum). The SM

contains particles with three different spins: fermions which have spin 1/2, bosons
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Chapter 1. QCD preliminaries

with spin-1 and one scalar particle. We currently understand that these particles ex-

perience electroweak and strong interactions and that their structure is dictated, to a

great extent, by symmetry principles known as gauge invariance. Gravity is another

interaction that all constituents in the universe are believed to experience. Although

Einstein formulated a classical theory of gravity that has been widely corroborated,

there is not at the moment a fundamental theory of gravity with predictions that

have been tested.

There are two classes of fermion in the SM: leptons and quarks. Both experience

electroweak interactions that are mediated by four spin 1 bosons: the photon γ that

mediates electromagnetic interactions and three gauge bosons (W+,W−, Z) that

mediate the weak interactions. Through the mechanism of spontaneous symmetry

breaking of the electroweak interactions, the (W+,W−, Z) bosons and the quarks

and charged leptons become massive particles through their interactions with a scalar

particle known as known as the Higgs. In contrast, only the quarks known as up,

down, strange, charm, bottom and top ({u, d, s, c, b, t}) are affected by the strong

interactions mediated by a spin-1 boson known as gluon.

The LHC is now performing proton-proton collision experiments at∼ 13 TeV and,

in order to be prepared to measure even the smallest deviations from the SM, the

particle physics community has the challenge to increase the accuracy of theoretical

predictions. This thesis is devoted to improving the understanding of ‘soft gluon

corrections’ relevant in high-energy experiments. Ultimately, we hope these studies

help to increase the accuracy of predictions for the LHC and future experiments.

This chapter aims to provide a brief summation of the basis of perturbative QCD

and to present the outline of the rest of the thesis.

1.2 Perturbative Quantum Chromodynamics

The mathematical framework of the SM is Quantum Field Theory (QFT). The stan-

dard procedure to construct a field theory is to assign a local function φl(x) to each

particle l and to combine them into a local functional known as Lagrangian density

L[φl] from which the theory can be constructed. The success of this method relies on

the fact that we have learned how to translate the symmetries of nature into sym-

metries of L[φl], which are then inherited by the field theory. The field theory of the

strong interactions is known as Quantum Chromodynamics (QCD), its Lagrangian

density is:

LQCD = −1

4
FaµνFa,µν +

nf∑
i=1

q†iAγ
0(iγµD

µ
AC −miδAC)qi,C , (1.1)
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Chapter 1. QCD preliminaries

where

Faµν ≡ ∂µAaν − ∂νAaµ − igs(taad)bcAbµAcν
Dµ
AC ≡ δAC∂

µ − igsAb(tbF)AC ,
(1.2)

and where qi,A ({A,B,C} ∈ {1, . . . N}, N = 3 for the strong interactions) is the Dirac

field associated with a quark of flavour i and mass mi; Aaµ ({a, b, c} ∈ {1, . . . , N2−1})
is the gluon vector field; the matrices γµ satisfy the Clifford algebra {γν , γν} = 2gµν ,

where gµν = diag(1,−1,−1,−1) is the Minkowski metric; {taF, taad} are matrices

related to the symmetry group of the gauge interactions, see below, and gs is the

QCD coupling.

The symmetry group associated with special relativity is the Poincaré group,

a general element of this group consist of a space-time translation y and Lorentz

transformations Λµ
ν = δµν + ωµν . The QCD Lagrangian L(xν) → L(Λν

µx
µ + yν)

transforms as a scalar when the quark and gluon fields transform under the following

representations of this group:

qi,A(xν)→ exp

(
i

4
[γµ, γν ]ωµν

)
qi,A(Λν

µx
µ + yν),

Aaµ(xν)→ (Λ−1) ν
µ Aaν(Λν

µx
µ + yν).

(1.3)

Due to their symmetry transformation, the gluon field is associated with spin 1 states

and the quark fields with spin 1/2 states.

The QCD Lagrangian contains a further global symmetry corresponding to the

SU(N) group: the set of all N ×N unitary complex matrices with unit determinant.

The Lagrangian exhibits this symmetry as it remains invariant when the quark and

gluon fields transform under the so-called fundamental and adjoint representation of

SU(N):

qi,A(x)→
(

eiαbt
b
F

)
AC

qi,C(x),

taFAaµ(x)→ taF
(
eiαct

c
ad

)
ab
Abµ(x) =

(
eiαbt

b
F

)
taFAaµ(x)

(
e−iαct

c
F
)
,

(1.4)

where αa are real constants that parametrise the group elements and the matrices tbF
and tbad are the generators of the adjoint and fundamental representation that satisfy

[taad/F, t
b
ad/F] = ifabctcad/F, (1.5)

where the structure constants fabc form a completely antisymmetric arrangement of

constants defined by the adjoint representation ifabc ≡ (tbad)ac. We will not present a

particular basis for these generators as we never evaluate them explicitly. To compare

with results in literature, we adopt the customary normalisation of the fundamental
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representation:

Trace
(
taFt

b
F

)
= δabTF, TF = 1/2. (1.6)

With this normalisation the generators satisfy

(taFt
a
F)CD = CF δCD, CF =

N2 − 1

2N
,

(taadt
a
ad)cd = CAδcd, CA = N ,

(1.7)

where CF and CA are known respectively as the Casimir coefficients of the funda-

mental and adjoint representation.

Crucially, the QCD Lagrangian is not only invariant under the transformations

in Eq. (1.4) for constant αa but also under transformations with αa = αa(x) being

local functions of the space-time coordinates:

qi,A(x)→
(

eiαb(x)tbF

)
AC

qi,C(x),

taFAaµ(x)→
(

eiαb(x)tbF

)
taFAaµ(x)

(
e−iαc(x)tcF

)
+

i

gs

(
∂µeiαb(x)tbF

)
e−iαc(x)tcF .

(1.8)

The invariance under this transformation is known as the non-abelian SU(N) gauge

symmetry of the theory. One can think of this symmetry as the principle that dictates

the structure of the interactions of the quark and gluon fields in QCD.

Finally, there are standard procedures [1] to use LQCD to construct the quantum

theory that inherits these symmetries. As we will see in Section 1.3, during high-

energy collision experiments there is a regime in which the QCD coupling decreases

asymptotically to zero and one can think of the quarks and gluons as asymptotic free

states. In this perturbative regime experiments can be related to the S matrix: the

transition probability between incoming |α, in〉 and outgoing |β, out〉 asymptotically

free states:

Sαβ ≡ 〈β, out|α, in〉 = δαβ + iδ4(pβ − pα)(2π)4Mβα , (1.9)

where the probability amplitude Mβα can be expanded as a perturbative series in

the coupling constant gs. In our work we will study particular amplitudes, Mβα,

organising their contributions according to the technique of Feynman diagrams.

The quantisation of theories with non-abelian gauge symmetries like QCD was

formalised by Faddeev and Popov [2] using the path integral approach to field theory.

According to this, the redundancies introduced by the field configurations related by

a gauge transformation can be controlled by choosing a gauge. Although the S

matrix is invariant under the choice of gauge, we work in the Feynman gauge as

it simplifies our calculations. In this gauge the complete Lagrangian we need to
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consider is LQCD + LFeynman + LGhost with

LFeynman + LGhost = −1

2

(
∂µAaµ

)
(∂νAaν)−G∗a∂µ(δac∂µ − gsfabcAb))Gc, (1.10)

here Ga is the (anti-commuting scalar) ghost field that is required in the Feynman

gauge. It ensures that only the physical degrees of the gluon propagate. The Feyn-

man rules are depicted in Figure 1.1, where we have used the following abbreviated

A p B

i(/p+m)δBA

p2−m2+i0

q

→
−igµνδba
q2+i0

µ, a ν, b a b

iδab

p2+i0

p,B p′, C

µ, a

−igsγµ(taF)CB

→

→ ←

β, b, k

α, a, p σ, c, q

−gsfabcV αβσ(p, k, q)

a, α b, β

c, γ d, δ

g2sV
αβγδ,abcd

a, α

b, p c, q

gfabcqα

Figure 1.1: Feynman rules for SU(N) non-abelian gauge theories in the Feynman
gauge. Curly lines represent gluons, solid lines represent quarks and dashed lines
represent ghosts.

notation

V αβσ(p, k, q) ≡ gβα(p− k)σ + gασ(q − p)β + gβσ(k − q)α, (1.11)

V αβγδ,abcd ≡ −i
[
f eacf ebd(gαβgγδ − gβγγαδ) + f eabf ecd(gαγgβδ − gαδgβγ)

+f eadf ebc(gαβgγδ − gαγgβδ)
]
. (1.12)

In addition to these rules, external lines corresponding to quarks (antiquarks) in the

incoming and outgoing state with spin σ have associated spinors u(q, σ) and ū(p, σ) =

u†(p, σ)γ0 (v̄(p, σ) and v(q, σ)) that satisfy the Dirac equation (/p − m)u(p, σ) =

(/p − m)v(p, σ) = 0 where /p ≡ γµp
µ. Finally, external lines associated to outgo-

ing (incoming) gluons with helicity σ have associated a polarisation vector ε(q, σ)

(ε∗(q, σ)) that satisfies the constraint of the Feynman gauge q · ε(q, σ) = 0.

In principle, the external quarks and antiquarks (gluons) have associated A =

{1, . . . , N} (a = {1, . . . , N2 − 1}) different colour states. However, the experimental

observation and lattice computations [3] suggests that none of these states exists

in isolation. Instead, the experimental evidence suggests that strong interactions

have the property of confinement [4]: all the physically observable states are colour-

singlets. These observable states are collectively referred to as hadrons and it is
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customary to refer to quarks and gluons collectively as partons.

1.3 Renormalisation and asymptotic freedom

Part of the remnant freedom left by the symmetries of the Lagrangian is expressed

in terms of unfixed bare masses mi the coupling gs and the wave function constants

(re-scaling of the fields). Before predictions can be made with a field theory it is

necessary to re-express it in terms of physically measurable (observable) quantities.

After this, the theory becomes predictive by relating observables to these parameters.

This procedure is known as renormalisation and typically the measurable parameters

are taken to be the renormalised masses and coupling(s) {gsR,miR}.
The perturbative series of QCD amplitudes contains divergences due to arbitrar-

ily high-energy (uv) momentum modes of the virtual particles. The first step in the

renormalisation of QCD is to regularise such singularities. The standard regular-

isation procedure is to consider the same theory defined in d = 4 − 2ε space-time

dimensions [5]. By doing this, the uv divergences in the theory, expressed in terms of

the bare parameters, appear in the limit ε→ 0+ as poles (1/εn with n = {1, 2, . . . })
in the perturbative expansion. QCD is a very particular field theory in which the

renormalisation procedure only requires a finite number of measurable parameters

(one for the QCD coupling and one for each mass) to remove the uv divergences

in the perturbative expansion [5] and, due to the property of asymptotic freedom

[6, 7, 8] that we shall discuss below, predictions at high-energies can be made.

Within the context of perturbation theory, the regularisation of uv divergences

introduces an arbitrary momentum scale µ known as the renormalisation scale. In

dimensional regularisation this scale appears through the renormalised coupling and

masses1: µεgs(µ) and mi(µ). Physically, the arbitrariness of this scale can be inter-

preted as the arbitrariness in choosing a renormalisation scheme, i.e. the definition

of renormalised parameters [9].

The independence of physical observables on µ implies a series of renormalisation

group equations that govern how gs(µ) and mi(µ) change with different choices of

µ. At first order in the perturbative expansion, the running coupling gs =
√

4παs

satisfies the following equation:

dαs(µ)

d lnµ
= −β0

α2
s(µ)

4π2
+O(α3

s) . (1.13)

Then, since the coefficient β0 = 11
6
CA − 4

6
nfTF is positive for nf < 17 the coupling

becomes smaller as µ increases. This behaviour of the coupling at high energies

1From now on we drop the R subindex of the renormalised parameters since we always refer to
renormalised parameters.
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is known as asymptotic freedom and is of crucial importance as it provides the

foundation upon which perturbation theory can be applied to make predictions in

high-energy collision experiments. In contrast, the coupling increases as we go to

smaller energy scales and perturbation no longer holds. A rough estimate of when

perturbation theory breaks down is ΛQCD ≈ 200 MeV. This is obtained using the

solution of Eq. (1.13) to estimate the scale at which the coupling becomes arbitrarily

large [9].

A further property of theories with asymptotic freedom is that they become

massless theories at high energies in the sense that [1]

lim
µ→∞

mi(µ)

µ
→ 0 . (1.14)

Since ΛQCD is much larger than the masses of the {u, d, s} quarks, QCD is essentially

a theory of massless particles at the scales at which perturbative theory can be

applied [10]. The heavier quarks {c, b, t} require special treatment and are beyond

the scope of this work. We will always take the masses of the quarks equal to zero,

mi → 0. In particular, this assumption requires that the considered observables stay

finite as mi → 0.

1.4 Observables in QCD: infrared safety and fac-

torisation

We shall now discuss how the perturbative regime of QCD can be used to make

predictions in high-energy collision experiments. For this propose, we consider the

differential partonic cross section for a scattering that involves {p̃1, . . . , p̃i} (i ≤
2) incoming partons that scatter into a final state X consisting of n partons with

momentum {p1, · · · , pn} and, additional, non-coloured particles (both incoming or

outgoing) with total momentum Qµ:

dσ(p̃1 + . . . p̃i → X;Q) =
1

FS
∑
|M|2 dLIPS,

dLIPS ≡ δd(Q+ p̃1 + · · ·+ p̃i − p1 − · · · − pn)
n∏

i=m+1

δ+(pi)
ddpi

(2π)d−1
,

(1.15)

here M denotes the scattering amplitude,
∑

denotes the sum (averaged) over the

spin and colour states of the outgoing (incoming) particles2, F is a flux factor,

S denotes symmetry factors due to identical particles and the Lorentz invariant

measure dLIPS enforces global momentum conservation and sets the integration of

2At the level of the squared amplitude we will always sum over polarisations.
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the outgoing partons over their mass-shell. Throughout all this work we only ever

consider corrections due to QCD interactions so M is a series in the QCD coupling

only.

We shall now briefly discuss how observable quantities in high-energy collision

experiments can be calculated by adding together the contributions from individ-

ual partonic cross sections like the one in (1.15), integrated over the phase space

of the outgoing particles defined by specific observables. Due to the poor current

understanding of non-perturbative strong interactions, these observables should be

such that the sum of individual partonic cross sections is either insensitive to non-

perturbative regime of QCD or such that the non-perturbative part can be factorised

into universal (process independent) functions that can be measured in experiments

and then used to make predictions. We shall now discuss this in more detail.

Apart from the uv divergences, which are removed by the process of renormalisa-

tion, individual contributions to observables contain “infrared” singularities due to

kinematical configurations where propagators become arbitrarily small. In massless

QCD (in fact, in any field theory with massless fields), this occurs when a group

of (nearly) on-shell partons become collinear or when some partons are soft (their

momentum components become arbitrarily small3). These are only necessary condi-

tions and there exists a systematic classification of the kinematical regions that give

rise to infrared divergences for important high-energy processes [11, 12, 13, 14, 15].

The presence of infrared singularities in partonic cross sections signals the presence

of physics that is not well described by perturbation theory. The first step to dealing

with these divergences is to regularise them. Henceforth, we adopt the method of di-

mensional regularisation [16, 10] to regularise virtual loop and phase space integrals.

By doing this, infrared singularities appear as poles (1/εn with n = {1, 2, . . . }) in

the limit ε→ 0−.

One of the first formal results that showed how to combine partonic cross sections

to form measurable observables is the Kinoshita, Lee, Nauenberg (KLN) theorem

[17, 18]. As presented in [4], this states that: in a theory with massless fields,

transition rates are free from soft and collinear infrared divergences (1/ε poles in the

limit ε→ 0− ) if the summation over the initial and final degenerate states is carried

out. Here, by “degenerate states” it should be understood states that differ by any

number of collinear and soft partons.

In the particular case of an experiment without incoming hadrons, and thus

i = 0, the KLN theorem guaranties that the total cross section is finite, e.g. the

total cross section for the process e+e− → partons. This cross section is obtained

by setting i = 0 in Eq. (1.15), taking Qµ as the momentum of the incoming leptons

3Here we are including the case in which the momentum of a virtual parton is in the Glauber
region, i.e. it corresponds to an on-shell (Coulomb gluon ) scattering, see below.
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and adding the individual cross sections for all possible partonic final states X.

After the perturbative regime of QCD the final state partons group into hadrons due

the confinement mechanism. However, provided the e+e− scattering occurs at high

energies, a näıve use of quantum mechanics [9] can be used to argue that

σe+e−→hadrons = σe+e−→partons +

(
mH

Q

)n
, (1.16)

where mH is the typical mass of the hadrons produced with n ≥ 1, and formal studies

of the non-perturbative effects [19] show that n = 4 for this cross-section.

1.4.1 Parton model and factorisation theorems

For the case of experiments that involve one or two incoming hadrons it is not

possible to use the KLN theorem to define observables in a straightforward manner.

The obstacle is the lack of sum over all the possible degenerate configurations in the

initial state; even if one fully integrates the partonic cross sections like in Eq. (1.15)

for all possible final states X and then add them together infrared divergences would

not cancel. The solution to this problem is a series of factorization theorems that we

shall now discuss.

The näıve parton model by Feynman [20] of lepton-hadron high-energy collision

experiments provided the key elements of these theorems. In this model, each incom-

ing hadron is considered as an extended object composed of partons bound together

by the non-perturbative effects of the strong interactions. At very high energies,

relativity (in the center of mass frame [21]) dictates that the lepton probes a Lorentz

contracted hadron whose internal interactions can be neglected due to the time di-

lation effect. In addition, provided the lepton is scattered at a wide angle and the

momentum transfer is sufficiently high4, the mediator boson (e.g. a photon) will

scatter incoherently off a single parton inside the hadron. Then, the cross section for

such collisions can be written in terms of the parton density fa,A(ξ), the probability

of finding a parton of type a inside the hadron A with a longitudinal momentum

fraction ξ, times the (Born level) probability of this parton to scatter with the lep-

ton. The key property of the parton distribution functions (PDF’s) fa/A(ξ) is their

universality: they are independent of the type of particle, in this case a lepton, used

to scatter (probe) the parton inside the hadron. With this reasoning, the näıve par-

ton model provides a method to measure the PDF’s and shows how they can be

applied to make predictions for other experiments.

4This type of experiment is known as lepton-hadron deep inelastic scattering (DIS) and these
kinematical conditions imply that the scattering will be mediated by a boson with high virtuality.
Note that this process corresponds to setting i = 1 in Eq. (1.15) and with Q being the virtual
photon.
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An analogous heuristic argument can be applied to the case of hadron-hadron

collisions [22]. The factorisation theorems in [21], for hadron-lepton and for hadron-

hadron initiated processes, constitute the formal proof of how the (Born level) näıve

parton model can be extended to all orders, see also [23, 24]. We shall now present

a factorisation theorem for hadron-hadron collisions [25, 22, 26] that is relevant for

the discussion in the next section. This states that the cross section for the process

A+B → µ+µ− +X (1.17)

consisting of a pair of hadrons A+B (with momenta PA and PB and center of mass

energy
√
s) to scatter into a pair of leptons5 µ+µ− (with momentum Qµ and rapidity

y = 1
2

ln Q·PA
Q·PB ) and anything else X is given by

dσAB
dQ2dy

=
∑
a,b

∫ 1

xA

dξA

∫ 1

xB

dξB fa/A(ξA, µF ) fb/B(ξB, µF )× (1.18)

Hab

(
xA
ξA
,
xB
ξB
, Q, µ, αs(µ), µF ; ε

)
+O

(
Λ2

QCD

Q2

)
where xA ≡ ey

√
Q2/s and xB ≡ e−y

√
Q2/s, the sum runs over the different parton

species, fa/A(ξa, µF ) gives the distribution of parton a in hadron A with a longitudinal

momentum fraction ξA, µ denotes the renormalisation scale and µF is the arbitrary

factorisation scale, see below. Finally, Hab is a consistent choice of the (infrared

finite) hard part of the equivalent cross section for the partonic process

a+ b→ µ+µ− +X. (1.19)

There is a high degree of arbitrariness in how to apply this theorem as, at each order,

one should choose a factorisation scheme: a definition of the finite parts of Hab and

accordingly of the parton distributions functions fa/A(ξA, µF ).

We shall now illustrate how a scheme is adopted at next to leading order. Firstly,

we note that, at all orders in the perturbative expansion, the partonic cross section

for the process in Eq. (1.19) can be written as

dσab
dQ2dy

(xa, xb, Q, µ, α; ε)

=
∑
c,d

∫ 1

xa

dξa

∫ 1

xb

dξbfc/a(ξa; ε) H̃ab

(
xa
ξa
,
xb
ξb
, Q, µ, αs(µ); ε

)
fd/b(ξb; ε) .

(1.20)

On the right hand side, H̃ab(
xa
ξa
, xb
ξb
, Q, µ, αs; ε) denotes the finite hard part of the

scattering and fd/b(ξb; ε) is a universal (independent of the hard scattering H̃ab) and

5At lowest order in quantum electrodynamics but in principle to any order [21].
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infrared divergent distribution of parton d in parton b. All the infrared divergences

in fd/b(ξb; ε) are of hard collinear origin because all the soft6 contributions cancel

when one sums inclusively over X in Eq. (1.19). Its explicit expression is given by7

fa/b(x; ε) = δabδ(1− x)− 1

2ε

αs
π
P

(1)
a/b(x) +O(α2

s), (1.21)

where P
(1)
a/b are the Altarelli-Parisi splitting functions [27].

Let us denote the perturbative expansions to hard part of the scattering Hab and

of the partonic cross section as

Hab = H
(0)
ab +

αs
2π
H

(1)
ab +O(α2

s)

dσab
dQ2dy

=
dσ0

ab

dQ2dy
+
αs
2π

dσ
(1)
ab

dQ2dy
+O(α2

s)
(1.22)

At Born level, one can choose the hard part of the scattering to be

H
(0)
ab (xa, xb, Q, µ, µF ; ε) =

dσ
(0)
ab

dQ2dy
(xa, xb, Q, µ; ε) . (1.23)

At order αs with respect to this expression, one can choose the one-loop hard part

of the scattering, H
(1)
ab , in the hadronic cross section to be [28]

H
(1)
ab (xa, xb, Q, µF ; ε) =

dσ
(1)
ab

dQ2dy
(xa, xb, Q, µ; ε)

+
αs
2π

∑
c

∫ 1

xa

dξa
dσ

(0)
ab

dQ2dy

(
xa
ξa
, xb, µ,Q; ε

)[
1

ε

(
µ

µF

)−ε
P

(1)
c/a(ξa) +Kac

F.S(ξa)

]
(1.24)

+
αs
2π

∑
d

∫ 1

xb

dξb
dσ

(0)
ab

dQ2dy

(
xa,

xb
ξb
, Q, µ; ε

)[
1

ε

(
µ

µF

)−ε
P

(1)
d/b(ξb) +Kdb

F.S(ξb)

]

where Kac
F.S are arbitrary infrared finite functions and µF is the arbitrary factori-

sation scale8. Each choice of these functions defines a factorisation scheme. By

inserting Eqs. (1.20) and (1.21) into Eq. (1.24) one can check that this expression

is infrared finite as the second and third lines in (1.24) (counter-terms) exactly can-

cel the collinear divergences. Finally, it is important to remark that the arbitrary

factorisation scale µF can be thought of as the scale up to which the transverse

momentum of the nearly collinear partons is included in fa/A(ξA, µF ).

6Partons with momentum components much smaller than
√
Q2.

7In the minimal subtraction renormalisation scheme [21].
8In order to suppress large logarithmic corrections in the perturbative expansion, it is convenient

to choose µF to be of order Q, the large scale of the problem. However, the scale
√
ŝ =
√
sξAξB

should be avoided as this produces large corrections even if the hard cross section is calculated to
high perturbative orders [21].
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1.5 Factorisation and physics of non-inclusive ob-

servables

The factorisation of the collinear divergences that the partonic cross section in

Eq. (1.20) exhibits is characteristic of “inclusive” observables. In the next chapter we

will review the collinear limits, not at the level of inclusive partonic cross sections,

but at the level of the amplitude and squared amplitude before phase-space inte-

gration. Recent developments [29, 30] have confirmed that in general, the collinear

limit of (squared) amplitudes does not satisfy strict (process-independent) factori-

sation formulae. This lack of strict factorisation is specific to partonic amplitudes

with two or more incoming partons, which are relevant for hadron-hadron collisions.

These violations originate from a particular type of soft gluon correction associated

with an on-shell scattering between the incoming or outgoing partons. In the litera-

ture, these gluon corrections are commonly referred to as Coulomb (Glauber) gluon

contributions. In accordance with the factorisation theorems for inclusive observ-

ables, these contributions cancel when one integrates inclusively over all possible

final partonic states.

In the calculation of non-inclusive observables this cancellation is incomplete;

the partonic cross section for such observables does not necessarily obey the strict

collinear factorisation that Eq. (1.20) exhibits, and the contributions from soft gluons

(including Coulomb gluons contributions) do not necessarily cancel. In spite of this,

it has been pointed out [30] that for non-inclusive observables the factorisation of

collinear divergences (into universal functions) is expected to be possible up to a scale

Q0 below which the real radiation is summed up inclusively. Additionally, above Q0

the miscancellation of real and virtual radiation (including Coulomb gluons) gives

rise to perturbatively-calculable effects [31].

In recent years, there has been a growing interest in gaining an understanding of

how the violations of strict factorisation affect non-inclusive observables [23, 32, 33,

34, 35]. This interest was partially motivated by a series of studies [31, 36] on the

Coulomb gluon corrections to the ‘gaps between jets’ observable. In these references,

the authors anticipated the violations of strict collinear factorisation, which have now

been confirmed [29, 37]. Within the framework of [31, 36], these effects have been

shown to contribute to various event shape observables for hadron-hadron initiated

processes [38].

1.6 Outline

The series of works on the ‘gaps between jets’ observable [31, 36] are based on a kT -

ordered colour evolution algorithm. This algorithm constitutes a framework for the
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calculation of soft gluon corrections to non-inclusive observables at all orders in per-

turbation theory. Its remarkable feature is that it accounts for the colour interference

due to multiple soft gluon corrections, including Coulomb gluons contributions. The

primary aim of this work is to provide formal analytical evidence of this framework.

Chapter 2 is an introduction to the problem of incorporating soft gluon corrections

into non-inclusive observables. Firstly, we will introduce the eikonal approximation

used throughout this thesis. We will see that, within this approximation, one-loop

integrals have eikonal and Coulomb gluon contributions. The eikonal part is real and

are produced when an exchanged virtual gluon is nearly on-shell. In contrast, the

Coulomb part is purely imaginary and corresponds to on-shell scatterings between

the incoming partons and between outgoing partons. After a brief introduction

to the physics of these contributions, we will review the collinear limit of partonic

scatterings. In particular, we shall review how the Coulomb gluon contributions are

responsible for the lack of strict (process-independent) factorisation in this limit.

Immediately after this, the kT -ordered colour evolution algorithm is introduced as a

framework that incorporates the salient physics.

An important prediction of this algorithm is the existence of super-leading log-

arithmic corrections for ‘gaps between jets’. However, this prediction suffers from

an ordering problem that we now briefly discuss. Although within the context of a

Sudakov resummation different variables can be used to order the successive radi-

ation added at each order [39, 35], the choice of ordering variable turns out to be

critical when the colour evolution algorithm is applied to ‘gaps between jets’; it has

been exemplified that the coefficients of the super-leading logarithms change if one

uses different ordering variables [40]. To determine which is the correct variable, in

chapters 3–6 we will perform full diagrammatic calculations to determine the correct

ordering variable that should be used to dress a hard wide-angle scattering with

soft corrections. We will not do this to all orders but rather to the first two non-

trivial orders. Specifically, we will perform the one-loop corrections to a general hard

wide-angle scattering accompanied by emission of up to two gluons.

In Chapter 3, we start this program focusing in the first non-trivial case: we study

the one-loop, one-emission corrections to the general hard scattering. Although this

amplitude has been previously studied [41], we will revisit its calculation here to shed

light on its structure which, in turn, will be the basis of many physical interpretations

and computations in this thesis. By expressing the amplitude as a sum of terms with

a single emission and one virtual exchange we will be able to identify the ordering

condition that should be used to order the virtual correction with respect to the real

emission. We find that the eikonal and Coulomb parts satisfy the same ordering

condition. In fact, we will see they have the same colour and kinematic pre-factors;

the only difference is that Coulomb gluons are only exchanged between incoming
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and between outgoing partons while eikonal exchanges also occurs between incoming

and outgoing partons. The ordering condition that we find is very simple: virtual

exchanges should be ordered with respect to the transverse momentum (defined by

the pair of partons that exchange the virtual gluon) of the real emission.

Before we study the ordering variable in a second non-trivial case, we will discuss

the infrared cancellations of the cross section at order α2
s in Chapter 4. This is

the first order at which the one-loop, one-emission scattering amplitude contributes.

We shall study these cancellations using a series of approximations but we shall

discuss them for a general wide-angle hard process. As far as we are aware, these

have been studied in literature to a high-accuracy but only for particular processes

[42, 43, 44, 45]. Our aim in this chapter is to provide useful guidelines for a future

implementation of the colour evolution picture at this order. In particular, we shall

discuss the contributions of Coulomb gluons.

In chapters 5 and 6, we extend our studies of the ordering variable to the case of

the one-loop corrections to a general hard scattering accompanied by the emission of

two gluons. In these chapters, we mainly focus only on the Coulomb part of the loop

integrals. As the calculation is complicated, we will first discuss the particular case

of a Drell-Yan hard process in Chapter 5 and we then consider a general hard process

in Chapter 6. As far as we are aware, these corrections have not been previously

computed except for particular processes, see [43, 46].

In these two chapters we demonstrate that the leading behaviour of the ampli-

tude, in various kinematical regions of interest, can be expressed in terms of the same

emission and Coulomb gluon operator definitions that appear in the one-emission

case. Furthermore, an elegant cancellation of many Feynman diagrams imposes that

the ordering variable that should be used to order the Coulomb gluon exchanges is

the same that in the one-emission case. Finally, in Chapter 6, by assuming that this

ordering structure continues in the presence of many more emissions, we present a

conjecture for the one-loop amplitude of a general hard wide-angle scattering process

accompanied by the emission of any number of gluons. In Chapter 7, we draw con-

clusions. The technical derivations through the thesis are organised into appendices

A-H.
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Chapter 2

Soft gluons and the colour

evolution picture

This chapter is an introduction to the rich physics of soft gluon corrections to hard

processes and the problem of including them to all orders. We start in Section

2.1 describing the perturbative corrections we consider throughout this work and

in Section 2.2 we introduce some useful notation. The first order soft corrections

to a cross-section are discussed in Section 2.3. This shall be our first encounter

with the two types of soft gluon correction that we aim to describe: eikonal and

Coulomb (also known as Glauber) gluon contributions. After this discussion, we

will have the basis to review, in Section 2.4, how the interplay of these two types

of correction is responsible for the breaking of collinear factorisation. Subsequently,

in Section 2.5, we discuss the soft gluon insertion technique that accounts for the

most divergent part of the eikonal gluons at all orders. We then use the physics from

this and previous sections to motivate the colour evolution picture: an framework

to calculate the all orders soft corrections that incorporates Coulomb gluons and

hence collinear factorisation breaking effects. Finally, in Section 2.6, we discuss the

ordering problem that motivates our studies in subsequent chapters.

2.1 Eikonal approximation

We are interested in amplitudes that correspond to a hard wide-angle scattering

of on-shell partons, more precisely, a high energy scattering in which all partons

have wide angles between them and have energies of roughly the same order. These

requirements are equivalent to the condition that the parton sub-energy of each pair

of particles in the scattering be of the same order, i.e. (pi + pj)
2 = 2pi · pj ∼ Q2

and, by high energy scattering, we understand that the characteristic scale of the

hard process Q be sufficiently large so that perturbation theory can be applied.

In addition to QCD particles, the hard scatterings we consider could contain any
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number of colourless particles, but they do not play an active role.

In general, large perturbative corrections arise due to the miscancellation between

real and virtual radiation in soft and collinear configurations. In this work, we

consider corrections to hard wide-angle scattering due to soft gluons in the eikonal

approximation. More precisely, gluons whose momentum components are all much

smaller than the characteristic scale, Q, of the hard subprocess. Henceforth, we

refer to Q as the hard scale and to partons in the hard wide-angle scattering as hard

partons.

Within the eikonal approximation, the Feynman rules for soft gluon radiation off

the hard partons simplifies. In order to illustrate how this occurs, let us consider a

lowest order scattering amplitude ū(pk)N (0)(p1, . . . , pn) containing an outgoing quark

ū(pk), and letN (0)
+1 be the same amplitude but with an additional gluon of momentum

q and colour a emitted off ū(pk). The exact QCD Feynman rules for this graph yield

(N (0)
+1 )a = ū(pk)

[(
− igtaFγµεµ(q)

) i(/pk + /q)

(pk + q)2

]
N (0)(pk + q, . . . ), (2.1)

= ū(pk)

[(
− igtaFεµ(q)

){i[2pµk + 2qµ − γµ/q]
2pk ·q

}]
N (0)(pk + q, . . . ) ,

where, to derive the second line, we used the Dirac equation ū(pk)/pk = 0 and

{γµ, γν} = 2gµν . We now consider the limit of this expression when the gluon

momentum components are much smaller than the hard scale. This limit can be

implemented by rescaling the gluon momentum as q → λq and making an expansion

for small λ. The leading term in this expansion is

(N (0)
+1 )a =

1

λ
ū(pk)ε

∗
µ(q)

[
g taF 2pµk
2pk ·q

]
N (0)(pk, . . . ) +O(λ0), (2.2)

where we have used ε∗µ(λq) = ε∗µ(q), see Eq. (C.2). The term inside brackets can be

thought of as an effective Feynman rule for the emission of a soft gluon {q, a} off

ū(pk). Observe that the numerator of this rule is identical1 to the gluon emission

vertex in a scalar version of QCD. In other words, the soft gluon, q, probes the

colour of ū(pkk) but does not resolve its helicity. It is straightforward to show that

the analogous result holds for the case of m successive gluon emissions (q1, . . . , qm)

off the same parton:

ū(pk)

[
gtamF γµm/pk

(pk + λqm)2
. . .

gta1F γ
µ1/pk

(pk + λq1 + · · ·+ λqm)2

]
N (0) (2.3)

=
1

λm
ū(pk)

[
gtamF pµmk
pk ·qm

. . .
gta1F p

µ1
k

pk ·(q1 + · · ·+ qm)

]
N (0) +O(λm−1).

1Strictly speaking, this is only true after neglecting the recoil against the soft gluon.
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pipi

µ, a
×

µ, a
× ×× ×× ×× ××

pi ± qpi ∓ q

g (Tai )cb p
µ
i

±pi·q−i0/2
g (Tai )cb p

µ
i

±pi·q+i0/2

...... cb
......c b

Figure 2.1: Eikonal rules for the blue vertex and propagator due to soft gluon radia-
tion off an incoming (left) or outgoing(right) hard parton (solid line) with momentum
pi. The imaginary prescription should be set to zero if there is not virtual momen-
tum flowing through this line. The shaded blob denotes the non-relevant parts of
the graph and crosses indicate that gluons can be re-attached anywhere or branch
into many more emissions.

Finally, entirely analogous simplifications are obtained when one considers soft

gluon radiation, either real or virtual, off hard partons with other flavours2. In the

same limit studied above, the propagators and vertices for gluon radiation off a hard

parton with flavour i simplify as in Fig. 2.1, where the flavour dependent matrices

Tai are equal to

(Tai )dc =



(taF)dc if i = ū, outgoing quark,

(taF)dc if i = v̄, incoming antiquark,

(−taF)cd if i = u, incoming quark,

(−taF)cd if i = v, outgoing antiquark,

ifdac if i = ε, outgoing gluon,

−if cad if i = ε∗, incoming gluon.

(2.4)

If we are considering Quantum Electrodynamics (QED), these matrices would be

equal to the electric charges of the corresponding fermions. Analogously, in QCD it

is customary to refer to Tai as the colour charge of parton i.

The eikonal rules are valid in physical gauges as well as in the Feynman gauge.

The deduction of the eikonal rule, in the Feynman gauge, for a gluon radiated from

other gluons can be found in Refs. [47, 48]. We have only inserted gluons on the

external hard partons. However, internal insertions are subleading because the prop-

agators are of the same order as the hard scale Q. Fig. 2.2 illustrates the corrections

we consider in this work. It is worth noting that we do not make approximations

for the shaded oval in this figure. More precisely, we always use the full triple-gluon

and four-gluon vertices for soft gluon emissions off other soft gluons and the exact

expressions for soft-gluon propagators, i.e. the eikonal approximation is only used

2Henceforth, as it is customary in the related literature, we refer to the different types of parton
as parton flavours. We will always use the letters {i, j, k, l,m} to label particular partons and letters
{a, b, c, d, e, f, g} to denote colour indices.
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p1

pn

..
.

..
.

...

Figure 2.2: Soft gluon corrections to a hard wide-angle scattering. Henceforth, the
white blob always denotes the hard scattering and solid lines represent hard partons

for the vertices and propagators over the hard parton lines.

2.2 Colour + spin state notation

It is useful to introduce a notation that makes manifest the universal structure of

the eikonal rules [28, 49]. This can be done by noting that, in general, a physical

amplitude, or a graph contributing to this, with n external partons can be written as

N c1,...,cn;σ1,...,σn(p1, ..., pn), where {ci, σi, pi} denote the colour, spin and momentum

of a parton with flavour i. Then, one can introduce an orthonormal basis in colour

plus helicity space 〈σ1, ...σn| ⊗ 〈c1, ..., cn| such that

N σ1,...,σn;cn...,cn(p1, ...pn) ≡ (〈σ1, . . . , σn| ⊗ 〈c1 . . . , cn|) |n(p1, ..., pn)〉 . (2.5)

In this notation, the square of the amplitude summed over the colours and helicity

states of the external partons reads∑
{ci,σi}

|N |2 = 〈n(p1, ..., pn)|n(p1, ..., pn)〉 . (2.6)

It is also convenient to define colour operators Ta
i whose components are equal to

the colour charges Tai for the emission of a gluon with colour a radiated from parton

i: 〈
di

∣∣∣Ta
i

∣∣∣ci〉 ≡ (Tai )dici ,〈
d1, ...dn

∣∣∣Ta
i

∣∣∣c1, ...cn

〉
= δd1c1 ...(T

a
i )diciδdncn .

(2.7)

In this notation, the eikonal rules in Fig. 2.1 simply read

Ta
i p
µ
i

±pi ·q + iδ̃i0/2
, (2.8)
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where δ̃i = {1,−1} if the propagator carries virtual momentum and is outgoing or

incoming respectively and δi = 0 otherwise. Using the above definitions and the fact

that the matrices of the fundamental and the adjoint representations are hermitian,

one can show that

Ti ·Tj ≡
∑

a(T
a
i )
† ·Ta

j = T†j ·Ti = Tj ·Ti = T†j ·T†i , (2.9)

Ti ·Ti = Ci1 ,

where Ci is the Casimir coefficient associated with the colour representation of parton

i, i.e. Ci ≡ CF when i is a quark or an antiquark, and Ci ≡ CA when i is a gluon.

Given the definitions in Eq. (2.7) and the commutation relations of the adjoint and

fundamental representation, one can prove that

[Ta
i ,T

b
j] =

ifabcTc
i if i = j ,

0 if i 6= j.
(2.10)

Below we collectively refer to these relations as the colour algebra.

The global colour symmetry of the QCD Lagrangian implies that physical am-

plitudes (each diagram that contributes to it) should be invariant under rotations in

colour space. By making an infinitesimal colour rotation in Eq. (2.5), one can show

that the colour charges are identical to the colour rotation matrices. Hence, if |ñ〉
denotes any physical amplitude with n external partons, or a graph that contributes

to this, a colour rotation to these amplitudes reads

eiαa
∑n
i Tai

∣∣∣ñ〉 =
∣∣∣ñ〉 ⇒

(
n∑
i=1

Ta
i

)∣∣∣ñ〉 = 0 . (2.11)

It is customary to refer to the right-hand side of this expression as the colour con-

servation property. The notation described above works in any basis for the colour

matrices and it is often referred to as the colour basis independent notation. Useful

relations for the explicit evaluation of colour matrices can be found in [28, 50].

2.3 First soft corrections

In this section we compute the first soft corrections to the cross section, namely

the corrections of order αs. To familiarise ourselves with the notation and introduce

useful definitions we study this simple case in some detail. In fact many of the central

ideas that we will discuss in the proceeding chapters first appear at this order and,

as we will see in Section 2.4, it is the exponentiation of these lowest order virtual

corrections that gives rise to much of the physics we aim to describe.
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2.3.1 Real emission contribution

Let
∣∣n(0)

〉
denote the lowest order amplitude of a hard process with n on-shell partons

with momenta {p1, ..., pn}. The amplitude
∣∣∣n(0)

+1

〉
of this same scattering with a soft

gluon of momentum q is obtained by inserting the extra gluon on each of the external

hard partons:

∣∣∣n(0)
+1

〉
= Jan+1(q)

∣∣∣n(0)
〉
, Jan+1 ≡ gµε

n∑
i=1

Ta
i

pi ·ε
pi ·q

, (2.12)

where ε(q, σ) denotes the polarisation vector3 and Jn+1(q) is commonly referred to

as the soft-gluon current. Due to colour conservation, the one emission amplitude∣∣∣n(0)
+1

〉
is gauge invariant in the following sense:

Jan+1(q)
∣∣∣
ε→q

∣∣∣n(0)
〉

=
n∑
i=1

Ta
i

∣∣∣n(0)
〉

= 0. (2.13)

Finally, the contribution to a given observable φ from this correction yields4

∫ Q

d[q]
〈
n

(0)
+1

∣∣∣n(0)
+1

〉
φ(q) = −

∫ Q

d[q]
〈
n(0)
∣∣∣Jn+1(q)·Jn+1(q)

∣∣∣n(0)
〉
φ(q), (2.14)

where d[q] = ddq(2π)1−dδ+(q), δ+(q) ≡ δ(q2)θ(q0) denotes the differential measure for

an on-shell emission, φ is a function of the phase space that defines the observable

by weighting the phase space, e.g. φ(q) = 1 for a completely inclusive case, and the

hard scale Q in the upper integration limit indicates that momentum components

above this scale should be cut off. It is worth noting that we have neglected the

recoil against the gluon, i.e. we are not enforcing global momentum conservation.

Also we are not including flux and symmetry factors in Eq. (2.14).

2.3.2 One-loop contribuions

Within the eikonal approximation, the one-loop corrected amplitude receives contri-

butions from two graph topologies: self energy graphs, which do not give rise to soft

enhancements in the Feynman gauge, and a virtual exchange between two different

partons, the latter is illustrated in Fig. 2.3. The sum of the exchanges between

3Observe that our convention is to denote by ε the polarisation vector corresponding to an
emission instead of ε∗.

4Here and whenever we consider squared matrix elements we will always consider unpolarised
squared amplitudes summed over the colour states of the external partons.
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i

j

i

j

i

j

Figure 2.3: One loop and one real emission exchange between {i, j}. Only partons
involved in the exchange are explicitly drawn.

different partons adds up to ∣∣∣n(1)
〉
≡ I(1)

n

∣∣∣n(0)
〉

=

n∑
i<j

∫ Q ddk

(2π)d

[
gµεTa

i p
µ
i

pi ·k + δi
i0
2

] [
gµεTa

jpjµ

−pj ·k + δj
i0
2

] [ −i
k2 + i0

] ∣∣∣n(0)
〉
.

(2.15)

For later use, we have introduced the colour operator I
(1)
n that, acting on the hard

process amplitude, “inserts” the one-loop corrections.

In general, for every pair of partons {i, j}, the above integral contains a radiative

and, in specific cases, an absorptive part. The integrals corresponding to these

two types of contribution are respectively real and imaginary and can be isolated

by putting, or cutting, specific propagators on-shell, see below. We postpone the

deduction of these and more general cutting rules to isolate the real and imaginary

parts for the next chapter, in the meantime we shall discuss the physics associated

with them. For each pair {i, j}, there is a radiative contribution that can be isolated

by setting on-shell the propagator of the exchanged gluon (k2 + i0)−1 → −2πiδ+(k).

After doing this in Eq. (2.15) one gets

n∑
i<j

Ti ·Tj

∫ Q

d[k]
g2µ2εpi ·pj

(pj ·k)(pi ·k)
=

1

2

∫ Q

d[k]J†n+1(k)·Jn+1(k) . (2.16)

The right-hand side shows that the radiative part of the virtual integral behaves like

minus the real emission correction, see below. One can show that Eq. (2.16) diverges

logarithmically when its momentum becomes arbitrarily soft k → 0 or when it is

collinear with a hard parton, i.e. pi ·k → 0 or pj ·k → 0, see also [10].

In addition to the radiative part, the integrals in Eq. (2.15) contain an absorp-

tive part for every pair {i, j} of incoming and for every pair of outgoing partons. In

each of these cases, the imaginary prescriptions of the two propagators in the eikonal

approximation trap, or pinch, the contour integration over the loop momentum ren-

dering an imaginary contribution. This part of the loop integral can be isolated by
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setting these propagators on-shell in Eq. (2.15), i.e.

Cij(0, Q) ≡ −iTi ·Tj

∫ Q ddk

(2π)d
g2
sµ

2εpi ·pj
k2

[
[−2πiδ(pi ·k)[[−2πiδ(−pj ·k)]

2

]
. (2.17)

Observe that this expression contains an additional imaginary factor, (−i), with

respect to the radiative contribution. Subsequently, we refer to the imaginary part

of one-loop integrals as being due to a Coulomb gluon exchange. After integrating

out the delta functions, the expression for each exchanged Coulomb gluon becomes

Cij(0, Q) = −iπ αs
2π
cεTi ·Tj

∫ Q2

0

dk2
T

k6−d
T

, (2.18)

where kT denotes the d−2 components of the virtual momentum that are transverse

to the hard partons pi · kT = pj · kT = 0 and cε = (4π)ε/Γ[1− ε] is a typical volume

factor that we will often encounter in d = 4 − 2ε dimensions. The physics of each

Coulomb exchange corresponds to an on-shell scattering. To be precise, we observe

that Coulomb gluon contributions can be written as the product of two physical, i.e.

on-shell, amplitudes:

1

2i

∫
dLIPS2 A†(2→2)(pi, pj, pi + k, pj + k′)

∣∣∣n(0)(k + pi, k
′ + pj, . . . )

〉
, (2.19)

where A†(2→2) denotes the amplitude of the two-to-two scattering pi+pj → (pi+k)+

(pj + k′) and the differential Lorentz invariant phase space is

dLIPS2 ≡
ddk

(2π)d
ddk′

(2π)d
(2π)dδd(−k − k′)(−iδ+(pi + k))(−iδ+(pj + k′)) . (2.20)

To identify Eq. (2.18) with the expression for the Coulomb gluon in Eq. (2.17), we

need to use that, within the eikonal approximation,∣∣∣n(0)(k + pi, k
′ + pj, . . . )

〉
≈
∣∣∣n(0)(pi, pj, . . . )

〉
,

A†(2→2)(pi, pj, pi + k, pj + k′) ≈ (−i)†(gµε)2

[−i
k2

]
(−2iTa

jpjµ)(−2iTa
i p
µ
i ) ,

δ+(k + pi) ≈ 2πδ(2pi ·k) , δ+(pj − k) ≈ 2πδ(−2pj ·k) .

(2.21)

Thus, Coulomb gluons correspond to on-shell scattering between incoming or outgo-

ing partons.

Recall that we regularise the IR divergences of loop and phase-space integrals

by working in d = 4 − 2ε > 0 space-time dimensions. The radiative contributions

and the phase-space integrals at this order have IR divergences associated with con-

figurations in which the emitted gluon has arbitrarily small energy or is collinear
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with a hard parton. The Coulomb gluon contributions have divergences associated

to configurations with arbitrarily small k⊥. We detail the integration at this order

in Appendix A, the resulting expression for the radiative (Eq. (2.16)) and Coulomb

(Eq. (2.17)) parts yield

1

2

∫ Q

d[k]Jn+1 ·Jn+1 =
n∑
i<j

Ti ·Tj
αs
2π

cε
ε2

[
2pi ·pj
µ2

]−ε
(2.22)

Cij (0, 2pi ·pj) = −iπTi ·Tj
αs
2π

cε
−ε

[
2pi ·pj
µ2

]−ε
. (2.23)

Observe that the radiative and Coulomb parts are hermitian and anti-hermitian

operators in colour space respectively, i.e.

(Jn+1 ·Jn+1)† = Jn+1 ·Jn+1(
Cij(0, 2pi ·pj)

)†
= −Cij(0, 2pi ·pj) .

(2.24)

The total contribution of the absorptive and radiative parts combine into the follow-

ing compact form

I(1)
n =

1

2

∫ Q

d[k]Jn+1 ·Jn+1 +
n∑
i<j

δ̃ijC
ij (0, 2pi ·pj) ,

=
n∑
i<j

αs
2π
cεTi ·Tj

[
1 + iπεδ̃ij

] 1

ε2

[
2pi ·pj
µ2

]−ε
,

(2.25)

where δ̃ij = 1 if {i, j} are both incoming or outgoing and δ̃ij = 0 otherwise. Due to

colour conservation, the infrared ε poles of this equation can be written as

I(1)
n =

αscε
2π

1

2

[
− 1

ε2

n∑
i=1

Ci −
1

ε

n∑
j 6=i

Ti ·Tj

(
ln

(
2pi ·pj
µ2

)
− iπδ̃ij

)]
+O(ε0). (2.26)

The double pole 1/ε2 corresponds to the region of integration of an on-shell virtual

gluon which is both soft and collinear. It is noteworthy mentioning that this part is

diagonal in colour space whilst the 1/ε poles remain as non-trivial colour operators.
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2.3.3 Observables and infrared finiteness at order αs

We now have all of the amplitudes necessary to assemble the corrections of order αs

to a given observable φ, i.e.

〈
n(1)
∣∣n(0)

〉
+
〈
n(0)
∣∣n(1)

〉
+

∫ Q

d[q]
〈
n

(0)
+1

∣∣∣n(0)
+1

〉
φ(q)

=

∫ Q

d[q]
〈
n(0)
∣∣∣J1(q)·J1(q)

∣∣∣n(0)
〉

[φ(q)− 1] . (2.27)

This expression shows that for an observable to be finite, the source function φ(q)

should assign unit weight to configurations in which the gluon emission has arbitrarily

small momentum or is collinear with one of the hard partons. In particular, the

corrections to the total cross-section, i.e. φ(q) = 1, identically cancel. It is worth

noting that although at this order Coulomb gluons identically cancel, the mechanism

of cancellation is completely different from the radiative part. While the radiative

gluons behave exactly like minus the one real emission part, Coulomb gluons cancel

because of their imaginary character, i.e. it cancels with its hermitian conjugate

contribution Cij + (Cij)† = 0. Since this occurs similarly at higher orders, we refer

to real gluons and to the radiative part of the virtual soft gluons collectively as

eikonal gluons.

2.4 Collinear factorisation (breaking) in QCD

Broadly speaking, the singular part of the amplitude associated with soft and collinear

partons factorises from the hard process. The corresponding factorisation formulae

always exhibit a high degree of universality in the sense that the factors associated

with soft and collinear modes do not depend on the details of the particular hard

process and often are strictly independent of it. In [29], Catani, de Florian and

Rodrigo (CdFR) proved that in the most general case, factorisation formulae for

QCD amplitudes in collinear kinematical configurations cannot be written in a strict

process-independent way. As we will see, this occurs due to the non-trivial colour

structure of soft gluon corrections. Specifically, to the interplay between eikonal and

Coulomb gluon contributions.

In a series of papers [31, 36] on the ‘gaps between jets’ (GBJ) observable For-

shaw, Kyrieleis and Seymour (FKS) anticipated violations of strict factorisation and

showed that they can give rise to interesting phenomenological implications. This

observable is defined as the cross-section for the production of two high transverse

momentum jets (Q) with the condition that any additional central jet should have

smaller transverse momentum than a given scale Q0 � Q. Surprisingly, the authors

found that while corrections due to eikonal gluons behave as αns lnn (Q2/Q2
0), the
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interplay between eikonal and Coulomb gluons, responsible for the breaking of strict

factorisations, give rise to larger logarithmic corrections of the form α4
s ln5 (Q2/Q2

0)

with respect to the Born term, and more generally is expected [51] to give rise to

contributions of the form αms ln2m−3 (Q2/Q2
0) for m ≥ 4. This discovery showed

that the perturbative corrections to observables that are sensitive to the breaking of

strict factorisation require careful analysis. In this section, we review the behaviour

of QCD amplitudes in collinear limits with the purpose of showing some of the nec-

essary elements that a general framework encompassing such physics should have.

Our presentation closely follows the original Refs. [29, 30], where additional details

can be found.

2.4.1 Collinear limit

CdFR considered a general scattering process5 M with n external on-shell partons

in kinematical configurations where a subset C with m of the n partons become

simultaneously collinear (m ≥ 2). More precisely, the limit in which the parton

sub-energies of the collinear (massless) partons
√

2pi ·pj, i, j ∈ C are all of the same

order
√

2pi ·pj ∼ λ and vanish simultaneously as λ→ 0. Only the dominant singular

behaviour in this limit was considered6, which behaves as M ∼ λ−m−1. Here and

throughout this section, the momenta of the n external partons (either incoming and

outgoing) have positive energies7.

2.4.2 Tree-level

...

... M(0) '
P̃

C

...

Sp(0)

M(0)

Figure 2.4: Multiparton collinear limit of a general process M at tree-level.

At tree-level, the multiparton collinear limit of a general process satisfies the

5In this section, we use italic capital letters to denote scattering amplitudes, e.g. |N 〉 instead
of |n〉. We do this in order to emphasise that the results in this section hold for more general
scattering of on-shell processes, and not only for hard wide-angle scatterings with soft corrections
that we consider in the rest of this work.

6Strictly speaking, the collinear limit of QCD amplitudes is gauge dependent. CdFR worked
in a light-like axial gauge where the dominant behaviour of the squared amplitude is equal to the
square of the dominant behaviour of the amplitude.

7A different convention is used in [29, 30] where all the external partons are outgoing and can
have positive or negative energy.
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following factorisation formula:∣∣∣M(0)
〉
' Sp(0)(p1, . . . , pm; P̃ )

∣∣∣M(0)
〉
. (2.28)

Here and in the rest of this section, the symbol ' denotes the dominant contribution

in the collinear limit. On the right-hand side,
∣∣∣M(0)

〉
is a tree level reduced amplitude

with n−m+1 partons obtained from
∣∣∣M(0)

〉
by replacing them collinear partons with

a single parent parton whose flavour and momentum are inherited from the collinear

partons from conservation rules, in particular, its momentum can be written as

P̃ =
∑
i∈C

pi −
(∑

i∈C pi
)2

2
(∑

i∈C pi
)
·nn

µ, (2.29)

where nµ is an auxiliary light-like vector8. Finally, the tree level splitting Sp(0) is

an operator (in spin and colour space) that describes the splitting of the collinear

partons into the parent parton {p1, . . . , pm} → P̃ . The factorisation formula (2.28)

is illustrated in Fig. 2.4.

Explicit representations of the splitting operator Sp(0) can be found in [29] and

references therein. However, for the sake of clarity we illustrate a particular case.

The splitting operator for the case of a double collinear splitting (m = 2) is of the

form

Sp(p1, p2; P̃ ) ∝ (color matrix)× Split(0) , (2.30)

where Split(0) is a matrix in helicity space. For instance, if p1, p2 are respectively a

q, q̄ pair of outgoing partons, then, kinematics and flavour conservation determine

that the parent parton, P̃ , is an outgoing gluon and it is straightforward to show

that〈
σ1σ2; c1c2

∣∣∣Sp(0)(p1, p2, P̃ )
∣∣∣c̄; σ̄〉 = (t)c̄c1,c2 ×

µεgs
2p1 ·p2

ū(p1, σ1)γµεµ(P̃ , σ̄)v(p2, σ2).

(2.31)

2.4.3 All-orders collinear factorisation of QCD amplitudes

CdFR demonstrated that, in general, the structure of tree-level factorisation for the

multiparton collinear limit generalises to all orders:∣∣∣M〉 ' Sp
(
{m}, {n−m}; P̃

) ∣∣∣M〉 . (2.32)

8This way of writing the momentum of the parent parton makes manifest its identification with
a massless state.
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Again,
∣∣∣M〉 is the all orders reduced amplitude of the physical process obtained by

replacing the m collinear partons with P̃ , however, this time the all orders splitting

operator Sp is process dependent, i.e. it depends on the quantum numbers of the

external non-collinear partons {n−m}. CdFR showed that strict collinear factorisa-

tion, the property of the splitting operator of being independent of the non-collinear

partons (i.e. Sp = Sp
(
{m}; P̃

)
), is only a feature of particular cases that we shall

discuss in this section. We already illustrated this factorisation in Fig. 2.4 where a

parton in the initial state branches into many emissions and P̃ is in the initial state.

Here and throughout this thesis we organise the perturbative series of a physical

process N (equal to M or M) as∣∣∣N〉 =
∣∣∣N (0)

〉
+
∣∣∣N (1)

〉
+
∣∣∣N (2)

〉
+ . . . (2.33)

where
∣∣N (0)

〉
denotes the lowest order amplitude at which N can occur, and

∣∣N (l)
〉

denotes the same amplitude dressed with l additional loops, i.e. N l/N 0 ∝ αls.

Similarly, the perturbative expansion of the splitting operator can be expanded as

Sp ≡ Sp(0) + Sp(1) + Sp(2) + . . . (2.34)

with Sp(l)/Sp(0) ∝ αls. Order by order, the CdFR factorisation formula (2.32) is the

same expressed in terms of the unrenormalised splitting operator and amplitudes

{Sp, |M〉 ,
∣∣M〉} as of the renormalised ones {SpR, |M〉R ,

∣∣M〉R}, i.e perturbative

renormalisation commutes with the collinear limit [29]. In what follows we work with

the renormalised amplitudes and adopt the MS scheme, as in the original reference9.

The generalised collinear factorisation formula (2.32) at the level of squared am-

plitude reads

〈M
∣∣∣M〉 ' 〈M∣∣∣P∣∣∣M〉, P ' Sp†Sp. (2.35)

Clearly, whenever Sp obeys strict factorisation so does kernel P. There are cases,

already at one loop order, in which the splitting Sp(l) does not strictly factorise but

the terms that break strict factorisation cancel at the level of the squared amplitude,

see below. In view of this, it is convenient to consider the perturbative expansion of

the kernel:

P = P(0) + P(1) + P(2) + . . . (2.36)

where P(0) = Sp(0)†Sp(0) is the squared tree-level splitting and P(l) is the contribution

of order αls with respect to this.

9In this scheme the renormalisation scale in the QCD coupling αs(µR) is set equal to the di-
mensional regularisation scale µ. We will also drop the superscript R that distinguish bare from
unrenormalised quantities.
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2.4.4 One loop

Using the above series expansions, the collinear factorisation formula (2.32) at one

loop order reads ∣∣∣M(1)
〉
' Sp(1)

∣∣∣M(0)
〉

+ Sp(0)
∣∣∣M(1)

〉
. (2.37)

Below we will discuss this expression for a general scattering M. By way of il-

lustration, we schematically represent this equation in Fig. 2.5 in a case in which

the one-loop splitting kernel, Sp(1), obeys strict collinear factorisation. In specific

scatterings, the one-loop splitting has terms that do not obey strict collinear fac-

torisation. In particular, the infrared divergent terms that correlate collinear and

non-collinear for a more general scattering are schematically depicted in Fig. 2.6.

P̃

C

...

Sp(1)

M(0)
+

P̃

C

...

Sp(0)

M(1)

Figure 2.5: Schematic representation of collinear factorisation of an scattering am-
plitude at one-loop order, Eq. (2.37), for which splitting kernel is independent of the
non-collinear partons.

In the particular case of the double collinear limit m = 2, CdFR computed

the right-hand side in exactly d = 4 − 2ε dimensions, i.e. to all orders in the

ε expansion. Nevertheless, here we will be mostly interested in studying singular

infrared behaviour (1/ε poles) of this operator. To study the singular part, one can

invoke that the (renormalised) one-loop QCD corrections to any physical process N
with n external partons (in d = 4− 2ε dimensions) can be written as [28]∣∣∣N (1)

〉
= I

(1)
N (ε)

∣∣∣N (0)
〉

+
∣∣∣N (1)

〉
fin
, (2.38)

where
∣∣N (1)

〉
fin

is a renormalisation scheme dependent part that is finite as ε → 0

and, therefore, the operator I
(1)
N embodies the universal10 singular behaviour (soft

and collinear):

I
(1)
N (ε) ≡ αs

2π

1

2

[
−

n∑
i

[
1

ε2
Ci +

1

ε
γi

]
− 1

ε

n∑
i 6=j

Ti ·Tj

[
ln

(
2pi ·pj
µ2

)
− iπδ̃ij

]]
. (2.39)

By comparing with Eq. (2.26) we can easily identify the ε poles corresponding to

eikonal and Coulomb gluons. The single poles with the flavour dependent colour

10In the sense that its structure is the same for any scattering amplitude.
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coefficients, γi, are given by

γq = γq̄ = 3/2CF , γg =
11

6
CA −

2

3
TFnf , (2.40)

and correspond to hard on-shell virtual fluctuations collinear with parton i. These

hard collinear poles are included only in this section, before Section 2.5. In the rest

of this work, we work within the approximation described in Section 2.1.

The universal formula (2.38) can be applied to the complete,
∣∣M(1)

〉
, and reduced,∣∣∣M(1)

〉
, one-loop amplitudes to write the one loop splitting operator in Eq. (2.37)

as

Sp(1)
∣∣∣M(0)

〉
'
(
I

(1)
MSp(0) − Sp(0)I

(1)

M + Sp
(1)
fin

) ∣∣∣M(0)
〉
, (2.41)

where Sp
(1)
fin is the finite part of the splitting as ε→ 0 and where

I
(1)
M ' (C) + (NC) +

αs
2π

1

2

−2

ε

n∑
i∈C
j∈NC

Ti ·Tj

[
ln

(
zi2P̃ ·pj
µ2

)
− iπδij

] , (2.42a)

I
(1)

M =(NC) +
αs
2π

1

2

[
− 1

ε2
CP −

1

ε
γP −

2

ε

∑
j∈NC

TP̃ ·Tj

[
ln

(
2P̃ ·pj
µ2

)
− iπδ̃P̃ j

]]
,

(2.42b)

where the symbols (C) and (NC) stand for terms that depend only on the collinear

and only non-collinear partons respectively11. Also, in Eq. (2.42a) we used that for

i ∈ C and j ∈ NC the following identity holds pi·pj ' ziP̃ ·pj where zi ≡ pi·n/P̃ ·n is

the momentum fraction of parton i in the direction of the parent parton. The colour

charge of the parent parton, TP̃ , is fixed by colour conservation:

TP̃

∣∣∣M〉 = −
∑
i∈NC

Ti

∣∣∣M〉 . (2.43)

Then, since Sp(0) is independent of the non-collinear partons it commutes with the

TP̃ and we can write

Sp(0)TP̃

∣∣∣M(0)
〉

=

(
−
∑
i∈NC

Ti

)
Sp(0)

∣∣∣M(0)
〉

=

(∑
i∈C

Ti

)
Sp(0)

∣∣∣M(0)
〉
, (2.44)

11Their explicit form can be deduced by applying Eq. (2.39) toM andM. More details of their
deduction can be found in Section. 5.3 of Ref. [29]
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where in the second identity we have exploited that Sp(0)
∣∣∣M(0)

〉
is a colour singlet.

We now have all the necessary ingredients to study under which circumstances the

singular part of one loop splitting operator strictly factorises. After applying this

identity to Eq. (2.41), we observe that Sp(1) can be written as

Sp(1) =
(
I

(1)
M − I

(1)

M

)
Sp(0) + Sp

(1)
fin . (2.45)

By means of colour conservation, the term inside parenthesis in this expression yields

IC(ε) ≡ I
(1)
M − I

(1)

M =
αs
4π

{
1

ε2

[
CP̃ −

∑
i∈C

Ci

]
− 1

ε

∑
i 6=j
i,j∈C

Ti ·Tj ln
2pi ·pj
zizjµ2

+
1

ε

[
γP̃ − iπ

[
CP̃ +

∑
i∈C

Ci

]
+
∑
i∈C

[2Ci ln zi − γi − Ci]
]}

+ ∆̃
(1)
C ,

(2.46)

where ∆̃
(1)
C (ε) is an operator in colour space that contains only Coulomb gluons. It

is defined as:

∆̃
(1)
C =

αs
4π

(
4iπ
ε

TNC∩in ·
{
TC∩in −TP̃

}
+ 2πi

ε
T2

C∩in

)
if P̃ is incoming ,

αs
4π

(
4iπ
ε

TNC∩out ·
{
TC∩out −TP̃

}
+ 2πi

ε
T2

C∩out

)
if P̃ is outgoing .

(2.47)

The colour charges TC∩in,TC∩out,TNC∩in,TC∩out denote the total charge of the incoming-

collinear, outgoing-collinear, incoming-non-collinear and outgoing-non-collinear par-

tons respectively, e.g.

TC∩in =
∑
i∈C∩in

Ti.

Observe that the only terms dependent upon the collinear and non-collinear partons

in Eq. (2.46) are contained in ∆̃
(1)
C . Hence, strict factorisation is only satisfied when

this operator can be expressed in terms of the collinear partons only. There are only

six cases in which this can be done:

1. All the collinear partons are in the final state (as in e+e− annihilation into

partons). Proof: P̃ must be outgoing and equal to TP̃ = TC∩out and hence

∆̃C depends only on the collinear partons.

2. All the collinear partons are in the initial state. The proof is similar to the

previous case.

3. All the non-collinear partons are in the initial state. This implies that TNC∩out =

0 and TNC∩in = −TP̃ = −TC∩in −TC∩out and hence ∆̃C depends only on the

collinear partons.
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4. All the non-collinear partons are in the final state. The proof is similar to the

previous case.

5. The process M has only one parton in the initial state (as in Lepton-Hadron

DIS). Proof: Because of the first point we can assume that the incoming parton

is collinear. In this case we have TNC∩in = 0. Then, if P̃ is incoming, ∆̃C

depends only on the collinear partons and, if P̃ is outgoing, we have TNC∩out =

−TP̃ = −TC∩in − TC∩out and again ∆̃C can be re-expressed in terms of the

collinear partons only.

6. M has only one outgoing parton. The proof is similar to the previous case.

To show that there are no other cases in which the amplitude strictly factorises, we

note that the only cases not included in the above list require:

TNC∩in,TNC∩out,TC∩in,TC∩out 6= 0 . (2.48)

In such cases12, colour conservation cannot be used to express the total incoming (or

outgoing) non-collinear colour charge in terms of the colour charge of the collinear

partons only. It follows that Eq. (2.47) can no longer be solely expressed in terms

of the collinear partons. The terms that break collinear factorisation in Eq. (2.47)

when P̃ is incoming are schematically illustrated as in Fig. 2.6.

P̃

C, in C, out

NC, in

...
... NC, out

Sp(0)

M −
P̃

...
...

Sp(0)

M

Figure 2.6: Representation of the terms that break the strict collinear factorisation
in Eq. (2.47), when the parent parton, P̃ , is incoming and Eq. (2.48) is satisfied.
The red curly lines represent Coulomb gluons exchanged between collinear and non-
collinear partons.

CdFR showed that in the first two cases, which they referred to as time-like

kinematics, the amplitude strictly factorises to all orders but, for more general kine-

matics, the amplitude does not obey strict collinear factorisation beyond one loop

order. A special exception is fifth case in the aforementioned list. It is worth noting

that, in the last four cases in this list, strict factorisation is effectively restored by

colour conservation.

12i.e. for an scattering involving incoming and outgoing collinear partons, and also incoming and
outgoing non-collinear partons.
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Finally, by squaring Eq. (2.45) we get the following expression for the kernel P

P(1) = Sp(0)
[
IC + I†C

]
Sp(0) +

{
Sp(0)†Sp

(1)
fin + h.c.

}
. (2.49)

Due to their anti-hermitian nature, the Coulomb gluons in the first term cancel and

hence the only possible violations of strict factorisation at this order are due to the

finite terms inside braces. In the next chapter, we will show these finite contributions

for the case of the double collinear limit m = 2 (within the eikonal approximation).

We anticipate that they obey exactly the same factorisation formulae as the IR

contributions, see Eq. (G.3) of Appendix G.

2.4.5 Two loops

Within the framework of dimensional regularisation, the structure of the IR diver-

gences of the two-loop QCD corrections to a general scattering process N was first

reported in [52]. After renormalisation in the MS scheme these can be expressed as∣∣∣N (2)
〉

= I
(1)
N (ε)

∣∣∣N (1)
〉

+ I
(2)
N (ε)

∣∣∣N (0)
〉

+
∣∣∣N (2)

〉
fin

(2.50)

where
∣∣N (1)

〉
is the same as in Eq. (2.38),

∣∣N (2)
〉

fin
denotes (scheme dependent) finite

contributions, and I
(2)
N is a colour operator given by

I
(2)
N (ε) =− 1

2

[
I

(1)
N (ε)

]2

+
αs
2π

b0

ε

[
I

(1)
N (2ε)− I

(1)
N (ε)

]
+
αsK

2π
I

(1)
N (2ε) +

(αs
2π

)2
n∑
i=1

1

ε
Hi

(2.51)

where K =
[

67
18
− π2

6

]
− 10

9
TRNF and the flavour coefficients Hi are real constants

that can be found in CdFR. As in the one-loop case, the universal formula (2.50)

can be applied on the complete,
∣∣M(1)

〉
, and reduced,

∣∣∣M(1)
〉

, two-loop amplitude

to write down expressions for the two-loop splitting, Sp(2), and kernel, P(2). These

expressions can be found in [30]. In general, the two-loop kernel no longer satisfies

strict factorisation. The possible violations of factorisation are all of the form

P
(2)
n.f. =

1

2
Sp(0)†

[{
I

(1)

M + I
(1)†
M + I

(1)
C + I

(1)†
C

}
, ∆̃(1)

]
Sp(0)

+
(
Sp(0)†I(1)

CMSp
(1)
fin + Sp(0)†

[
I

(1)

M ,Sp
(1)
fin

]
+ h.c.

)
(2.52)

+ Sp
(1)†
fin Sp

(1)
fin + Sp

(2)†
fin Sp(0) + Sp(0)†Sp

(2)
fin ,

where Sp
(2)
fin is the finite part of the splitting at two-loop order. The violations

of strict factorisation in the first line are equal to the commutator between the
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eikonal terms inside curly braces, and the Coulomb gluons in ∆̃(1). Since, due to

colour conservation, the eikonal gluons in I
(1)

M + I
(1)†
M and in I

(1)
CM + I

(1)†
CM can be

expressed in terms of the collinear partons only, it follows that the first line obeys

strict factorisation if ∆̃(1) can be expressed in terms of the colour charges of the

collinear partons only. This implies that the first line also obeys strict factorisation

in of all the six cases described at one loop order.

In a strict sense, the operator in first line is not vanishing, however, its contribu-

tion to a pure QCD process exactly cancels. This was first shown in [36] by noting

that, for a pure QCD processesM, there is a colour basis [53] in which
∣∣M(0)

〉 〈
M(0)

∣∣
and the product of any two colour charges, Ti ·Tj, are real symmetric matrices. In

this basis, each term in the first line of Eq. (2.52) identically vanishes because it

reduces to the trace of a symmetric times an antisymmetric matrix:

Tr
[∣∣∣M〉〈M ∣∣∣[Ti ·Tj,Tl ·Tm]

]
= 0 , (2.53)

where the trace is over the colour of the external partons.

2.4.6 Beyond two loops

We shall now describe the all-orders factorisation formula in Eq. (2.32). Following

CdFR, we organise the IR divergences of every (renormalised) scattering amplitude

N as follows: ∣∣∣N〉 = ṼN (ε)
∣∣∣N〉

fin
,

Ṽ−1
N (ε) = 1− IN , IN = I

(1)
N + I

(2)
N + I

(3)
N + . . . .

(2.54)

where the IR operators I
(1)
N and I

(2)
N are the same as above, and, in general, their

divergent behaviour goes as I
(l)
N ∼ αls/ε

2l. Additionally, the amplitude |N 〉fin denotes

the finite part (as ε → 0) of the amplitude after renormalisation and hence the

operator ṼN (ε), embodies all the IR poles of the amplitude. It has been pointed out

that this operator exponentiates [54, 55, 56, 57, 58, 59, 59, 60], i.e. it can be written

as

ṼN (ε) = exp (IN ,cor) , (2.55)

where the operator IN ,cor can be expressed as a power series in the coupling

IN ,cor = I
(1)
N ,cor + I

(2)
N ,cor + . . . (2.56)

and where the infrared behaviour of this operator at each order goes as I
(l)
N ,cor ∼

αls/ε
l+1. Clearly, the first term in the expansion should satisfy I

(1)
N ,cor = I

(1)
N . The
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exponentiation given by Eqs. (2.55) and (2.56) exhibits the fact that the dominant

singular IR behaviour at high orders in the coupling is captured by the exponentiation

of the lower terms in the perturbative expansion13 [29].

By organising the infrared divergences ofM andM as in (2.54), CdFR deduced

the following all orders factorisation formula for the splitting operator in Eq. (2.28)

∣∣∣M〉 ' Sp
∣∣∣M〉 = ṼM(ε) Spfin Ṽ−1

M (ε)

∣∣∣∣∣
T
P̃

=−TNC

∣∣∣M〉, (2.57)

where the operator VM(ε) is understood to be evaluated in the respective collinear

limit14, and the finite part of the splitting Spfin can be expanded as a perturbative

series

Spfin ≡ Sp(0) + Sp
(1)
fin + Sp

(2)
fin + . . . (2.58)

with Sp
(l)
fin/Sp

(0) ∝ αls. We are not interested in evaluating Eq. (2.57) to higher

orders but there is a lesson that can be learned from it [30]. By approximating the

infrared operators {VM,VM} as the exponentiation of the universal infrared part

of the one-loop effects, i.e.

ṼM(ε)→ exp
(
I

(1)
M

)
and ṼM(ε)→ exp

(
I

(1)

M

)
, (2.59)

in Eq. (2.28) and expanding to order α2
s one can deduce the two-loop violations of

strict factorisation in Eq. (2.52). This means that, at order α2
s, the violations of strict

factorisation are only due to the exponentiation of the soft (eikonal and Coulomb)

one-loop corrections. In [30], this was noticed and used to infer the violations of

strict factorisation that should appear at three-loop order. This time, the violations

no longer vanish for pure QCD processes. Furthermore, the terms that break fac-

torisation at this order have the same structure15 as the terms responsible for the

appearance of super-leading contributions in GBJ, and this confirms that the physics

of super-leading logarithms is related to the violations of strict collinear factorisation

[30].

It is important to remark that the violations of strict factorisation, at amplitude

and squared amplitude level, do not contradict well established theorems [26, 22, 25]

on the collinear factorisation for inclusive observables involving hadron–lepton or

hadron–hadron initiated processes. As we discussed in Section 1.4.1, for such cases

the contributions that break strict collinear factorisation cancel once a sufficiently

13The study of the perturbative expansion of (2.56), and more generally the infrared behaviour
of multi-parton scattering amplitudes and its organisation in terms of webs [61] is a very active
area of research, see [37, 62, 63, 64] and references therein.

14More precisely, the collinear momenta should be evaluated at pi ' ziP̃ in all the terms that
are not singular in this limit.

15Double commutators of two Coulomb and one eikonal gluon.

54



Chapter 2. Soft gluons and the colour evolution picture

inclusive sum over the final states is carried out [22].

As we discussed in Section 1.5, for non-inclusive observables the factorisation of

collinear divergences is expected [30] to be possible up to the scale Q0 below which the

real radiation is summed up inclusively16. In addition, above Q0 the miscancellation

of real and virtual (including Coulomb) contributions is expected [30] to give rise

to perturbatively-calculable effects with contributions that cannot be written in a

strict process independent manner. This could be a general prescription to calculate

the perturbative corrections to non-inclusive observables. It was first studied in the

calculation of the GBJ in Refs. [31, 36]. However, it is important to point out that it

is not yet clear which observables are non-inclusive in this sense and what a general

definition of Q0 might be. There is still work to be done in elucidating these issues.

We close this section by reiterating the main conclusion we will use in the forth-

coming sections: the exponentiation of the eikonal and Coulomb one-loop virtual

corrections seeds the violations of strict collinear factorisation and any framework

that aims to describe this physics should incorporate them.

2.5 On the structure of soft corrections to all or-

ders

The series of papers on the super-leading logarithms by FKS are based on an algo-

rithm for the inclusion of eikonal and Coulomb gluons to all orders in the perturbative

expansion [31, 36]. Starting from the next chapter, we will provide formal evidence

of its correctness in particular cases. In this section we shall motivate its structure

at amplitude level and illustrate some of its properties.

In Section 2.1 we presented the eikonal rules for the soft gluon corrections to a

hard wide-angle scattering. A heuristic construction of the dominant contributions

at each order is known as the soft gluon insertion technique [65, 49, 66, 67], for a first

introduction see [68]. We emphasise that, although this construction includes the

colour interference between different partons, it ignores the contributions of Coulomb

gluons.

To be concrete, let us consider the hard wide-angle scattering
∣∣∣n(0)(p1, . . . , pn)

〉
of

n on-shell partons. The contribution of the matrix element with {l1, . . . , lm} gluons,

either real or virtual, can be constructed following simples rules [67]:

• Firstly, it is assumed that the leading contribution of a matrix element with

m gluons comes from kinematical regions in which their energies are strongly

ordered, i.e.

l0m � l0m−1 � · · · � l01 � Q , (2.60)

16To some degree, all observables have an inclusivity scale.
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Q is the characteristic scale of the hard scattering. This applies to both real

and virtual gluons because the latter are assumed to be nearly on-shell.

• Secondly, the leading graphs in this region are obtained by inserting first the

hardest of the soft gluons l1 on each of the external partons of the hard scat-

tering subprocess, then l2 on each of the external legs of the relatively harder

partons (including l1), and so on.

• Finally, the eikonal rules are used to approximate the radiation of any soft

gluon off relatively harder partons.

These rules can be systematically implemented through soft-gluon current operators

Jµm(qm) defined as the operation of inserting an eikonal gluon qm on each of the

external legs of a matrix element with n hard partons and with m − 1 additional

gluons, i.e.

Jµn+m(qm) ≡ gsµ
ε

n∑
i=1

Tl
pi ·εm
pi ·qm

+ gsµ
ε

m−1∑
i=n+1

Ti
qi ·εm
qi ·qm

. (2.61)

Then, according to the soft gluon insertion technique, the complete lowest order

amplitude with m real emissions q0
m � · · · � q0

1 � Q is∣∣∣n(0)
+m

〉
= Jn+m(qm) . . .Jn+1(q1)

∣∣∣n(0)
〉
. (2.62)

Virtual corrections are often introduced indirectly [67, 49, 65] by invoking the can-

cellation of soft singularities in the total cross section (Bloch-Nordsieck theorem [69])

that we discuss below. Instead of this approach, we directly include the virtual ra-

diation using the soft insertion technique. To do this, we first note that the sum of

any number of virtual insertions with energies in the interval
(
q0
l , q

0
l−1

)
exponentiate,

i.e.

1 +
1

2

∫ q0l−1

q0l

d[k1]J2
n+l(k1) +

(
1

2

∫ q0l

q0l−1

d[k1]J2
n+l(k1)

)(
1

2

∫ k01

q0l

d[k2]J2
n+l(k2)

)
+ . . .

= exp

(
1

2

∫ q0l−1

q0l

d[k1]J2
n+l(k1)

)
. (2.63)

where d[k] is defined below Eq. (2.14) and we have used the shorthand J2
n+l ≡

Jµn+m · Jn+1µ. To deduce the right-hand side one needs to order the energy limits

using Eq. (B.8) and then use that[∫
d[k]J2(k),

∫
d[k′]J2(k′)

]
= 0. (2.64)
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This identity (Eq. (2.63)) allows us to introduce the virtual corrections between each

of the emissions in the tree level amplitude (2.62). After this, the all orders m

emission amplitude
∣∣∣n+m

〉
reads

∣∣∣n+m

〉
≡ V

(0,q0m)
n+m Jn+m(qm)V

(q0m,q
0
m−1)

n+m−1 . . .Jµn+1(q1)V(q01 ,Q)
n

∣∣∣n(0)
〉
, (2.65)

where the virtual gluon corrections are encoded in the Sudakov operator:

V
(β,α)
n+r ≡ exp

[
1

2

∫
d[k]Jn+r+1(k)·Jn+r+1(k) Θ(α < k0 < β)

]
. (2.66)

Equation (2.65) is expressed as a product of energy ordered real emissions with

Sudakov operators expressing the non-emission factors at intermediate scales. These

matrix elements satisfy the following properties:

1. Gauge invariance. The amplitude
∣∣∣n+m

〉
identically vanishes under the substi-

tution ε(qi)→ qi.

2. Bloch-Nordsieck cancellation of soft gluons. The contributions of the real and

virtual gluons cancel when they are integrated inclusively in d dimensions, i.e

〈n|n〉+

∫
d[q1] 〈n+1|n+1〉+

∫
q02<q

0
1

d[q1]d[q2] 〈n+2|n+2〉+ . . .

=
〈
n(0)
∣∣n(0)

〉
.

(2.67)

Furthermore, in the calculation of an observable φ that is fully inclusive below

a given scale17 Q0, we can set this scale as the lower integration limit of all the

real and virtual contributions, i.e.

〈n|n〉+

∫
Q0

d[q1] 〈n+1|n+1〉φ1 +

∫
Q0<q02<q

0
1

d[q1]d[q2] 〈n+2|n+2〉φ2 + . . . (2.68)

here φi (i = {1, , 2 . . . })

3. Coherence. Let {l, k} be two real or virtual gluons that become collinear. In

this limit, each soft-gluon current corresponding to radiation of a softer gluon

q, either real or virtual, that has wide angles with {l, k} becomes

Jµn+m(q) = gµ2ε

Tk
pµk
pk ·q

+ Tl
pµl
pl ·q

+
∑
i 6={k,l}

Ti
pµi
pi ·q


' gµ2ε

(Tk + Tl)
(pk + pl)

µ

(pk + pl)·q
+
∑
i 6={k,l}

Ti
pµi
pi ·q

 .

(2.69)

17For instance, this would be the veto scale in the calculation of ‘gaps between jets’.

57



Chapter 2. Soft gluons and the colour evolution picture

where we have used that, for the kinematics considered, pµk/pk · q ' pµl /pl · q =

pµ/p · q where p is any light-like vector with positive energy oriented in the

collinear direction. Hence, given two collinear {k, l} partons, the relatively soft

wide-angle radiation only probes the total charge and momentum of the pair

{l, k}. This property is commonly referred to as the coherence of wide-angle

radiation.

It is worth mentioning that, within the context of a Sudakov resummation at

double logarithmic accuracy there are now studies [39, 40] that shows that different

ordering variables can be used (transverse momentum, angle, virtuality, among other

variables), and that the coherence property of QCD radiation [35] is understood to be

responsible for this freedom. A review of different ordering variables for the radiative

part of the soft corrections is beyond the scope of this work, instead, we are mainly

interested in including the contribution of Coulomb gluons.

2.5.1 Enter the game: Coulomb gluons

For the purpose of studying factorisation breaking effects, the soft gluon insertion

technique described above is insufficient because it does not include Coulomb gluons.

In order to motivate how to include them into the soft insertion technique we turn

our attention to the two following properties of scattering amplitudes:

• The eikonal virtual corrections to general hard wide-angle scattering exponen-

tiate [70, 71, 72, 73, 74, 75, 76, 77]. More precisely, given a hard wide-angle

process, the loop corrections can be written as the exponential of a power series

in strong coupling:∣∣∣n〉 = exp (In)
∣∣∣n(0)

〉
, In = I(1)

n + I(2)
n + . . . (2.70)

where I
(l)
n denote terms of order αls. In particular, I

(1)
n is exactly equal to

Eq. (2.15).

• The S-matrix is expected to be an analytic function of its Lorentz invariants18

(regarded as complex variables), with only those singularities required by uni-

tarity [78].

With an eye on the structure of the one loop corrections, these two properties suggest

that Coulomb gluons may be introduced into the soft gluon insertion matrix elements,

18Strictly speaking, the transverse momentum and not the energy is a Lorentz invariant, see
below.
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Eq. (2.65), simply by modifying the virtual operators as follows:∣∣∣n+m

〉
≡ V

(0,q0m)
n+m Jn+m(qm)V

(q0m,q
0
m−1)

n+m−1 . . .Jµn+1(q1)V(q01 ,Q)
n

∣∣∣n(0)
〉
,

V
(β,α)
n+r ≡ exp

[
1

2

∫
d[k]Jr+1(k)·Jr+1(k) Θ(α < k0 < β) +

n+r∑
i<j

δ̃ijC
ij(β, α)

]
,

C
(β,α)
ij = −iπ αs

2π
cεTi ·Tj

∫ β2

α2

dk2
T

kd−2
T

.

(2.71)

As we show in Appendix B, this modified picture is again gauge invariant, satisfies

the Bloch-Nordsieck theorem and even the perfect cancellation below the inclusivity

scale. This time, however, the violations of strict factorisation (due to the expo-

nentiation of the one loop corrections) are included and, in addition, there is a

drastic change [36]: the coherence property of soft wide-angle radiation, illustrated

by Eq. (2.69), is not respected by the Coulomb gluons. More precisely, given two par-

tons {l, k} that are incoming and outgoing respectively, the Coulomb gluons in the

virtual operator, Vn+r, (2.71) have the following dependence on the colour charges

of these two gluons

∼
∑
i 6={k,l}

δ̃kiTk ·Ti +
∑
i 6={k,l}

δ̃liTl ·Ti + δ̃lkTl ·Ti ,

= Tk ·
∑
i∈Out
i 6=k

Ti + Tl ·
∑
i∈In
i 6=l

Ti .
(2.72)

where δ̃ij is defined below Eq. (2.25). The right-hand side of this expression clearly

shows that, in general, Coulomb gluons depend separately on Tk and Tl, and one

can check that this persists even when {l, k} are collinear.

One can give a simple physical interpretation to the colour evolution picture

described by Eqs. (2.71), which is often used within the context of parton showers

[35]. The main feature of this picture is that the radiated gluons, either real or

virtual, are ordered with respect to the size of their momentum components, with

radiation with greater components acting closer to the hard process. A näıve use of

quantum uncertainty suggests that we can associate a time scale to the radiation as

the inverse of the magnitude of its momentum components. In accordance with this,

the colour evolution picture is time-ordered.
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2.6 Super-leading logarithms and the ordering prob-

lem

In the original Refs. [31, 36], where FKS introduced the colour evolution picture, the

variable that orders the radiation is the transverse momentum and not the energy.

The motivations behind this choice were previous studies of the soft anomalous

dimension matrix [79] and the observation that in general Coulomb gluon corrections,

see Eq. (2.17), can be expressed as transverse momentum integrals. In this section,

we study how this algorithm gives rise to super-leading logarithms.

For the sake of clarity, we shall present the kT colour evolution algorithm in the

notation of [31, 36]. The algorithm for a general observable, is built from the set of

cross sections corresponding to exclusive m gluon emission, {dσm}:

dσ0 =
〈
n(0)
∣∣∣V†0,QV0,Q

∣∣∣n(0)
〉

dΠ0

dσ1 =
〈
n(0)
∣∣∣V†q1T ,QD†1µV

†
0,q1T

V0,q1TDµ
1Vq1T ,Q

∣∣∣n(0)
〉

dΠ0dΠ1

dσ2 =
〈
n(0)
∣∣∣V†q1T ,QD†1µV

†
q2T ,q1T

D†2νV
†
0,q2T

V0,q2TD
ν
2Vq2T ,q1TDµ

1Vq1T ,Q

∣∣∣n(0)
〉

dΠ0dΠ1dΠ2

etc. (2.73)

We now explain this condensed notation. The fixed-order matrix element is repre-

sented by a vector in colour and spin
∣∣M (0)

〉
, and dΠ0 is the corresponding phase-

space. The crucial difference with the energy ordered picture in Eq. (2.71) is that the

successive radiation, and in particular the Sudakov operators Vq2T ,q1T , are ordered

with respect to the transverse momentum of the real gluon emissions:

Va,b = exp

[
−2αs

π

∫ b

a

dkT
kT

∑
i<j

(−Ti ·Tj)
1

2

{∫
dy dφ

2π
ωij − iπ δ̃ij

}]
, (2.74)

where

ωij =
1

2
k2
T

pi · pj
(pi · k)(pj · k)

(2.75)

and kT , y and φ are the transverse momentum, rapidity and azimuth of the virtual

gluon with momentum k that is exchanged between partons i and j. The operator

Dµ
i , corresponds to the real emission of a gluon with transverse momentum qTi and

the associated phase-space element (including a factor αs for convenience) is dΠi:

Dµ
i =

∑
j

Tj
1

2
qT i

pµj
pj · qi

,

dΠi = −2αs
π

dqT i
qT i

dyidφi
2π

. (2.76)

60



Chapter 2. Soft gluons and the colour evolution picture

Observe that J(qi)d[qi] ∝ Di dΠi. A general cross section can then be written

σ =
∞∑
m=0

∫
dσm φm , (2.77)

where {φm} are functions of the phase-space that define the observable.

We recall that the GBJ observable is the cross-section for the production of

two high transverse momentum jets with the condition that any additional central

jet should have smaller transverse momentum than a given scale Q0. This is a

particular case of the so-called non-global observables that are characterised for only

being sensitive to the (real) radiation in a limited region of phase space. In [80, 81],

these observables were shown to contain a series of single (non-global) logarithmic

corrections, ∝ (αs lnn(Q2/Q2
0), associated with the miscancellation of the virtual

radiation that dresses real emissions. Specifically, this miscancellation occurs because

while such virtual radiation is unrestricted the real emissions, that otherwise would

cancel it, are constrained to lie in a restricted region of the phase-space.

This is a good moment to point out that FKS envisioned the algorithm in (2.73)

as a framework to compute soft corrections that accounts for the non-trivial colour

structure of Coulomb gluons. In particular, a complete calculation of non-global

observables requires the inclusion of such contributions. In the so-called large N

approximation19, that was previously used to study the non-global logarithms, the

colour evolution in (2.73) becomes diagonal and Coulomb gluons become phases

that trivially cancel. This is the reason why super-leading contributions were not

previously observed.

In the GBJ case, the non-global logarithms originate due to fact that emissions

outside of the gap (away from the central region) are forbidden from radiating back

into central region with kT > Q0, but the virtual corrections that dress such emissions

do not have to obey this constraint. Thus motivated, FKS formulated Eq. (2.73) to

calculate the cross-section for events consisting of one real or virtual gluon radiated

‘outside of the gap’ dressed with any number of Coulomb and eikonal virtual gluons

with kT > Q0. Surprisingly, they found that while miscancellations between eikonal

gluons give rise to single logarithmic corrections (including non-global logarithms),

the miscancellation between eikonal and Coulomb gluons gives rise to super-leading

logarithms of the form ∝ αms ln(Q/Q0)m+1 m ≥ 4. It is worth to remark that these

are the uncancelled logarithmic contributions, discussed at the end of Section 2.4.6,

that arise above the inclusivity scale Q0.

Within the context of a Sudakov resummation different ordering variables can

be used [39, 35]. However, the choice of ordering variable turns out to be critical

when applying Eq. (2.73) to calculate the out of the gap cross-section. This was first

19where powers of 1/N are neglected
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p1 k2

k1k3k4

Figure 2.7: A particular graph that gives rise to super-leading logarithms in GBJ.
The out of the gap real emission k2 is nearly collinear with the incoming hard parton
p1.

exemplified in [38], where the authors explicitly considered terms in which the out

of the gap emission (nearly collinear with a jet) k2 is accompanied with a central20

(either real or virtual) eikonal gluon k4 and two Coulomb gluons k1T and k3T . Let us

consider first the case in which the ordering takes place with respect the transverse

momentum as in as Eq. (2.73). Following [38], we consider the contribution in which

k1T � k2T � k3T � k4T . Figure 2.7 illustrates a graph that contributes in this

ordered region. The relevant kinematical part of the cross-section in this region

yields a super-leading logarithm:

α4
s

Q∫
Q0

dk1T

k1T

 k1T∫
Q0

dk2T

k2T

1∫
k2T /Q

dθ2

θ2

 k2T∫
Q0

dk3T

k3T

k3T∫
Q0

dk4T

k4T

= α4
s

1

5!
ln5 Q

Q0

(2.78)

where k2T/Q is the smallest kinematically allowed angle for the out of the gap gluon.

In stark contrast, if radiation is ordered with respect to the energy, the ordering

condition reads k1T � E2 = k2T/θ2 � k3T � k4T and the equivalent contribution to

expression (2.78) renders

α4
s

Q∫
Q0

dk1T

k1T

 k1T∫
Q0

dE2

E2

1∫
0

dθ2

θ2

 E2∫
Q0

dk3T

k3T

k3T∫
Q0

dk4T

k4T

=∞. (2.79)

In addition, if the ordering takes place with respect to virtuality, the ordering con-

dition reads k1T � t2 = k2T θ2 � k3T � k4T and the equivalent contribution to

Eq. (2.78) is doubled, i.e.

α4
s

∫ Q

Q0

dk1T

k1T


k1T∫
Q0

dt2
t2

1∫
√
t2/Q

dθ2

θ2


t2∫

Q0

dk3T

k3T

k3T∫
Q0

dk4T

k4T

= 2× α4
s

1

5!
ln5 Q

Q0

. (2.80)

Let us recall that, as we illustrated in Eq. (2.72), the introduction of Coulomb

20Central radiation can be characterised by having kiT ∼ Ei
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gluons necessarily implies the loss of the coherence property of wide-angle radiation.

In view of the loss of this property, the variations exemplified in [38] were not com-

pletly unexpected [31]. In order to solve this problem there is no option but to check

directly the colour evolution by explicitly calculating the matrix elements, as we do

in the subsequent chapters.

2.6.1 Standing on firm ground: Bloch-Nordsieck cancella-

tion of soft singularities

Before we venture into the enterprise of including Coulomb gluons, we remark that

the possibility of obtaining IR finite results when these are included is guaranteed by

the QCD Bloch-Nordsieck theorem [22, 23, 82, 83, 84]. This states that the inclusive

(full) sum over the real and virtual (both eikonal or Coulomb) soft gluon corrections

to a general hard wide-angle process cancels at leading twist21. The inclusivity

condition includes the sum (average) over the colour states of the outgoing (incoming)

hard partons. This theorem was originally demonstrated for photons in QED [69]

and its extension to non-abelian gauge theories is not straightforward because of the

charged nature of gluons.

2.7 Summary

In general, partonic amplitudes do not obey strict (process independent) factorisa-

tion in collinear limits involving incoming and outgoing partons if, in addition, the

scattering contains also non-collinear incoming and outgoing partons. Thus, this

physics is relevant for hadron-hadron initiated processes. The violations of strict

factorisation are first triggered by the exponentiation of the one-loop virtual correc-

tions. For inclusive observables these violations exactly cancel. For non-inclusive

observables, the factorisation of collinear divergences is expected to be possible up

to the scale, Q0, below which real radiation is summed up inclusively and above

this scale there should be perturbatively-calculable effects that in general cannot be

written in a process independent way.

The colour evolution picture is an algorithm that incorporates this physics by

including the leading soft gluon corrections of a general hard process. In principle,

this can be used to calculate the perturbative corrections to non-inclusive observables

above the inclusivity scale Q0. This algorithm implies the loss of the coherence

property for wide-angle radiation. In addition, previous studies have shown that

the colour evolution picture suffers from an ordering problem as it renders different

results for different ordering variables.

21i.e. up to corrections suppressed by the characteristic scale of the hard process Q.
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With the aim of determining which is the correct ordering variable, we will per-

form full diagrammatic calculations of the soft correction to a hard process within

the eikonal approximation. Specifically, we will study the corrections at one-loop to

a general scattering accompanied by the emission of up to two gluons. We will find

an elegant cancellation of graphs that imposes a precise ordering on the momentum

of the virtual exchanges.
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One-loop, one-emission soft

corrections

Motivated by the ordering problem, in this chapter we will study the soft corrections

to a general hard scattering due to one virtual gluon and one emission,
∣∣n(1)

+1

〉
. Our

aim is to test, in this first non-trivial case, which is the correct ordering variable

in the colour evolution picture given by Eq. (2.71). By combining the different

contributions, we will find that the amplitude can be written in terms of eikonal

emissions (∝ Tipi ·ε/pi ·q ) and virtual exchanges (∝ Ti · Tj) with the following

structure: (
Ti ·Tj

∫ qT (ij)

0

)(
Ti

pi ·ε
pi · q

)
+

(
Ti

pi ·ε
pi · q

)(
Ti ·Tj

∫ Q

qT (ij)

)
. (3.1)

Crucially, the integration limits of the virtual exchanges appear ordered with respect

to qT (ij), the transverse momentum components of the gluon emission with respect

to hard partons {i, j} involved in the exchange. The non-Abelian nature of QCD

plays a central role in engineering this ordering condition.

The one-loop, one emission amplitude amplitude
∣∣∣n(1)

+1

〉
has been previously stud-

ied in [54]. We will revisit it here to introduce novel methods of calculation that shed

light on its physics and generalise to higher orders. We start by considering first the

imaginary, or Coulomb, part in sections 3.1 and 3.2. Then we include the real, or

eikonal, part of the virtual corrections in Section 3.3. Finally, in Section 3.4 we will

relate the amplitude to the colour evolution picture and to shed light on its structure

we shall study its behaviour in collinear and wide-angle limits. We present technical

details in appendices D–F and discuss the relation with the breaking of collinear

factorisation in Appendix G.
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Chapter 3. One-loop, one-emission soft corrections

3.1 Coulomb gluons of Drell-Yan process with one

emission

The first non-trivial case in which the colour evolution can be tested is in the case of

a Drell-Yan hard process
∣∣2(1)

+1

〉
. More precisely, a process with two incoming partons

that annihilate into any number of colourless particles with one loop and one real

emission. In this section we will focus on the imaginary part. Our presentation is

based on [85].

i

j

(a)

i

j

(b)

i

j

(c)

i

j

(d)

Figure 3.1: Four cut graphs contributing to the amplitude for the emission of a gluon,
with four-momentum q and colour c, off hard parton i. There are three further graphs
obtained by swapping (i↔ j) in the first three graphs.

The imaginary and real parts of the one-loop integrals can be separated by study-

ing the contour of the loop integrals. In particular, the imaginary part can be ob-

tained from the “cut graphs” illustrated in Fig. 3.1. The dashed line in each graph

indicates that the crossed lines should be set on-shell. To illustrate this, let us con-

sider graph (d) of Fig. 3.1. Before applying the cut, the eikonal rules for this graph

yield

∫
ddk

(2π)d

[
Tb
jpjβ

−pj ·k − i0
2

] [
(gµε)3if bcaV βµαε1µ

[k2 + i0][(k + q)2 + i0]

] [
Ta
i piα

pi ·(k + q)− i0
2

] ∣∣∣2(0)
〉
, (3.2)

where V βµα = V βµα(−k,−q, k+q) is the exact triple gluon vertex and
∣∣∣2(0)

〉
denotes

the lowest order amplitude for the hard subprocess. In Fig. 3.1, the dashed line cuts

the two hard partons indicating that their corresponding propagators should be set

on-shell, i.e.

1

−pj ·k − i0
2

1

pi ·(k + q)− i0
2

→ [−2πiδ(−pj ·k)][−2πiδ(pi ·(k + q))]

2
. (3.3)

Henceforth, we refer to cuts that pass through two hard parton lines as “eikonal

cuts”. We present the derivation of these cutting rules in Appendix D. There, we

consider the more general case of one-loop graphs with any number of real emissions

and derive cutting rules to calculate their imaginary part. In addition, we also present
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Chapter 3. One-loop, one-emission soft corrections

a method to calculate the real part. Although the cutting rules are crucial to our

work, their derivation is rather technical and, as we will see, we can understand its

physics without having to look at those technical details.

By integrating out the delta functions associated to cuts, each graph in Fig. 3.1

can be reduced to an integral over the transverse momentum components, kT , relative

to the incoming partons, i.e. pi ·kT = pj ·kT = 0. After this, the contribution to the

amplitude from graphs (a)–(c) in Fig. 3.1 yields1

− iπ

8π2

pi ·ε1

pi ·q1

[Tc1
i (Ti ·Tj)− (Ti ·Tj)T

c1
i + (Ti ·Tj)T

c1
i ]

∫ Q2

0

dk2
T

k2
T

∣∣∣2(0)
〉
. (3.4)

Although the contributions from graphs (b) and (c) cancel, it is more instructive to

keep them apart. The integral of the Coulomb gluon momentum, kT , is over the full

range from 0 up to the characteristic scale of the hard process, Q ∼ 2pi ·pj. Graph

(d) is responsible for triggering the kT ordering. This is the only cut graph involving

the triple-gluon vertex and it gives rise to the contribution:

− iπ

8π2

pi ·ε
pi ·q

[(Ti ·Tj)T
c
i −Tc

i(Ti ·Tj)]

∫ Q2

0

dk2
T

k2
T

q2
T

k2
T + q2

T

∣∣∣2(0)
〉
. (3.5)

Crucially, the loop integral of graph (d) acts as a switch. It is zero (i.e. sub-leading)

if kT > qT and when it is active it has the effect of exactly cancelling the contribution

from graphs (a) and (b). The result is that for kT > qT only graph (a) survives whilst

for kT < qT only graph (c) survives, i.e. the final result is

− iπ

8π2

pi ·ε
pi ·q

[
Tc1
i (Ti ·Tj)

∫ Q2

q2T

dk2
T

k2
T

+ (Ti ·Tj)T
c1
i

∫ q2T

0

dk2
T

k2
T

] ∣∣∣2(0)
〉
. (3.6)

These contributions, with the Coulomb gluon kT restricted by the qT of the real

emission are in exact accordance with the colour evolution picture ordered in kT ;

after adding the contribution obtained after swapping i↔ j we get[
J2+1(q) Cij(qT , Q) + Cij(0, qT ) J2+1(q)

]∣∣∣2(0)
〉
, (3.7)

where J2+1(q) is the tree level current due to the incoming hard partons:

J2+1(q) ≡ Ti
pi ·ε
pi ·q

+ Tj
pj ·ε
pj ·q

, (3.8)

1In dimensional regularisation, we write dk2T (k2T )−1 → dk2T (k2T )−1−εg(ε)µ2ε with g(ε) = 1+O(ε).
In this section and the next, we drop the explicit regularisation and the coupling constant to simplify
our expressions.
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(A) (B)

Figure 3.2: The two cuts corresponding to the two different physical mechanisms for
single gluon emission. The hatched circular blob denotes the hard process with the
emission emitted off one of the external partons.

and the Coulomb exchange operator is defined as:

Cij(a, b) ≡ − iπ

8π2
Ti ·Tj

∫ b2

a2

dk2
T

k2
T

. (3.9)

Of particular note is the way that the unwanted cut of graph (b) always cancels, either

against graph (c) or graph (d). Such a contribution would be problematic for any

local evolution picture, since it corresponds to a Coulomb exchange retrospectively

putting on-shell a pair of hard partons earlier in the kT evolution chain.

3.1.1 Physical picture

There is another way to think about this physics. The Coulomb exchange corre-

sponds to on-shell scattering of the incoming partons, before the hard subprocess,

and the real emission can occur either as part of this initial-state scattering or as

part of the hard scattering. These two possibilities are illustrated in Fig. 3.2.

Graphs (a), (b) and (d) of Fig. 3.1 are all included into the set of graphs (A) of

Fig. 3.2 and, in the domain where (d) is active, it cancels the other graphs. This

means that the kT of the Coulomb gluon must be greater than that of the real

emission, i.e. it is as if the real emission is occurring off a hard partonic subpro-

cess mediated by the Coulomb gluon. The total expression for graphs of type (A)

illustrated in Fig. 3.2 is

− iπ

8π2
Tb
jif

bacTa
i

[
pj ·ε
pj ·q

− pi ·ε
pi ·q

] ∫ Q2

q2T

dk2
T

k2
T

∣∣∣2(0)
〉
. (3.10)

By using the colour algebra, this expression can also be written as

− iπ

8π2

[
Tj ·Ti J2+1(q)− J2+1(q) Tj ·Ti

] ∫ Q2

q2T

dk2
T

k2
T

∣∣∣2(0)
〉
. (3.11)

This shows that, up to the integral factor, Eq. (3.10) can be obtained directly by

considering the coherent insertion of q off the lowest order Coulomb exchange between
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{i, j}. Graph (c) and the graph obtained after swapping (i↔ j) are the only graphs

of type (B). In this case, the gluon emission occurs much later than the Coulomb

exchange, which therefore knows nothing of the emission and so its kT can take any

value, i.e.

Cij
(0,Q) J2+1(q)

∣∣∣2(0)
〉
. (3.12)

Observe that the total expression for (A) is manifestly gauge invariant, i.e. it identi-

cally vanishes under the substitution ε→ q. The contributions of type (B) also form

a gauge invariant set of graphs. In this case, the invariance is inherited from the

colour conservation of the hard subprocess, i.e. [Ti + Tj]
∣∣∣2(0)

〉
= 0. The fact that

these two sets of graphs are separately invariant is not an accident. Indeed, exactly

as we did with the Coulomb gluons in previous chapter, see Eq. (2.21), the cuts of

type (A) and (B) can be written as the product of on-shell scattering amplitudes. To

illustrate this point, we observe that the sum of graphs of type (B) can be written

as

1

2i

∫
dLIPS2 A†(2→2)A

c
(2→3)(pi + k, pj + k′; pi + k, pj + k′, q1), (3.13)

where the amplitude A†(2→2) and the integration measure dLIPS are the same as in

Eqs. (2.19) and (2.21) and A(2→3) is the one emission scattering amplitude that,

within the eikonal approximation, can be approximated as

Ac
(2→3)(pi + k, pj + k′, pi + k, pj + k′, q) ≈

[
gµεTc

ipi ·ε1

pi ·(q1 + k)
+
gµεTc

jpj ·ε1

pj ·(q1 + k′)

] ∣∣∣2(0)
〉
.

We close this section by remarking that Fig. 3.1 does not have contributions arising

from cuts that pass through a hard parton and a soft gluon. Such cuts would not

correspond to physical mechanisms and their cancellation occurs more generally, as

we demonstrate in Appendix D.

3.2 General hard process

We will now generalise the previous section from the Drell-Yan case to a completely

general hard process. More precisely, the scattering of any number of (incoming and

outgoing) hard partons and one soft gluon emission at one-loop order. Exactly as we

saw in the Drell-Yan case, the imaginary part of the amplitude can be organised into

gauge invariant sets of graphs, each of which corresponds to a physical mechanism for

gluon production. This time, there are five different possibilities; these are illustrated

in Fig. 3.3. Each oval in this figure represents exactly the same graphs that it did

in Fig. 3.2. However, in Fig. 3.3, we have further abbreviated the graphs by only

showing the lines that are cut and the emitted gluon. Furthermore, we recall that
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Chapter 3. One-loop, one-emission soft corrections

the gluon radiated from the black hatched blob should be understood to be emitted

from any parton in the hard subprocess, e.g. the graphs in the fourth line of this

figure abbreviate the graphs depicted in Fig. 3.5.

Im


1

n

{q, c}

..
.

..
.

 =

∑
i<j

{i,j}∈in

i

j

(Ain
ij)

+
∑
i<j

{i,j}∈in

i

j
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ij)

+
∑
l<m

{l,m}∈out

l

m

(Aout
lm )

+
∑
l<m

{l,m}∈out

l

m

(Bout
lm )

+
∑
l∈out

l

 l

l

+
l

+
l


(Dout

l )

Figure 3.3: Imaginary part of the one loop corrections to a general hard process
organised in terms of the different physical mechanisms for gluon emission. Observe
that the mechanisms label by (Ain

ij) and (Bin
ij) are the generalisation of graphs (A)

and (B) in Fig. 3.2

3.2.1 Initial state eikonal cuts

As this will simplify the notation, it is convenient to define a notation for the trans-

verse momentum of any l to a pair of non-collinear light-like vectors {pi, pj}. These

components are defined through the following Sudakov decomposition:

lµ =
pj ·l
pi ·pj

pµi +
pi ·l
pi ·pj

pµj + lµT (ij), (3.14)

with lT (ij) ·pl = lT (ij) ·pm = 0. From this definition it follows that the transverse

momentum components of the massless vector q2 = 0 satisfies

q2
T (ij) ≡

2 pi ·q pj ·q
pi ·pj

. (3.15)
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For each pair of outgoing partons {i, j}, we now consider the physical mechanisms

(Ain
ij) and (Bin

ij ) illustrated in Fig. 3.3. Here the Coulomb exchange corresponds

to an on-shell scattering between two eikonal lines in the initial state and the real

emission can occur either as part of this initial-state scattering or as part of the hard

scattering.

The graphs of type (Ain
ij) are exactly the same as those on the left of Fig. 3.2 and,

then, they add up to

− iπ

8π2
Td
i if

dceTe
j

[
pi ·ε
pi ·q
− pj ·ε
pj ·q

] ∫ Q2

0

[
dk2

T (ij)

k2
T (ij)

−
dk2

T (ij)

k2
T (ij)

q2
T (ij)

k2
T (ij) + q2

T (ij)

] ∣∣∣n(0)
〉
, (3.16)

where {kT (ij), qT (ij)} are the transverse components to {pi, pj}. The rightmost in-

tegral in Eq. (3.16) is the contribution of the triple gluon vertex and, as in the

previous case, it acts as a switch that cancels the contributions of the unbounded

integral when kT (ij) < qT (ij).

Similarly, for each pair of incoming partons {i, j}, the graphs in (Bin
ij), contain

the same cuts in set (B) of Fig. 3.2 but, in addition, (Bin
ij) has also graphs in which

the gluon is emitted off partons different than the ones involved in the virtual ex-

change. In these graphs the emission and virtual exchange are independent events as

their colour factors commute and the integral of the virtual exchange is completely

unrestricted. It follows that we can write the sum over all contribution in (Bin
ij) as

Cij(0, Q) Jn+1(q)
∣∣∣n(0)

〉
. (3.17)

All the physical interpretations that we discussed in Section 3.1 also apply to (Ain
ij)

and (Bin
ij). Finally, their sum can also be expressed as a chain of Coulomb and

emission operators ordered with respect to qT (ij), the transverse momentum with

respect to the partons involved in the exchange, i.e. by using the colour algebra,

the sum of the cuts in (Ain
ij) and (Bin

ij) yields[
Jn+1(q)Cij

(
qT (ij), Q

)
+ Cij(0, qT ij) Jn+1(q)

]∣∣∣n(0)
〉
. (3.18)

3.2.2 Final state eikonal cuts

For each pair of outgoing partons {l,m}, we now consider the physical mechanisms

(Aout
lm ) and (Bout

lm ) illustrated in Fig. 3.3. These two mechanisms correspond to an

on-shell scattering of two eikonal lines in the final state and the real emission can

occur either as part of the hard scattering or of the final-state scattering.

The physics of these two possibilities is equivalent to that of (Ain
ij) and (Bin

ij ). In

fact, this observation holds on a graph by graph basis because the operator (acting

on the hard subprocess) associated with an eikonal cut in the initial state is exactly
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...
...

=

...
...

Figure 3.4: On a graph by graph basis, the infrared operator associated with the
eikonal cut on the initial state is the same as if the cut partons were in the final
state.

the same when the cut lines are in the final state2. This identity holds not only

in the present case but when there are any number of emissions, as we illustrate in

Fig. 3.4. According to these identities the expressions for (Aout
lm ), (Bout

lm ) and their

sum gives:

−iαs
2π

Td
l if

dceTe
m

[
pl ·ε
pl ·q
− pm ·ε
pm ·q

] ∫ Q2

q2
T (lm)

dk2
T lm

k2
T lm

∣∣∣n(0)
〉
,

Clm(0, Q, ) Jn+1(q)
∣∣∣n(0)

〉
,[

Jn+1(q) Clm
(
qT (lm), Q

)
+ Clm

(
0, qT (lm)

)
Jn+1(q)

]∣∣∣n(0)
〉
.

(3.19)

Clearly, analogous physical interpretations to the ones discussed in Section 3.1.1

apply to the first two equations.

3.2.3 Re-scattering cuts

Whenever there are final state hard partons, there are more imaginary contributions

to consider. For each outgoing parton l in the hard subprocess, there is a physical

mechanism Dout
l , that is illustrated by the bottom line of Fig. 3.3. This corresponds

to the re-scattering between the on-shell gluon emission and l. The total amplitude

can be written as

1

2i

∫
dLIPS2 iBµl

[∑
σ

ε∗µ′εν′

]
iJνn+1(q′)

∣∣∣2(0)
〉
,

dLIPS2 =
ddp′l

(2π)d
ddq′

(2π)d
(2π)dδd(pl + q − p′l − q′)2πδ+(p′l)2πδ

+(q′)

(3.20)

where Bµl is the amplitude for the gluon to scatter with parton l and, within the

eikonal approximation, δ+(p′l) ≈ δ(2pi(q − q′)). We will show the individual contri-

butions from the re-scattering cuts (Dout
l ) in a subsequent section, see Fig. 3.5, in

the meantime, we are interested in its total expression. For each outgoing parton l

2No change of signs in any momenta is required.

72



Chapter 3. One-loop, one-emission soft corrections

in the hard subprocess, the cut graphs in Dout
l sum up to

− iπ

8π2
Td
l if

dce

n∑
j 6={l}

Te
j

[
pl ·ε
pl ·q
− pj ·ε
pj ·q

] ∫ Q2

0

[
dk2

T (lj)

k2
T (lj)

q2
T (lj)

k2
T (lj) + q2

T (lj)

] ∣∣∣n(0)
〉
. (3.21)

Observe that this time there are only switch-like contributions, one for each parton

j 6= {i} in the hard subprocess which is active in the domain kT (lj) < qT (lj).

In the domain where the switches are active, Eq. (3.21) can be written as

n∑
j 6={l}

{
− iπ

8π2
Tl ·(Tq)ce

∫ q2
T (lj)

0

dk2
T (lj)

k2
T (lj)

}
Te
j

[
pj ·ε
pj ·q

− pl ·ε
pl ·q

] ∣∣∣n(0)
〉

=
〈
c
∣∣∣ n∑
j 6={l}

{
Clq
(
0, qT (jl)

)}
Tj

[
pj ·ε
pj ·q

− pl ·ε
pl ·q

] ∣∣∣n(0)
〉
,

(3.22)

where in the first line we noticed that (Tb
q)ce ≡ if cbe is the colour charge of the

emitted gluon3. Finally, to write the second line, we noted that the term inside braces

is exactly equal to a Coulomb gluon exchange between partons l and q bounded by

q2
T (lj). The term inside square brackets would be equal to the tree level emission

current Jn+1(q) if the sum symbol could be commuted to the right of the Coulomb

operator so that one could write −∑j 6={i}T
d
j
pi·ε
pi·q = Tl

pl·ε
pl·q . However, this is not

possible because the Coulomb gluon has a “memory” of the origin of the partons

from where q was emitted. To be precise, the kT of each Coulomb exchange is

limited by the transverse momentum of the emitted gluon with respect to l and j

(i.e. kT ≤ qT (lj) = 2pl ·q pj ·q/pi ·pl), which are the partons that radiate q. It is this

memory and the requirement of gauge invariant that forces the emission to have the

dipole structure appearing in Eq. (3.22).

Although for general kinematics the re-scattering cuts cannot be written in terms

of a Coulomb operator and tree-level emissions, this is again a feature of the leading

behaviour of the amplitude in wide-angle and collinear configurations. Let us first

show this in the kinematical configuration when q becomes collinear with pm. This

kinematical regime is precisely defined as:

qµ =
r·q
r·pm

pµm +
q2
T (mr)

2r·q r
µ + qµT (mr),

q2
T (mr) =

2pm ·qr·q
pm ·r

,

qT (mr) → 0,

(3.23)

where the light-like vector r specifies the direction in which the collinear limit is

3To be precise, (Tb
q)cdT

d
j are the colour factors for the emission of a gluon with colour b off a

gluon, with colour c, previously radiated off parton j.

73



Chapter 3. One-loop, one-emission soft corrections

approached through the conditions pl·qT (lr) = r·qT (lr) = 0. The leading behaviour of

Eq. (3.22) in this limit is

Cql(0, qT (mr))
Tmpm ·ε
pm ·q

∣∣∣n(0)
〉
. (3.24)

We shall now consider the kinematical region in which the gluon is emitted at a wide

angle. This corresponds to the regime in which q̂ ·p̂m ≈ 0 for every parton m in the

hard subprocess. When this approximation holds, Eq. (3.22) simplifies to

≈ Clq
(
0, q0

)
Jn+1

∣∣∣n(0)
〉
. (3.25)

where q0 is the energy of the gluon emission. Therefore, we conclude that although

the exact expression for the re-scattering cuts cannot be written as an ordered chain

of emissions and Coulomb gluons, its leading behaviour in wide-angle and collinear

limits has again this property. We will come back to discuss collinear and wide angle

limits once we have added the eikonal part of the loop corrections.

3.2.4 Re-scattering cuts graph-by-graph

We shall now show the individual contributions to (Dout
l ), see Fig. 3.3. For each

outgoing hard parton l, the different topologies contributing to (Dout
l ) are depicted

in Fig. 3.5. The contributions of graphs (a),(b) and (c) in this figure are respectively

l

j

(a)

l

j

(b)

l

j

(c)

l

j

(d)

l

j

(e)

l

j

(f)

l

(g)

l

(h)

l

(i)

Figure 3.5: On-shell scatterings between an emitted gluon and an outgoing hard
parton l.
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identical to the contributions of graphs (d),(e) and (f), and they yield respectively

− iπ

8π2
Td
l if

dceTe
j

[[
pl ·ε
pl ·q
− pj ·ε
pj ·q

]
S
(
q2
T (lj)

)
+

1

2

pl ·ε
pl ·q
Ilj
] ∣∣∣n(0)

〉
,

iπ

8π2
Tc
l Tl ·Tj

pl ·ε
pl ·q
Ilj
∣∣∣n(0)

〉
, (3.26)

− iπ

8π2
Tl ·Tj Tc

l

pl ·ε
pl ·q
Ilj
∣∣∣n(0)

〉
,

where the scalar integrals Ilj and S
(
q2
T (lj)

)
are defined by:

Ilj =

∫ pl·q

0

dk2
T (lj)

k2
T (lj)

,

Slj
(
q2
T (lj)

)
=

∫
dk2

T (lj)

k2
T (lj)

q2
T (lj)

k2
T (lj) + q2

T (lj)

.

(3.27)

Observe that the contributions proportional to Sjl
(
q2
T (lj)

)
are the switches in Eq. (3.21).

The contributions of (h) and (i) identically vanish in the Feynman gauge, and the

contributions from (g) yields

iπ

8π2
Td
l if

dceTe
l

1

2

pl ·ε
pl ·r
Ilr
∣∣∣n(0)

〉
, (3.28)

where the vector r is any light-like momentum not collinear to l. By means of colour

conservation all terms containing the scalar integrals {Ilj, Ilr} add up to zero and,

after this, one is left with Eq. (3.21).

3.3 Eikonal and Coulomb gluons in dimensional

regularisation

In this section we will complete our calculation of the one loop corrections by adding

the real, or eikonal, parts of the loop integrals. This time we will carry out the

integration in dimensional regularisation and we will write our expressions in this

section in the form as they were originally presented in [41]. The agreement of our

results with this reference constitutes a non-trivial cross-check of the cutting rules

derived in Appendix D.

In the Feynman gauge, the different topologies that contribute to this amplitude

are illustrated in Fig. 3.6. In Appendix E, we show that the sum over these graphs

can be reduced to the following expression∣∣∣n(1)
+1

〉
≡ Jn+1(q)

(
I(1)
n + K̃uv

) ∣∣∣n(0)
〉

+ J
(1)
n+1(q)

∣∣∣n(0)
〉
, (3.29)
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q, c

i

j

(a)

i

j

(b)

k

j

i

(c)

i

j

(d)

i

(e)

i

(f)

i

(g)

Figure 3.6: One loop corrections to a general hard process. The small blue blobs
denotes self energy corrections.

where I
(1)
n denotes the operator that accounts for the one-loop corrections to the hard

process, i.e. Eq. (2.15). We will show the expressions for the operator J
(1)
n+1(q) and

for factor K̃uv below.

The contribution from the operator J
(1)
n+1(q), known as the one-loop soft-gluon

current [41], is given by

J
(1)
n+1(q) = (gsµ

ε)3

n∑
i<j

Tq ·Ti Tj

[
pj ·εpi ·q − pi ·εpj ·q

]
D1
ij(q),

D1
ij(q) ≡

∫
l

−i
[k2 + i0] [(k + q)2 + i0]

[
pi ·(k + q) + δi

i0
2

] [
−pj ·k + δj

i0
2

] . (3.30)

Observe that D1
ij(q) is the four point scalar integral corresponding to graph (d) of

Fig. 3.6.

The term with the K̃uv factor accounts for the self energy corrections, i.e. graphs

(f) and (g), and the part of graph (e) proportional to a two point function4. By

using colour conservation, the sum of these contributions can be written as

K̃uv ≡
∫

ddk

(2π)d

[ −iCA
[k2 + i0][(k + q)2 + i0]

]
+ π(q2) +

n∑
i

Σi(p
2
i ) . (3.31)

The rules to calculate the imaginary contributions derived in Appendix D can be

applied to both individual graphs or, as in the present case, to their associated scalar

integrals if tensorial reductions are performed first. In particular, the imaginary part

of D1
ij(q) can be obtained by applying the cuts discussed in sections 3.1 and 3.2. The

calculation of the resulting scalar integrals in dimensional regularisation are carried

4Precisely speaking, all the graphs with this same topology.
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out in Section F.1 of Appendix F, they yield

Im{D1
ij(q)} = −i sin(πε)(δ̃ij − δ̃iq − δ̃qj)

cΓ

(
q2
T (ij)

)−ε
8π2pi ·q p·q ε2

where δ̃ab = 1 if {a, b} are both incoming or outgoing and δ̃ab = 0 otherwise and cΓ

is a typical volume factor:

cΓ ≡
(4π)εΓ2[1 + ε]Γ3[1− ε]

Γ[1− 2ε]
= cε +O(ε2) .

A by-product of our derivations in Appendix D is a method to calculate the real

part of one-loop integrals in the eikonal approximation. According to this method,

see Eq. (D.7b), the real (eikonal) part of D1
ij(q) is equal to the sum of the single cuts

over gluon lines illustrated in Fig. 3.7 with the principal value prescription (defined

in Eq. (D.13)) applied on the propagators that are not cut. The details on the

integration of these single cuts is presented in Appendix F. These two single cut

contributions add up to

Re{D1
ij(q)} =

(gsµ
ε)3cΓ cos(επ)

(
q2
T (ij)

)−ε
8π2pi ·q p·q ε2

,

= (gsµ
ε)3 cos2(πε)

∫
d[k]

1

[pj ·(k + q)] [pi ·k] [k ·q] .
(3.32)

The first equality in Eq. (3.32) shows us that the logarithmic enhancements depend

only on qT (ij) whereas the second equality exhibits the fact that up to subleading

terms, i.e. cos2(πε) = 1 + O(ε2), this is equal to a phase space integral. Using this

latter form, the total real part of the one-loop emission current can be expressed as

Re
{

J
(1)
n+1

}
= (g3

sµ
3ε) cos2(πε)

n∑
i<j

∫
d[k]

{
Ti ·Tq pi ·q
(pi ·k)(k ·q)

[
Tj pj ·ε
pj ·(k + q)

]
+ (i↔ j)

}
.

Written in this form, the virtual scattering can be interpreted as a real emission

process: from right to left, j emits an off-shell gluon with momentum q + k and,

subsequently, the emitted gluon exchanges an on-shell gluon k with parton i. By

combining the real and imaginary contributions we obtain the conventional form of

the one loop soft current [41]:

J
(1)c
n+1(q) =

αsgsµ
ε

2π

cΓ

ε2

n∑
i<j

Tq ·Ti Tj

[
pj ·ε
pj ·q

− pi ·ε
pi ·q

](
q2
T (ij)

µ2

e−δ̃iqiπe−δ̃jqiπ

e−δ̃ijiπ

)−ε
. (3.33)

Finally, the scalar integrals in K̃uv are purely real and only have divergences
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Figure 3.7: The real part of the four point scalar function is equal to the sum of
single cuts over the soft gluons lines.

of collinear and ultraviolet origin. To properly include these virtual corrections we

would have to perform a renormalisation of the theory; we will ignore that here as

we are only interested in the soft enhancements5.

3.4 On the colour evolution picture

Now that we have completed the calculation of the one-loop, one-emission amplitude

in dimensional regularisation, we close this chapter by relating the complete ampli-

tude to the colour evolution picture discussed in the previous chapter, in sections

2.5.1 and 2.6.

Let us start by writing the complete amplitude in a convenient form for compari-

son with the colour evolution picture. To do this, we insert the integrated expression

for the one loop insertion operator

I(1)
n =

n∑
i<j

αs
2π
cεTi ·Tj

[
1 + iπεδ̃ij

] 1

ε2

[
2pi ·pj
µ2

]−ε
(3.35)

5Nevertheless, the collinear pole in K̃uv can be anticipated in view of the following considerations.
Firstly, we invoke that the uv poles of the bare QCD matrix elements that are proportional to the
mth power of the coupling are given by [28]

UV part

{
〈n(1)+1

∣∣∣n(1)+1

〉
(1-loop)

}
= m

αs
2π

[
β0
εuv

]〈
n
(0)
+1

∣∣∣n(0)+1

〉
where β0 = (11CA − 4TFnf )/6. In the Feynman gauge, the term proportional to CF arises from
the fermion loop in the vacuum polarisation. Secondly, we invoke that after tensorial reductions,
the one-loop uv divergences arises from two point functions and, within the context of dimensional
regularisation of massless gauge theories [86, 4], the uv pole in this integral is accompanied by a
collinear divergence, which is equal and opposite. Thus, we can anticipate that the collinear pole
in K̃uv should be equal to

Collinear pole
{
K̃uv

}
= −1

2

αs
2π

[
β0
ε

]
. (3.34)

This is of course a preliminary analysis that needs to be formalised. From now on we will drop the
contributions proportional to K̃uv as they do not contain soft enhancements.
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into the amplitude Eq. (3.29) and use the colour algebra to write it as:

∣∣∣n(1)
+1

〉
=
αs
2π

cε
ε2

[
Jn+1

n∑
i<j

{
Ti ·Tj

[
1 + δ̃ijiπε

] [(2pi ·pj
µ2

)−ε
−
(
q2
T (ij)

µ2

)−ε]}

+
n∑
i<j

{
Ti ·Tj

[
1 + δ̃ijiπε

](q2
T (ij)

µ2

)−ε}
Jn+1

+
n∑
i=1
j 6={i}

{
Ti ·Tq

[
1 + δ̃iqiπε

](q2
T (ij)

µ2

)−ε}
Tj

[
pj ·ε
pj ·q

− pi ·ε
pi ·q

]]∣∣∣n(0)
〉

+O(ε0 × Re).

(3.36)

Here, O(ε0×Re) denotes real constant terms of order ε0 plus higher order contribu-

tions and in the rest of this section we neglect these terms for the sake of studying

the leading infrared behaviour of this amplitude. Note that in the third line the

argument of the logarithmic enhancements is not q2
Tqi/µ

2 = 0. The relation between

this way of writing the amplitude and the colour evolution picture becomes clearer

when we consider its limiting behaviour in wide-angle and collinear configurations.

Before studying these limits we shall describe its exact structure. Firstly, observe

that each term in the above sums appears accompanied by a factor [1 + iπδ̃lmε], this

means that the real and the imaginary parts have exactly the same kinematic and

colour pre-factors. The only difference between them is that imaginary parts only

occur between incoming or between outgoing partons. Secondly, observe that the

argument of all of the logarithms are either the transverse momentum (with respect

to a pair of hard partons) or the hard scale of the process. This is remarkable as

there are other possibilities allowed by Lorentz invariance and dimensional analysis6.

Let us focus our attention on the imaginary part of Eq. (3.36) as this will help

us to relate this amplitude with our studies in Secs. 3.1 and 3.2. Using the following

definition of the Coulomb operator in dimensional regularisation:

Cij(α, β) ≡ −iπTi ·Tj
αscεµ

2ε

2π

∫ β2

α2

dk2
T ij

(k2
T ij)

1+ε
, (3.37)

6In fact, other enhancements appear in intermediate steps, see Eqs. (F.21) and (F.22) in Ap-
pendix F, but they all cancel as we show in Appendix E.
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the imaginary part of (3.36) can be expressed as

Im
{∣∣∣n(1)

〉}
=

n∑
i<j

δ̃ij
[
Jn+1(q) Cij

(
qT (ij), 2pi ·pj

)
+ Cij

(
0, qT (ij)

)
Jn+1(q)

] ∣∣∣n(0)
〉

+
n∑
i=1

δ̃iq

n∑
j 6={i}

Ciq
(
0, qT (ji)

)
Tj

[
pj ·ε
pj ·q

− pi ·ε
pi ·q

] ∣∣∣n(0)
〉
.

(3.38)

The first line in Eq. (3.38) accounts for the eikonal cuts in the initial and final state

(see Eqs. (3.18) and (3.19)) while the second line contains the re-scattering cuts (see

Eq. (3.22)). We shall now study these type of cuts (two lines) separately.

The first line of Eq. (3.38) shows us that the sum of eikonal cuts through a

pair of hard partons {i, j} can be always expressed in terms of Coulomb exchanges

between them. Crucially, they appear ordered specifically with respect to qT (ij), the

transverse momentum of the emissions with respect to {pi, pj}. Finally, we recall

that the invariant mass of every pair of hard partons should be thought of as the

scale of the hard subprocess, i.e. 2pi ·pj ∼ Q2.

As we discussed in Section 3.2.3, the operator associated with the gluon emission

in the re-scattering cuts cannot be written as a single emission current Jn+1(q). The

reason is the dipole structure of the re-scattering cuts that we shall now describe in

detail. In this case, and also in the forthcoming chapters, gluons that will subse-

quently exchange a virtual (in this case Coulomb) gluon always appear emitted via

this same dipole structure. Anticipating this, we introduce the operator:

dn+1(ji)(q) ≡ gsµ
ε Tj

[
pj · ε
pj · q

− pi · ε
pi · q

]
, (3.39)

associated with the emission of gluon q from the dipole formed by i (the other parton

involved in the exchange) and each of the hard partons j 6= {i}. In terms of this

definition, the re-scattering cuts in the second line of Eq. (3.38) adopt a compact

form:

n∑
i=1

δ̃iq

n∑
j 6={i}

Ciq
(
0, qT (ji)

)
dn+1(ji)(q)

∣∣∣n(0)
〉
. (3.40)

Observe that the transverse momentum, kT , of the Coulomb gluons is always bounded

by the dipole momentum: kT < qT (ji). Since this is the first Coulomb exchange that

the emitted gluons experience, we can think of this upper limit as an effective hard

scale that each dipole emission imposes on the transverse momentum of the subse-

quent Coulomb exchange.

Note that the sum over the different dipoles is exactly equal to the soft gluon
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current

n∑
j 6={i}

dn+1(ji)(q)
∣∣∣n(0)

〉
= Jn+1(q) . (3.41)

However, the sum over dipoles in Eq. (3.40) cannot be commuted past the Coulomb

gluons as these depend upon a dipole momentum, qT (ji). It is this dependence and

the requirement of gauge invariance that forces the soft emission to be emitted from

a dipole instead of a soft-gluon current. The expressions that we found in this section

might look very different from colour evolution picture that we described in Chapter

2. To clarify this identification we shall now consider the behaviour in the wide angle

and collinear limits.

3.4.1 Wide-angle and collinear limits

Let us first show this structure in the kinematical configuration where q becomes

collinear with a hard parton l, i.e. the same limit as in Eqs. (3.23) with m = l. The

leading behaviour of Eq. (3.38) in this limit yields

Im
{∣∣∣n(1)

〉}
= S̃p

(0)

 n∑
i 6={l}

δ̃liC
il
(
qT (lr), 2pi ·pl

) ∣∣∣n(0)
〉

+

 n∑
i 6={l}

δ̃ilC
il
(
0, qT (lr)

)
+

n∑
i=1

δ̃iqC
iq
(
0, qT (lr)

) S̃p
(0)

+
n∑
i<j

i,j 6={l,q}

[
Cij (0, α) S̃p

(0)
+ S̃p

(0)
Cij (α, 2pi ·pj)

] ∣∣∣n(0)
〉

(3.42)

where S̃p
(0)

denotes the operator associated splitting of the two collinear partons

{q, l}, with our choice of polarisation in Appendix C this yields

S̃p
(0)

(q, l) ≡ gsµ
εTl

pl ·ε
pl ·q

= −gsµεTl
2

qT (lr)

, (3.43)

and α is any variable with dimension of mass; we shall discuss its origin below.

Observe that Eq. (3.42) has now perfectly factorised into the product of Coulomb

gluons and simple tree level emissions as in the colour evolution picture. The

Coulomb gluon operators in the first two lines involve at least one of the two collinear

partons {q, l}. They are all ordered with respect to qT (lr) which is the transverse

momentum that defines the collinear limit. The third line accounts for Coulomb

exchanges between partons other than {q, l}; they can be ordered with respect to

any variable α because the colour charges of the exchange and emission involving
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different partons commute:

[Tl,Ti ·Tj] = 0 for i, j 6= {l} . (3.44)

Hence, in this collinear limit the transverse momentum that defines the collinear

limit qT (lr) can be used to order the subsequent radiation.

Let us now consider the leading behaviour of Eq. (3.38) when q is emitted at a

wide angle: p̂i ·q̂ ≈ 0 for all of the hard partons. In this limit

Im
{∣∣∣n(1)

〉}
≈ Jn+1(q)

n∑
i<j

δ̃ijC
ij(q0, 2pi ·pj)

∣∣∣n(0)
〉

+
n+1∑
i<j

δ̃ijC
ij (0, q0) Jn+1(q)

∣∣∣n(0)
〉
,

where it should be understood that the (n+ 1)th parton in the sum corresponds to

the gluon emission.

As we already mentioned, the eikonal and Coulomb parts of the virtual contribu-

tions have the same structure. Thus, it is straightforward to generalise wide-angle

and collinear limits in the presence of eikonal gluons. In particular, the collinear

limit of the complete amplitude, Eq. (3.36), yields

∣∣∣n(1)
+1

〉
=

α

2π

cε
ε2

{
S̃p

(0)
n∑

j,j 6={l}
Tj ·Tl

[
1 + δ̃ljiπε

] [(2pi ·pj
µ2

)−ε
−
(
q2
T (lr)

µ2

)−ε]

+

 n∑
j 6={l}

Tl ·Tj

[
1 + δ̃ljiπε

]
+

n∑
j=1

Tj ·Tq

[
1 + iδ̃qjπε

](q2
T (lr)

µ2

)−ε
S̃p

(0)

+ S̃p
(0)

n∑
i<j

i,j 6={l,q}

[[
1 + δ̃ijiπε

]
Ti ·Tj

[(
2pi ·pj
µ2

)−ε
−
(
α2

µ2

)−ε]]
(3.45)

+
n∑
i<j

i,j 6={l,q}

[[
1 + δ̃ijiπε

]
Ti ·Tj

(
α2

µ2

)−ε]
S̃p

(0)

}∣∣∣n(0)
〉
,

Again, the exchanges in the first two lines involve at least one of the two collinear

partons; they always appear ordered with respect to qT (lr). The third and fourth lines

contain all the exchanges between partons other than {q, l} and can be ordered with

respect to any variable α. Finally, in the wide-angle region, the leading behaviour of

the complete amplitude, Eq. (3.36), is

∣∣∣n(1)
+1

〉
=
αs
2π

cε
ε2

[
Jn+1

n∑
i<j

{[
1 + δ̃ijiπε

]
Ti ·Tj

[(
2pi ·pj
µ2

)−ε
−
(
q2

0

µ2

)−ε]}

+
n+1∑
i<j

{[
1 + δ̃ijiπε

]
Ti ·Tj

(
q2

0

µ2

)−ε}
Jn+1

] ∣∣∣n(0)
〉
.

(3.46)
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This expression is precisely what is obtained, at this order, in the colour evolu-

tion ordered in energy as presented in Section 2.5.1. However, this is only a good

approximation in the wide-angle regime.

3.5 Summary

The form in which the amplitude
∣∣∣n(1)

+1

〉
is written in Eq. (3.36) is of course one of

many possibilities. There are two reasons why we presented the amplitude in this

way. Firstly, it exhibits the structure of the colour evolution picture that we described

in the previous chapter; it shows us which is the correct ordering variable that orders

the virtual operator with respect to the real emissions. Secondly, in chapters 5 and

6 we will show that the ordering condition that we found at this order generalises for

the case of two emissions and we think it is likely that it generalises for any number

of gluon emissions.

The ordering condition in Eq. (3.36) can be summarised in a very simple form.

The virtual exchange between two hard partons {i, j} should be alternated with a

real emission, Jn+1(q), and should be ordered with respect to qT (ij). In addition, the

emitted gluon that subsequently exchanges a virtual gluon is radiated from a dipole

dn+1(ji) and each dipole sets an effective hard scale qT (ji) that limits the virtual

momentum of the exchange.

The form in which we presented the amplitude, Eq. (3.36), shows that the eikonal

and Coulomb parts of the loop integral have the same colour and kinematic pre-

factors, the only difference is that Coulomb gluons are only exchanged between

incoming and between outgoing partons while eikonal gluons are also exchanged be-

tween incoming and outgoing partons. To be precise about this statement, we point

out that the complete amplitude, Eq. (3.36), can be obtained from its imaginary

part, Eq. (3.42), simply by replacing the Coulomb operators as:

δ̃ijC
ij(α, β) = iπδ̃ijTi ·Tj

αscε
ε

[(
β2

µ2

)−ε
−
(
α2

µ2

)−ε]

→ [1 + iπδ̃ijε]Ti ·Tj
αscε
ε2

[(
β2

µ2

)−ε
−
(
α2

µ2

)−ε]
.

(3.47)

The expression for the integrated amplitude Eq. (3.36) has the virtue of showing

the simplicity of the ordering conditions. However, in order to compare with parton

shower formalism it is also interesting to write the eikonal part of amplitude in terms
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of phase-space integrals, i.e.

Re
{∣∣∣n(1)

〉}
= g2µ2ε

[
Jn+1

n∑
i<j

Ti ·Tj

∫
d[k]

pi ·pj
[
θij(k)− θij(q > k)

]
pi ·kpj ·k

+
n∑
i<j

{∫
d[k]

Ti ·Tjpi ·pjθij(q > k)

pi ·kpj ·k

}
Jn+1

+
n∑
i=1
j 6={i}

{
Ti ·Tn+1Tj

∫
d[k]

gµε pi ·q pj ·ε
[pi ·k] [k ·q] [pj ·(k + q)]

}

−
n∑
i=1
j 6={i}

{
Ti ·Tn+1Tj

∫
d[k]

gµε pj ·q pi ·ε
[pj ·k] [k ·q] [pi ·(k + q)]

}]∣∣∣n(0)
〉
,

(3.48)

where we have used the definitions θij(q > k) ≡ θ(pi · (q − k))θ(pj · (q − k)) and

θij(k) ≡ θ(pi ·(pj − k))θ(pj ·(pi − k)). In particular, θij(q > k) allows us to write

cεαs
2πε2

(
qT (ij)

µ2

)−ε
=

∫
d[k]

(gµε)2pi ·pj θij(q > k)

pi ·kpj ·k
.

It would be interesting to investigate further the connection between the above ex-

pression and the dipole parton showers where the qT (ij) are used to order emissions

[87, 88, 89, 90, 91, 92, 93].

Finally, to further show the relation between Eq. (3.48) and the colour evolution

picture as it was introduced in the previous chapter, we point out that in the wide-

angle regime this expression should reduce to Eq. (3.46), which can be written as[
Jn+1(q)

(
1

2
h(ε)

∫
d[k]J2

n+1(k) Θ(Q > k0 > q0)

)
+

(
1

2
h(ε)

∫
d[k]J2

n+2(k) Θ(q0 > k0)

)
Jn+1(q)

] ∣∣∣n(0)
〉
,

(3.49)

where h(ε) = (4π2)εΓ2[1−ε]
Γ[1−2ε]

= 1+O(ε). Up to subleading contributions, this expression

corresponds to the energy-ordered colour evolution picture, Eq. (2.71). In chapter 6,

when we generalise the results in this chapter for the case of two emissions, we will

see that again energy ordering is a good approximation in the wide-angle regime but

we must emphasise that the expression that reproduces correctly the collinear limits

is Eq. (3.36).
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Chapter 4

Structure of infrared cancellations

at order α2s

The one-loop, one-emission corrections that we studied in Chapter 3 first contribute

to cross-sections at order α2
s (relative to the order of the hard-scattering), when they

are multiplied by the tree level one-emission amplitude. The complete list of matrix

elements that contribute to an observable at this order is:∫
d[q1]d[q2]

2!

〈
n

(0)
+2

∣∣∣n(0)
+2

〉
φ2 +

∫
d[q]

[〈
n

(0)
+1

∣∣∣n(1)
+1

〉
+ h.c.

]
φ1 +

〈
n(1)
∣∣∣n(1)

〉
+
〈
n(0)
∣∣∣n(2)

〉
+
〈
n(2)
∣∣∣n(0)

〉
,

(4.1)

where φ1, φ2 are functions of the phase space that define the observable. According to

the Bloch-Nordsieck theorem, the inclusive integration over the soft gluon emissions,

i.e. φa = 1 for a = {1, . . . }, should cancel; this chapter is dedicated to the study of

these cancellations.

Our approach to the integration of these matrix elements uses a series of ap-

proximations, however it suffices to reveal some of the structure of the infrared

cancellations for a completely general wide-angle hard process. The primary aim

of this chapter is to provide some guidelines for the implementation of the colour

evolution picture at this order. In addition, these calculations will show us the order

at which the corrections to the colour evolution picture enter. For instance, we will

study the corrections due to the emission of a soft gluon that branches into a fermion

pair. Furthermore, this is the first order (α2 with respect to the Born term) at which

Coulomb gluon contributions can contribute to particular observables and we will

pay close attention to such contributions.

The approximation consists of performing the phase space integrals neglecting the

recoil effects against the gluon emissions. Precisely speaking, soft gluon emissions are

integrated over their mass-shell without enforcing global momentum conservation.

We regularise infrared divergences performing the integrals in d = 4− 2ε dimensions
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l
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l
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Figure 4.1: Different topologies that contribute to the double emission amplitude of
a general hard process. Hard partons legs not involved in the soft gluon emission are
not shown. .

and cut off the high-energy momentum modes that are divergent due to the absence

of global momentum conservation. In order to focus on physics only, the reader is

referred to Section F.5 of Appendix F where we present the details of the integration.

We will study the different contributions of the double emission matrix elements

to the total cross-section in Section 4.1. Subsequently, in Section 4.2, we will study

the inclusive integration of the one-loop, one-emission matrix elements and will pay

attention to role of the Coulomb gluons at this order. Finally, in Section 4.3.1,

we shall study the Bloch-Nordsieck theorem to deduce the form of the two-loop

corrections necessary to cancel the above matrix elements. We will compare the

resulting expression with Catani’s formula for the singular infrared behaviour of the

two-loop corrections for a general scattering process, Eqs. (2.50) and (2.51).

4.1 Double real contributions

The lowest order amplitude of a general process with two soft emissions
∣∣∣n(0)

+2

〉
can

be expressed [54] in terms of an operator Kn+2(q1, q2) that acts on the hard process

to insert two real emissions:∣∣∣n(0)
+2

〉
= g2

sµ
2εKn+2(q1, q2)

∣∣∣n(0)
〉
. (4.2)

The different topologies that contribute to this operator are depicted in Fig. 4.1. In

the Feynman gauge their explicit contributions add up to

Ka1a2
n+2 (q1, q2) ≡

n∑
l=1

[
Ta1
l pl ·ε1

pl ·q1

Ta2
l pl ·ε2

pl ·(q1 + q2)
+ (1↔ 2)

]
+

n∑
l 6=m

Ta1
l pl ·ε1

pl ·q1

Ta2
mpm ·ε2

pm ·q2

+ (4.3)

n∑
l=1

Tc
l pl µ

pl ·(q1 + q2)

if ca1a2Ṽ µν1ν2(q1 + q2,−q1,−q2)εν1(q1)εν2(q2)

2q1 ·q2

,
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where

Ṽ µν1ν2(q1 + q2,−q1,−q2) ≡ 2qν21 g
µν1 + (q2 − q1)µgν1ν2 − 2qν22 g

µν1 (4.4)

is the triple gluon vertex contribution but with unphysical terms, ε1 ·q1 = 0 and

ε2 · q1 = 0, removed. The double emission tensor Kn+2(q1, q2) has the same expres-

sion in the Axial gauge [54]. Indeed, this amplitude is gauge invariant as its action

on the hard subprocess vanishes when one of the polarisation vectors is substituted

by its respective momentum. We will study the factorisation properties of the dou-

ble emission tensor Kn+2(q1, q2) in the next chapter, here we are interested in its

contributions to the total cross section. For this propose it is convenient to organise

its contributions into three groups:〈
n(0)
∣∣∣K†n+2 ·Kn+2

∣∣∣n(0)
〉

=
〈
n(0)
∣∣∣ [K2

s.o.2 + K2
s.o.3.4 + K2

sub

] ∣∣∣n(0)
〉
, (4.5)

The contributions in K2
s.o.2. and K2

s.o.3,4 contain only terms that are leading in the

strongly ordered regime, i.e. terms such that when the momentum of one of the

gluons, say q1, is re-scaled as q1 → λq1, the dominant term in the small λ expansion

behaves as λ−2. , whereas K2
sub contains the terms that are subleading in the same

regime. Each term in K2
s.o.2. and K2

sub depends at most on the colour and kinematics

of two hard partons whilst each term in K2
s.o.3,4 depends on three or four different

hard partons.

4.1.1 Leading two-parton corrections K2
s.o.2

As terms in K2
s.o.2 depend on two hard partons, we can write

K2
s.o.2 =

n∑
i<j

K̃2
s.o.(i, j) (4.6)

where

K̃2
s.o.(i, j) ≡ 4

[
Ti ·Tj

pi ·pj
pi ·q1 pj ·q1

] [
Ti ·Tj

pi ·pj
pi ·q2 pj ·q2

]
+ [Ta

i Ti ·Tj Ta
j − (Ti ·Tj)

2]

[
2(pi ·pj)2

pi ·q1 pj ·q1 pi ·(q1 + q2) pj ·(q1 + q2)
+ (1↔ 2)

]
+ Ta

iT
b
i if

abdTd
j

{[
3pi ·pj

pi ·q1 q2 ·q1 pj ·(q1 + q2)
+ (1↔ 2)

]
+ (i↔ j)

}
(4.7)

+ Ta
iT

b
jif

abdTd
j

{[
pi ·pj pi ·q2

pj ·q2 q2 ·q1 pi ·(q1 + q2) pi ·q1

+ (1↔ 2)

]
+ (i↔ j)

}
−Ta

iT
b
jif

abdTd
j

{[
(pi ·pj)2

pj ·q2 pj ·q1 pi ·(q1 + q2) pi ·q1

+ (1↔ 2)

]
+ (i↔ j)

}
.
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Each term in this expression is leading in the strongly ordered regime.

Within our approximated methods of integration, the inclusive integration of the

fourth line of Eq. (4.7) exactly cancels the fifth one. In fact, this occurs immediately

after the integration over the phase space of one of the emissions (see Eqs. (F.25)

(F.26)):∫
d[q1]

pi ·pj pi ·q2

pj ·q2 q2 ·q1 pi ·(q1 + q2) pi ·q1

=

∫
d[q1]

(pi ·pj)2

pj ·q2 pj ·q1 pi ·(q1 + q2) pi ·q1

=
(4π)εΓ[1 + ε]

8π2

pi ·pj
pi ·q2 pj ·q2

(2pi ·q2)−ε

ε2
. (4.8)

Hence, when one calculates the total cross-section only the first three lines in Eq. (4.7)

contribute.

The terms in the first line of Eq. (4.7) are just the product of tree level single

gluon real exchanges. The contributions in the second and third line of Eq. (4.7)

have the interesting property that the integration over one of the gluon momenta

renders an expression which only depends of the transverse components of the other

momentum:∫
d[q1]

(pi ·pj)2

pi ·q1 pj ·q1 pi ·(q1 + q2) pj ·(q1 + q2)
=

∫
d[q1]

pi ·pj
pi ·q1 q1 ·q2 pj ·(q1 + q2)

=
cε

8π2

pi ·pj
pi ·q2 pj ·q2

(q2
2T (ij))

−ε

ε2
f(ε) (4.9)

where f(ε) denotes constant terms such that f(ε) = 1 + O(ε2). Finally, using the

scalar integrals in Section F.5 we arrive at the following expression for the contribu-

tion of K̃2
s.o.2(i, j) to the total cross-section

(gsµ
ε)4

∫
d[q1]d[q2]

2!
K2

s.o.2(i, j) ≡
[
2(Ti ·Tj)

2 +
CA
4

Ti ·Tj

][
cεαs
2π

1

ε2

[
2pi ·pj
µ2

]−ε]2

− 3CA
4

Ti ·TjΓ[1 + 2ε]Γ[1 + ε]Γ3[1− ε]
[
cεαs
2π

1

ε2

[
2pi ·pj
µ2

]−ε]2

,

=

[
2(Ti ·Tj)

2 − CA
2

Ti ·Tj

][
cεαs
2π

1

ε2

[
2pi ·pj
µ2

]−ε]2

− αs
2π

[
2π2 +O(ε)

]
CA

[
Ti ·Tj

c2εαs
2π

1

(2ε)2

[
2pi ·pj
µ2

]−2ε
]
. (4.10)

4.1.2 Leading three and four partons corrections K2
s.o.3.4

We recall that terms K2
s.o.3.4 are leading in the strongly ordered regime. Below we

will demonstrate that their contribution to the cross-section perfectly factorises into
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Figure 4.2: Purely (first row) real and and purely virtual (second row) graphs in-
volving three partons.

the product of two single real gluon exchanges.

Let us consider the graphs in the first line of Fig. 4.2. Each of these graphs

involves three different partons {i, j, k}. The first graph in this figure illustrates the

contribution with a triple gluon vertex. Its unpolarised contribution to the cross-

section is given by

〈∣∣∣[Ti ·Tk,Tj ·Tk]
∣∣∣〉 ∫ d[q1]d[q2]

pµ1i
pi ·q1

pµ2j
pj ·q2

Ṽµµ1µ2(q1 + q2,−q1,−q2) pµk
pk ·(q1 + q2)(q1 + q2)2

, (4.11)

here, and the rest of this chapter we abbreviate the hard process amplitude as

|〉 ≡
∣∣n(0)

〉
. Observe that the colour operator corresponding to this graph is anti-

hermitian, i.e. [Ti · Tk,Tj · Tk]
† = −[Ti · Tk,Tj · Tk]. Thus, the sum of this,

Eq. (4.11), and its hermitian conjugate contribution exactly cancels. Nevertheless,

it is interesting to note that the inclusive integration of Eq. (4.11) also vanishes. To

see this, it is convenient to express the gluon momentum in light-cone coordinates1

where pi = (p+
i , 0, 0T ), pi = (0, p−j , 0T ). The following change of variables

(q−1 , q
+
1 , q1T )→

(
p−k
p+
k

q+
2 ,
p+
k

p−k
q−2 , q2T

)
,

(q−2 , q
+
2 , q2T )→

(
p−k
p+
k

q+
1 ,
p+
k

p−k
q−1 , q1T

)
,

(4.12)

has a unit Jacobian. In addition, it changes the sign of the numerator, i.e.

pµ1i p
µ2
j p

µ
k Ṽµµ1µ2(q1 + q2,−q1,−q2)→ −pµ1i pµ2j pµk Ṽµµ1µ2(q1 + q2,−q1,−q2), (4.13)

and leaves the rest of the integrand invariant. Thus, this integral exactly van-

ishes it whenever is integrated over a domain invariant under the transformation

in Eq. (4.12). Next we consider the second and third graphs in the first line of

1l± = (l0 ± l1)/
√

2.
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Fig. 4.2. The sum of their contributions can be written as

〈∣∣∣ ∫ d[q1]d[q2]
Tc1
i p

µ1
i

pi ·q1

Tc2
j p

µ2
j

pj ·q2

[
Tc1
k p

µ1
k

pk ·q1

Tc2
k p

µ2
k

pk ·(q1 + q2)
+

Tc2
k p

µ2
k

pk ·q2

Tc1
k p

µ1
k

pk ·(q1 + q2)

] ∣∣∣〉
=
〈∣∣∣1

2

{∫
d[q1]

Ti ·Tkpi ·pk
pi ·q1 pk ·q1

,

∫
d[q2]

Ti ·Tkpj ·pk
pj ·q2 pk ·q2

} ∣∣∣〉+ (4.14)〈∣∣∣ [Ti ·Tk,Tj ·Tk]

2

∣∣∣〉 ∫ d[q1]d[q2]
pi ·pk pj ·pk

pi ·q1 pj ·q2 pk ·(q1 + q2)

[
1

pk ·q1

− 1

pk ·q2

]
.

The right-hand side follows from expressing the product of colour charges associated

with parton k as the sum of its symmetric and its anti-symmetric part and then

using the identity (E.4) over the symmetric part to combine its propagators.

The term on the second line of (4.14) is just the product of (uncorrelated) single

real exchanges. The colour part of the third line is the same as in (4.11) and therefore

the contribution of this expression is also exactly cancelled by its hermitian conjugate

part even before integration. However, it is again worth remarking that the inclusive

integration of the the third line vanishes, as it changes sign under the transformation

in Eq. (4.12). Hence, we have shown that the contributions in K2
s.o.3.4 that involve

three partons either vanish or can be expressed as the product of two uncorrelated

single-gluon exchanges.

We shall now consider the contributions in K2
s.o.3.4 that involve four-partons.

These are obtained by the multiplication of two graphs with the second topology

in Fig. 4.1 but involving four different partons. Because they involve four different

colour charges they can be expressed exactly as the product of two single-gluon

exchanges. Thus, we have shown that the contributions involving three or four hard

partons perfectly factorises into a product of single-gluon exchanges, i.e.

∫
d[q1]d[q2]

2

〈
n(0)
∣∣∣K2

s.o.3.4

∣∣∣n(0)
〉

= 2
〈
n(0)
∣∣∣
( n∑

i<j

Ĩij(ε)

)2

−
n∑
i<j

(
Ĩij(ε)

)2

 ∣∣∣n(0)
〉
.

(4.15)

where Ĩij is the operator corresponding to inclusive integration of an eikonal exchange

between {i, j}:

Ĩij(ε) ≡ gsµ
2εTi ·Tj

∫
d[q]

pi ·pj
pi ·q p·q

= Ti ·Tj
αscε
2π

1

ε2

[
2pi ·pj
µ2

]−ε
. (4.16)

The change of variables in Eq. (4.12) was also used in [94] to show that these same

conclusions hold for the two-loop corrections involving three or four hard partons,

i.e. the same conclusions that we obtained for the graphs in the first row Fig. 4.2

hold for the graphs in the second row of this same figure.
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4.1.3 Subleading terms involving one or two partons K2
sub

We shall now complete our calculation of the double emission matrix elements by

considering the contributions in K2
sub. These contribution are subleading with respect

to K2
s.o.2 and K2

s.o.3.4 in the strongly ordered regime. More precisely, when one of the

gluon momenta is re-scaled as qi → λqi, the dominant term in the small λ expansion

behaves as λ−1. Their exact expression is given by

K2
sub ≡

∑
i<j

K2
sub(i, j) ,

K2
sub(i, j) =

CATi ·Tj

2

[
8(2− d)

[
pi ·q2 pj ·q1 − pi ·q1 pj ·q2

(2q1 ·q2) pi ·(q1 + q2) pj ·(q1 + q2)

]2

+
16pi ·pj

q1 ·q2 pi ·(q1 + q2) pj ·(q1 + q2)

]
.

(4.17)

The emission of a soft fermion by a hard parton is subleading with respect to soft

gluon emission, this is the reason why we did not include them in Section 2.1. Never-

theless, the emission of a {qq̄} soft pair via a gluon is of the same order as the matrix

elements in K2
sub. To see this, we note that their total expression can be written as

the sum of terms involving two hard partons:

K2
fer ≡

∑
i<j

K2
fer(i, j) ,

K2
fer(i, j) = Ti ·TjnfTF

[ [
pi ·q2 pj ·q1 − pi ·q1 pj ·q2

(2q1 ·q2) pi ·(q1 + q2) pj ·(q1 + q2)

]2

− 2pi ·pj
q1 ·q2 pi ·(q1 + q2) pj ·(q1 + q2)

]
.

(4.18)

Then, by comparing this with Eq. (4.17) we see that they involve the same integrals

with different pre-factors. To understand the physics of these contributions we will

now integrate inclusively over one of the two emissions. After tensorial decomposi-

tions, the integration can be reduced to the integral in Eq. (F.30) of Appendix F,

and yields ∫
d[q1]d[q2]

2!
K2

sub(ij) +

∫
d[q1]d[q2]K2

fer(ij)

=

[
2

−εγg
αs
2π

] ∫
d[q1]

Ti ·Tjpi ·pj
pi ·q1 pj ·q1

[
q2

1T (ij)

µ2

]−ε
f(ε) ,

(4.19)

here f(ε) denotes a constant such that f(ε) = 1 +O(ε) and we recall that β0 = γg =
11
6
CA − 2

3
nfTF is the coefficient that accompanies the single 1/ε hard pole in the

one loop insertion operator, see Eqs. (2.39) and (2.40). This pole corresponds to the
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branching of a gluon into a pair of gluons or into a {q, q̄} pair. Indeed, one can track

the origin of this pole back to the region of integration where q2 becomes collinear

with q1. Observe that the remaining integral over q1 corresponds to a single emission

but with an extra enhancement factor whose argument is the transverse momentum

q1T (ij). Finally, the integral over q1 yields

〈∣∣∣ [∫ d[q1]d[q2]

2!
K2

sub(ij) +

∫
d[q1]d[q2]K2

fer(ij)

] ∣∣∣〉
=

αscε
2π(−ε)

〈∣∣∣̃Iij(2ε)∣∣∣〉 [[11− 7ε

3− 2ε

]
CA −

[
4− 4ε

3− 2ε

]
nfTF

]
Γ2[1 + ε]Γ[1− 2ε]

(1 + 2ε)

=
αs
2π

2

[
γg
−ε +

[
65

18
CA −

14

9
nfTF

]
+O(ε1)

]〈∣∣∣̃Iij(2ε)∣∣∣〉 ,
(4.20)

Note that the highest infrared pole in this expression goes as 1/ε3 which is subleading

with respect to the 1/ε4 poles that appear in the calculation of the terms which are

leading in the strongly ordered regime. The above expression shows that, up to the

collinear pole γg/ε, the contribution of K2
fer(ij) to the inclusive cross-section resem-

bles a single gluon exchange between {i, j}, but because this in fact represents two

collinear partons, the argument of Ĩij(2ε) appears doubled. We have now completed

the inclusive integration of the double emission matrix elements.

4.2 Real-virtual contributions

We shall now consider the inclusive integration of the one-loop, one-emission matrix

elements of the previous chapter:∫
d[q]

[〈
n

(0)
+1

∣∣∣n(1)
+1

〉
+ h.c.

]
= −

∫
d[q]
〈
n(0)
∣∣∣ [J2

n+1I
(1)
n + Jn+1 ·J(1)

n+1 + h.c.
] ∣∣∣n(0)

〉
.

(4.21)

This is first order at which, in general, Coulomb gluons interaction can have a non-

zero contribution. Let us consider first the contributions from the one-loop soft-gluon

current J
(1)
n+1. This can be written as a sum over terms that depend on two hard

partons,

J
(1)
n+1 ≡

n∑
i<j

J
(1)
ij ,

J
(1)
ij ≡

αsgsµ
ε

2π

cΓ

ε2
Tb
jif

bcaTa
i

[
pj ·ε
pj ·q

− pi ·ε
pi ·q

](
q2
T ij

µ2

e−δ̃iqiπe−δ̃jqiπ

e−δ̃ijiπ

)−ε
.

(4.22)

Again, it is convenient to consider the contributions that involve only two hard

partons and three hard partons separately. The part involving two hard partons
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sums up to

n∑
i<j

〈∣∣∣ [−(Tc
ipiµ
pi ·q

+
Tc
jpjµ

pj ·q

)
· J(1)cµ

ij + h.c.

] ∣∣∣〉 . (4.23)

Using the colour algebra, each term inside brackets can be written as

−
〈∣∣∣ [Tc

ip
µ
i

pi ·q
+

Tc
jp
µ
j

pj ·q

]
J

(1),c
ij,µ

∣∣∣〉+ h.c

=
〈∣∣∣ [αsgsµε

2π

cΓ

ε2
CA
2

Ti ·Tj
2pi ·pj
pi ·q p·q

(
q2
T ij

µ2

e−δ̃iqiπe−δ̃jqiπ

e−δ̃ijiπ

)−ε] ∣∣∣〉+ h.c. (4.24)

Observe that the colour part of these contributions is hermitian. Hence, even before

the integration, the contribution from the Coulomb gluons exactly cancels when the

hermitian conjugate expression is added. Hence, contributions involving only two

hard partons are only due to eikonal gluons. They can be integrated using (F.29),

and give

− gsµ2ε

∫
d[q]

(
Tc
ip
µ
i

pi ·q
+

Tc
jp
µ
j

pj ·q

)
J

(1),c
ij,µ + h.c. ,

=
CA
2

Ti ·Tj
Γ2[1 + ε]Γ4[1− ε]

Γ[1− 2ε]

[
αscε
2π

(2pi ·pj)−ε
ε2

]2

,

=
CA
2

Ti ·Tj

[
αscε
2π

1

ε2

(
pi ·pj
µ2

)−ε]2

+
αs
2π
CA

[
−2π2

3
+O(ε)

]
Ĩij(2ε) ,

(4.25)

where Ĩij is given in Eq. (4.16).

We shall now consider the contributions involving three hard partons. They

amount to

−
〈∣∣∣ n∑

i<j

n∑
k 6={i,j}

Tc
kp
µ
kJ

(1),c
ij,µ

pk ·q
∣∣∣〉+ h.c. =

n∑
i<j

n∑
k 6={i,j}

〈| [Tj ·Tk,Ti ·Tk] |〉 ×

[
pk ·pj

pk ·qpj ·q
− pk ·pi
pk ·qpi ·q

][
q2
T (ij)

µ2

e−δ̃iqiπe−δ̃jqiπ

e−δ̃ijiπ

]−ε
αsgsµ

ε

2π

cΓ

ε2
+ h.c.

(4.26)

When the hard process contains only three hard partons, {i, j, k}, one can use colour

conservation to write Tk = −Ti−Tj and the colour part of this expression vanishes

because (Tc
i + Tc

j)T
b
jif

bcaTa
i = 0. More generally, when there are at least four hard

partons this expression no longer vanishes. In this case, the colour part of each term

in Eq. (4.26) is anti-hermitian. Hence, the situation is now reversed; the real (or

eikonal) part of the loop integral vanishes when one adds its hermitian conjugate

counterpart whereas the Coulomb gluon contribution doubles when the hermitian
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conjugate is added. Hence, the above expression reduces to

−
〈∣∣∣ n∑

i<j

n∑
k 6={i,j}

Tkp
µ
k · J

(1)
ij,µ

pk ·q
∣∣∣〉+ h.c. =

n∑
i<j

n∑
k 6={i,j}

〈∣∣∣[Tj ·Tk,Ti ·Tk]
∣∣∣〉 [ pk ·pj

pk ·qpj ·q
− pk ·pi
pk ·qpi ·q

]
×

2i(δ̃iq + δ̃jq − δ̃ij) sin(πε)
αsgsµ

ε

2π

cΓ

ε2

[
q2
T (ij)

µ2

]−ε
.

(4.27)

For pure QCD processes, the contribution of this operator to the cross-section iden-

tically cancels for the same reason that Eq. (2.53) does. However, for more general

processes, it can contribute to observables, but it gives a vanishing contribution to

the total cross-section. To see this, we note that the integrals involving three partons

are all of the form ∫
ddq δ+(q)

(
pk ·pj

pk ·qpj ·q
− pk ·pi
pk ·qpi ·q

)
g(qT (ij)). (4.28)

By expressing q in light-cone coordinates, one can check that the following change

of variables

(q−, q+)→
(
p−k
p+
k

q+,
p+
k

p−k
q−
)
, (4.29)

has unit Jacobian. Additionally, it leaves the kinematical variable, q⊥,ik, and the

on-shell conditions, δ+(q), invariant but it changes the sign of the term inside paren-

thesis in Eq. (4.28). Therefore, integrals of the form of Eq. (4.28) vanish if they are

integrated over a domain which is invariant under the transformation in Eq. (4.29).

Finally, we can now write the contribution to the total cross-section as:

−
〈∣∣∣ ∫ d[q]Jn+1 ·J(1)

n+1

∣∣∣〉+ h.c. =

n∑
i<j

〈∣∣∣ [CA
2

Ti ·Tj

[
αscε
2π

(pi ·pj)−ε
ε2

]2

+
α

2π
CA

[
−2π2

3
+O(ε)

]
Ĩij(2ε)

] ∣∣∣〉 . (4.30)

We shall now study the remaining part of the one-loop, one-emission amplitude

that contributes at this order (see Eq. (4.21)):

−
〈
n(0)
∣∣∣J2
n+1I

(1)
n

∣∣∣n(0)
〉

+ h.c. (4.31)

It is straightforward to show that the contributions containing the eikonal part of
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the virtual radiation are just the product of single real exchanges, i.e.

−
〈∣∣∣ ∫ d[q]J2

n+1(q)

∫
d[k]

J2
n+1(k)

2

∣∣∣〉+ h.c. = −4
〈∣∣∣ [ n∑

i<j

Ĩij(ε)

]2 ∣∣∣〉 . (4.32)

Next we consider the Coulomb gluons in Eq. (4.31). Once again, it is convenient to

discuss the terms that depend on two, three and four hard partons separately. As

we will see, none of them contribute to the total cross-section, but terms involving

three partons contribute to non-inclusive observables.

Terms involving two and four hard partons exactly cancel before integration, as

their hermitian conjugates are equal and opposite. On the other hand, the terms

involving three hard partons add up to

〈∣∣∣
− n∑

i<j
k 6={i,j}

2

[
Ti ·Tkpi ·pk
pi ·q p·q

+
Tj ·Tkpj ·pk
pj ·q p·q

]
δ̃ijC

ij(0, 2pi ·pj) + h.c.

 ∣∣∣〉 =

−
n∑
i<j

k 6={i,j}

2
〈∣∣∣[Tj ·Tk,Ti ·Tk]

∣∣∣〉 [ pj ·pk
pj ·q p·q

− pi ·pj
pi ·q p·q

]
δ̃ij
iπαscε
−ε

[
2pi ·pj
µ2

]−ε
.

(4.33)

The right-hand side of this expression is obtained by combining each term in the

sum with its hermitian conjugate. Indeed, each term in the sum is of the same form

as (4.28) and hence the change of variables in Eq. (4.29) shows that their inclusive

contribution cancels.

To summarise, if we neglect recoil effects, the contributions of this matrix element

to the total cross section yield:

∫
d[q]

[〈
n

(0)
+1

∣∣∣n(1)
+1

〉
+ h.c.

]
= −4

〈∣∣∣ [ n∑
i<j

Ĩij(ε)

]2 ∣∣∣〉+ (4.34)

n∑
i<j

〈∣∣∣ [CA
2

Ti ·Tj

[
αscε
2π

(pi ·pj)−ε
ε2

]2

+
α

2π
CA

[
−2π2

3
+O(ε)

]
Ĩij(2ε)

] ∣∣∣〉 .
Remarkably, there are no terms that correlate three or four hard partons.

4.3 Purely virtual contributions

In the previous sections we have calculated all of the contributions to the total cross-

section except the purely virtual contributions:〈
n(1)
∣∣∣n(1)

〉
+
〈
n(0)
∣∣∣n(2)

〉
+
〈
n(2)
∣∣∣n(0)

〉
, (4.35)
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which we shall now discuss. As they have a similar structure to one-loop, one-

emission corrections in (4.31), we shall consider first the contribution from the one-

loop matrix element squared:〈
n(1)
∣∣∣n(1)

〉
=
〈
n(0)
∣∣∣I(1) †
n I(1)

n

∣∣∣n(0)
〉
. (4.36)

The product of the two one-loop insertion operators has almost the same structure

as the one loop corrections in Eq. (4.31). Using exactly the same decompositions as

we did for those contributions, their total expression can be written as

I(1) †
n I(1)

n =

[∑
i<j

Ĩij(ε)

]2

−
[∑
i<j

δ̃ijC
ij(0, 2pi ·pj)

]2

+ (4.37)

n∑
i<j

k 6={i,j}

[Tj ·Tk,Ti ·Tk]

∫
d[k]

[
pj ·pk

pj ·kpk ·k
− pi ·pj
pi ·kpk ·k

]
δ̃ij
iπαscε
−ε

[
2pi ·pj
µ2

]−ε
.

In the second line, we have contributions that arise from combining the contributions

with one eikonal and one Coulomb gluon. They have exactly the same structure as

Eq. (4.28); thus they integrate to zero. Finally, as we will see, the Coulomb gluons

in the second line are exactly cancelled by pure two-loop virtual contributions.

4.3.1 Two-loop contributions

Anticipating the exponentiation of the soft (purely) virtual corrections, see Eq. (2.70),

the two-loop matrix elements can be expressed as

∣∣∣n(2)
〉

=

(
[I

(1)
n (ε)]2

2!
+ I(2)

n (ε)

)∣∣∣n(0)
〉
, (4.38)

where I
(2)
n (ε) is an operator of order α2

s that gives the first correction to the expo-

nentiation of the one loop corrections.

We shall now use the Bloch-Nordsieck theorem to deduce the explicit expression

of this operator. According to this theorem, the sum over the soft corrections should

exactly cancel, i.e.〈
n(0)
∣∣∣n(2)

〉
+
〈
n(2)
∣∣∣n(0)

〉
= −

∫
d[q]

[〈
n

(0)
1

∣∣∣n(1)
1

〉
+
〈
n

(1)
1

∣∣∣n(0)
1

〉]
−
〈
n(1)
∣∣∣n(1)

〉
−
∫

d[q1]d[q2]

[
1

2

〈
n

(0)
+2

∣∣∣n(0)
+2

〉
+
〈
n

(0)
pair qq̄

∣∣∣n(0)
pair qq̄

〉]
(4.39)

=

[
n∑
i<j

Ĩij(ε)

]2

+

[
n∑
i<j

Cij
(0,2pi·pj)

]2

+ 2
αs
2π

[γg
ε

+ K̃ +O (ε)
] [ n∑

i<j

Ĩij(2ε)

]
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where we used the definition K̃ =
[
−65

18
+ 4π2

3

]
CA + 14

9
nfTF. To obtain the lat-

ter identity we introduced the integrated expressions from the previous sections,

i.e. Eq. (4.10), (4.15), (4.20), (4.30) and (4.37). By inserting this expression into

Eq. (4.38) we can solve I
(2)
n (ε), this yields〈

n(0)
∣∣∣ [I(2)

n + I(2)†
n

] ∣∣∣n(0)
〉

=
αs
2π

[γg
ε

+ K̃ +O (ε)
]

I(1)
n (2ε) + h.c. (4.40)

It is interesting to compare this expression with the singular behaviour of the two-

loop corrections to a general process N . According to this (see Eqs. (2.51))

〈
N (0)

∣∣N (2)
〉

+
〈
N (2)

∣∣N (0)
〉
−
〈
N (0)

∣∣∣ [ 1

2!

[
I

(1)
N (ε)

]2

+ h.c.

] ∣∣∣N (0)
〉

=
〈
N (0)

∣∣∣αs
2π

γg
ε

[
I

(1)
N (2ε)− I

(1)
N (ε)

] ∣∣∣N (0)
〉

+
〈
N (0)

∣∣∣ [αs
2π
K I

(1)
N (2ε) +

(αs
2π

)2
n∑
i=1

1

ε
Hi

] ∣∣∣N (0)
〉

+
〈
N (0)

∣∣∣I(1)
n (ε)

∣∣∣N (1)
〉

fin
+ h.c. + O(ε0),

(4.41)

where

K =

[
67

18
− π2

6

]
CA −

10

9
TFnf , (4.42)

and Hi denote flavour dependent coefficients and we used γg = β0. The comparison

between our calculation in the eikonal approximation (4.40) and the exact expression

(4.41) shows that, in both cases, the poles of order 1/ε4, 1/ε3, 1/ε2 are controlled by

constant coefficients and the one-loop insertion operator. However, Catani’s formula,

Eq. (4.41), has two terms proportional to γg (see second line in Eq. (4.41)). Within

our approximation we only recover the first. Nevertheless, we remind the reader that

there is a contribution to the one emission amplitude
∣∣∣n(1)

+1

〉
that still has not been

included into our calculation, see Eq. (3.29) and the last paragraph of that Section

3.3. Its contribution to the cross-section is equal to

−
∫
d[q]
〈
n(0)
∣∣∣J2
n+1

∣∣∣n(0)
〉
K̃uv + h.c. = −

〈
n(0)
∣∣∣I(1)
n (ε)

∣∣∣n(0)
〉
K̃uv + h.c. . (4.43)

The coefficient K̃uv = K̃uv(ε) has a single collinear and single uv pole and we ex-

pect it accounts for the missing contribution. To close this section, we recall that

in this chapter we neglected the recoil effect against gluon emissions, i.e. global
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momentum conservation2. By including the recoil effects one shall get the correct3

K factor in Eq. (4.42). We leave this improvement as a pending task that might be

relevant to incorporate the effects of the running coupling; it is well known that in

the resummation of a wide class of observables at next-to-leading logarithmic (NLL)

accuracy, terms proportional to K can be absorbed into the running coupling [40] in

the so-called CMW scheme [95, 96].

4.3.2 On the role of Coulomb gluons

We close this section summarising the role of the Coulomb gluon from the one-loop,

one-emission amplitude to the cross-section4. Terms that involve two hard par-

tons exactly cancel with their hermitian conjugate. Thus, only terms that correlate

three hard partons, say {i, j, k}, can contribute and, up to irrelevant factors, these

(Eqs.(4.27) and (4.33)) have the following structure:

〈
n(0)
∣∣∣Tc

kp
µ
k

pk ·q
× (−iπ)Tb

jif
bcaTi

[
pjµ
pj ·q

− piµ
pi ·q

]
g(qT (ij))

∣∣∣n(0)
〉
. (4.44)

where g = g(qT (ij)) is a function of qT (ij) only. When there are no more hard partons

than {i, j, k} in the hard subprocess this operator identically vanishes. When there

is at least one more hard parton in the scattering, the operator enclosed between the

hard subprocess amplitude (
∣∣n(0)

〉
) is strictly speaking non-vanishing. However, its

contribution to a pure QCD process vanishes for the same reason Eq. (2.53) does5.

For a more general observable, these Coulomb gluons can actually contribute but

they give a vanishing contribution to the total cross-section. This cancellation occurs

more generally when the domain of integration is invariant under the transformation

in (4.29). Since, we are dealing with wide-angle scatterings, we can assume that

p+
k /p

−
k = O(1), then this change of variables is nothing but the symmetry along the

directions defined by pi and pj, invariance under (q+ ↔ q−). We think this is an

2Because of this, gluon emissions are integrated over their complete mass-shell (emissions can
have arbitrarily large energy) and one needs to regularise the resulting uv divergences. One can
show that different uv regularisation procedures changes the coefficients at order 1/ε−2. To see
this it is sufficient to choose different cut-off scales in the integrals of Appendix F.5. Then, to
reproduce the correct K constant one should perform the phase-space integrals of Appendix F.5
without neglecting global momentum conservation as in Section 2.21 of [40]. The uv regularisation
procedure used throughout this chapter is discussed in Section F.5. Although unrelated to this
chapter, it is worth pointing out that the conclusions of chapters 3, 5 and 6 are equivalent for
different uv regularisation procedures, this is explained in detail in Section 6.2.

3In accordance with the calculation of the two-loop matrix elements within the eikonal approx-
imation [94]. In this reference the authors also show that the two-loop soft anomalous dimension
can be written as the product of the one-loop anomalous dimension and the K constant.

4The Coulomb gluons from the one-loop purely virtual contributions, Eq. (4.37), exactly cancel
with Coulomb gluons in the two-loop purely virtual contribution in Eq. (4.39).

5Succinctly, the trace over colour space that appears at cross-section level can be reduced to the
trace of a symmetric matrix times an anti-symmetric matrix, which is identically zero.
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interesting result, as the corrections at higher orders also exhibit the following dipole

structure:

(−iπ)Tb
jif

bcaTa
i

[
pjµ
pj ·q

− piµ
pi ·q

]
g(qT (ij)) . (4.45)

Perhaps this kind of symmetry is responsible for the cancellation of Coulomb gluons

in the total cross-section at higher orders.

4.4 Summary

We have integrated the double real and the real-virtual soft corrections neglecting

the recoil against gluon emissions. By exploiting the Bloch-Nordsieck theorem we

deduced the expression for the pure two-loop virtual correction. The resulting op-

erator is consistent with the exponentiation of virtual corrections in Eq. (4.38) and

has the structure of Catani’s two-loop infrared operator. The calculations in this

chapter are sufficient to reveal some of the structure of the infrared cancellations

for a general hard process. For instance, one can track down the contributions that

cancel the exponentiation of the one loop corrections (first term in Eq. (4.38)).

In addition, we paid close attention to the contribution of Coulomb gluons at

this order. It is worth pointing out that in the subsequent chapters, when we study

the corrections due to one Coulomb gluon and two real emissions in chapters 5 and

6, we will find again emissions with a “dipole structure” whenever an emitted gluon

subsequently exchanges a Coulomb gluon, see for instance Eq. (5.39). We expect

that the change of variables that we studied in this chapter (Eq. (4.29)) will help

to understand the infrared cancellation of terms involving dipole emissions more

generally.
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Chapter 5

One-loop, two-emission soft

corrections

In Section 3.1 of Chapter 3, we studied the imaginary part of the one-loop, one-

emission to a Drell-Yan hard process. After combining the different cut graphs that

contribute at this order (see Fig. 3.1) we found that the amplitude can be expressed

as1

Im
{∣∣∣2(1)

〉}
=
[
J2+1(q) Cij(qT , Q) + Cij(0, qT ) J2+1(q)

]∣∣∣2(0)
〉
. (5.1)

In this chapter we will study the generalisation of this expression for the case of

two-real gluon emissions. In this case, the transverse momentum ordering property

of Eq. (5.1) is not an exact result anymore. Instead, it is a property of the amplitude

in certain regions of the phase-space of the emitted gluons. We will discuss these

regions in the next Section 5.1, after which we will proceed to study the behaviour

of the amplitude at tree level in Section 5.2. This will provide the foundation for the

calculation, which appears in sections 5.3–5.5, of the two-gluon emission amplitude

with a Coulomb exchange. Finally, in Section 5.6 we study one more (sublead-

ing) kinematical region which can be also understood in terms of Coulomb gluon

exchanges.

5.1 Phase-space limits

In the first part of this chapter we will focus upon the following three limits. All of

them correspond to a strong ordering in the transverse momenta of the real emissions,

i.e. q1T � q2T . In terms of light-cone variables, the three limits are:

1Here and through all this chapter, to avoid cluttered notation, we will denote the transverse
components of any vector l with respect to the incoming partons pi, pj simply as lT (ij) ≡ lT and we
will omit the strong coupling gs. Also light-cone variables are always defined with respect to these
vectors, i.e. pi = (p+i , 0, 0T ) and pj = (0, p−j , 0T ).
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• Limit 1: Both emissions are at wide angle but one gluon is much softer than

the other, i.e. (q±1 ∼ q1T ) � (q±2 ∼ q2T ). Specifically, we take q2 → λq2 and

keep the leading term for small λ.

• Limit 2: One emission (q2) collinear with pi by virtue of its small transverse

momentum and the other (q1) at a wide angle, i.e. q+
2 � q2T and q+

1 ∼ q1T �
q2T . Specifically, we take q2 → (q+

2 , λ
2q2

2T/(2q
+
2 ), λq2T ) and keep the leading

term for small λ.

• Limit 3: One emission (q1) collinear with pi by virtue of its high energy and the

other (q2) at a wide angle, i.e. q+
1 � q1T and q1T � q2T ∼ q+

2 . Specifically, we

take2 q1 → (q+
1 /λ, λq

2
1T/(2q

+
1 ),q1T ) and q2 → λq2, and keep the leading term

for small λ.

When we consider the leading behaviour of the amplitude, either at tree or one-loop

level, we will make an expansion for small λ, keeping only the leading terms. We

work with the following choice of polarisation vectors for the emitted gluons:

εµ(q,⊥) =
iεµναβqνpiαpjβ√
2pi · pj pi · q pj · q

,

εµ(q, ‖) =
q · pj pµi − q · pi pµj − pi · pj qµ√

2pi · pj pi · q pj · q
. (5.2)

In limits 2 and 3, only ε−(q, ‖) of the collinear gluon, gives rise to a leading contri-

bution, see Appendix C for more details.

Limit 3 is of particular interest because it is the limit that gives rise to the super-

leading logarithms3 [31, 36]. It is worth noting that although q1T � q2T in all three

limits, we may have q+
1 ∼ q+

2 in limit 2 and q−1 ∼ q−2 in limit 3. This means that

limits 2 and 3 are not sub-limits of limit 1. We will see that different Feynman

diagrams contribute differently in the different limits. It is therefore remarkable that

the final result is identical in all three limits. Although we have not yet proven it, we

suspect that the final results may well hold in the more general case in which only

q1T � q2T .

2We use the eikonal approximation for the emitted gluons, in which the hard partons define
light-like directions whose energies can be taken to be arbitrarily high. So even in the limit λ→ 0,
we assume q+1 /λ� p+i .

3Here we are thinking of gluon 2 as the central emission and gluon 1 as the out of the gap
emission. It is worth mentioning that the super-leading logarithms found in GBJ [31, 36, 51]
arise at one order higher in the perturbation expansion (N4LO). Their existence is based on the
kT -ordering property that is proven in this chapter. For completeness, we point out that these
super-leading logarithms in GBJ have subleading colour factors. To be precise, they have sub-
leading colour coefficients in the large Nc expansion with respect to terms that only involve eikonal
gluons. Finally, it is worth mentioning that the results of [97] (see Eq. 15 of this reference) can be
used to show that the Coulomb gluons contributions of the kT colour evolution picture given by
Eq. (2.73), only give rise to subleading colour contributions in this same sense.
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5.2 Tree-level amplitude

The tree-level amplitude with two soft gluon emissions is given by∣∣∣2(0)
+2

〉
= K2+2(q1, q2)

∣∣∣2(0)
〉
. (5.3)

where K2+2(q1, q2 is defined in Eq. (4.3). In the case of only two incoming hard

partons {i, j}, the double emission tensor K2+2 receives contributions from the four

graphs in Fig. 5.1 plus four further graphs corresponding to the interchange i ↔ j.

As we will now show, K2+2 simplifies in each of the limits 1–3 to a product of two

single emission operators.
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1

Figure 5.1: The case of two real emissions. There are four more graphs obtained by
swapping (i↔ j).

Let us consider first the leading behaviour in limit 1. In this region only graphs

(a), (b) and (d) in Fig. 5.1 are leading. They give

Kc1c2
2+2(q1, q2) =

[
Tc2
i pi · ε2

pi · q2

Tc1
i pi · ε1

pi · q1

]
+

[
Tc2
i pi · ε2

pi · q2

Tc1
j pj · ε1

pj · q1

]
(5.4)

+

[
if c1c2aq1 · ε2

q1 · q2

Ta
i pi · ε1

pi · q1

− if c1c2aTa
i ε1 · ε2

2q1 · q2

]
+ (i↔ j) .

The ε1 · ε2 term vanishes when it acts upon
∣∣∣2(0)

〉
due to colour conservation. The

leading behaviour can thus be written〈
c1c2

∣∣∣n(0)
2

〉
= Jc2c1a2+2 (q2)Ja2+1(q1)

∣∣∣n(0)
〉
, (5.5a)

Jc2c1a12+2 (q2) ≡ Jc22+1(q2)δc1a1 +
if c1c2a1 q1 · ε2

q1 · q2

, (5.5b)

where Jc2c1a12+2 (q2) is the current operator that adds a second soft gluon (q2) acting on∣∣∣2(0)
+1

〉
= J2+1(q1)

∣∣∣2(0)
〉

.

In limit 2 only the first two graphs in Fig. 5.1 are leading and they can be written〈
c1c2

∣∣∣2(0)
+2

〉
=

[
Tc2
i pi · ε2

pi · q2

]
Jc11 (q1)

∣∣∣2(0)
〉
. (5.6)

This is exactly what is obtained by taking the collinear limit q2 ‖ pi in the expression
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for limit 1, Eq. (5.5a).

We now turn our attention to limit 3. The leading contributions are graphs (a),

(c) and (d), and the (i ↔ j) permutation of graph (b) in Fig. 5.1. These four

contributions (in order) sum to

Kc1,c2
2+2 (q1, q2) =

[
Tc2
i ε
−
2

q−2

Tc1
i ε
−
1

q−1 + q−2

]
+

[
Tc1
i ε
−
1

q−1

Tc2
i ε
−
2

q−1 + q−2

]
+

[
if c1c2a ε−2

q−2

Ta
i ε
−
1

q−1 + q−2

]
+

[
Tc2
j ε

+
2

q+
2

Tc1
i ε
−
1

q−1

]
. (5.7)

At first glance it seems like an interpretation in terms of a product of single emission

operators is not possible any more. However, using Tc1
i Tc2

i = Tc2
i Tc1

i + if c1c2aTa
i ,

the contribution of graph (c) can be written

Tc1
i ε
−
1

q−1

Tc2
i ε
−
2

q−1 + q−2
=

[
Tc2
i ε
−
2

q−1

Tc1
i ε
−
1

q−1 + q−2

]
+

[
if c1c2aε−2

q−1

Ta
i ε
−
1

q−1 + q−2

]
. (5.8)

The light cone variables make clear the fact that the two terms on the right-hand

side have the same dependence on colour and spin as the first term on each line of

Eq. (5.7). Their momentum dependence can be combined using the identity

1

q−1

1

q−1 + q−2
+

1

q−2

1

q−1 + q−2
=

1

q−1

1

q−2
, (5.9)

to give 〈
c1c2

∣∣∣2(0)
+2

〉
= Jc1c2a3+1 (q2)

(
Ta
i pi · ε1

pi · q1

) ∣∣∣2(0)
〉
. (5.10)

As in the case of limit 2, this can be obtained by taking the collinear limit q1 ‖ pi in

Eq. (5.5a). Remarkably, we will have the same property at one-loop order, i.e. the

leading expressions in limits 2 and 3 can be reached by taking the relevant collinear

limit of the leading expression in limit 1. This is particularly non-trivial in limit 3,

because the leading graphs are not a subset of those in limit 1.

Figure 5.2 shows how the graphs in Fig. 5.1 can be projected onto three spin and

colour structures. These particular structures are special because the net projection

onto each can be represented in terms of a product of two single emission operators.

Each grouping of graphs is associated with a specific spin and colour structure, which

can be read off from the graph at the end of each row. These are{
Tc2
i pi · ε2

pi · q2

Tc1
i pi · ε1

pi · q1

,
if c1c2a q1 · ε2

q1 · q2

Ta
i pi · ε1

pi · q1

,
Tc2
i pi · ε2

pi · q2

Tc1
j pj · ε1

pj · q1

}
+ {(i↔ j)} .

(5.11)
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Figure 5.2: Diagrammatic representation of how to group the graphs in order to write
the final result as a product of single emission operators. There are three further
structures, obtained by exchanging i↔ j.

In limit 3, the two diagrams on each of the first two lines of Fig. 5.2 combine to give

each effective diagram on the right, interpreted as if the two emissions were inde-

pendent. Equivalently, they conspire to act as if q−1 and q−2 were strongly ordered,

even though they are not. It is this fact that allows the limit 3 result to be obtained

from the limit 1 result (in which they are strongly ordered).

5.3 Two emissions at one loop

We now consider the one-loop amplitude for a hard process with two incoming par-

tons and two soft emissions. The imaginary parts of these graphs correspond to

eikonal cuts through the incoming partons and, in contrast to the single real emis-

sion case, we must now consider graphs with cuts through two soft gluon lines,

i.e. corresponding to a Coulomb exchange between the two outgoing soft gluons.

The derivation of the cutting rules corresponding to this amplitude are presented

in Appendix D, see Eq. (D.2). We have calculated the exact infrared poles and the

logarithmic enhancements of these imaginary contributions within the eikonal ap-

proximation. The necessary methods are discussed in Appendix H and these were

implemented in Wolfram Mathematica with the Feyncalc package. We recall that

we are only using the Eikonal approximation for the emission off the hard parton

lines. This is the only approximation we make and, in particular, we use the full

triple-gluon and four-gluon vertices for soft gluon emissions off other soft gluons

and we use the exact expressions for soft-gluon propagators. This means that we

make no assumptions about the relative sizes of the momenta of real and virtual soft

radiation.
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Chapter 5. One-loop, two-emission soft corrections

5.4 Eikonal cuts

Figure 5.3 illustrates the three gauge-invariant classes of cut graph, where the cut

is through the two hard partons. As before, we refer to these as eikonal cuts. The

corresponding amplitudes can be reduced to transverse momentum integrals. In

order to regulate the diagrams that do not involve any emissions off the virtual gluon,

we introduce an uv cutoff Q2. In all cases we regularize the infrared divergences by

analytically continuing the dimension of the transverse momentum integral d2kT →
dd−2kT . We start by simply stating the bottom line. The remainder of this section

(A) (B) (C)

Figure 5.3: The three cuts corresponding to the three different physical mechanisms
for double-gluon emission. Each of these cuts is gauge invariant.

will be devoted to examining how these results arise. The complete calculation

involves explicitly computing the diagrams Fig. 5.5.

The leading behaviour arising from eikonal cuts in limit 1 is[
Cij(0, q2T ) Jc2c1a2+2 (q2)Ja1(q1) + Jc2c1a2+2 (q2)Cij(q2T , q1T ) Ja2+1(q1)

+ Jc2c1a2+2 (q2)Ja2+1(q1)Cij(q1T , Q)

]∣∣∣2(0)
〉
, (5.12)

where the current Jc2c1a2+2 (q2) is defined in Eq. (5.5b). This expression is the expected

generalization of the one-emission case (3.7) and the key point is that the kT of the

Coulomb exchange is ordered with respect to the real-emission transverse momenta.

For the first two terms, the vector Ja2+1(q1)
∣∣∣2(0)

〉
acts as a hard subprocess for the

second gluon emission, i.e. as in Eq. (3.7) with q1T playing the role of Q.

Similarly, in limit 2 the sum over eikonal cuts gives[
Cij(0, q2T )

[
Tc2
i pi · ε2

pi · q2

]
Jc12+1(q1) +

[
Tc2
i pi · ε2

pi · q2

]
Cij(q2T , q1T ) Jc12+1(q1)

+

[
Tc2
i pi · ε2

pi · q2

]
Jc12+1(q1) Cij(q1T , Q)

]∣∣∣2(0)
〉
, (5.13)
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whilst in limit 3 the result is[
Cij(0, q2T ) Jc2c1a2+2 (q2)

[
Ta
i pi · ε1

pi · q1

]
+ Jc2c1a2+2 (q2) Cij(q2T , q1T )

[
Ta
i pi · ε1

pi · q1

]
+ Jc2c1a2+2 (q2)

[
Ta
i pi · ε1

pi · q1

]
Cij(q1T , Q)

]∣∣∣2(0)
〉
. (5.14)

As in the tree-level case, the leading behaviour in limits 2 and 3 coincides with

the expressions that result from taking the relevant collinear limit of the leading

expression in limit 1. These results showed that the eikonal cuts exactly behave as

as chain of emissions and Coulomb gluons ordered with respect to the transverse

momentum of the real emissions, although, as we will shortly see, the way that the

kT ordering establishes itself is rather involved.

In order to see our way to Eqs. (5.12)–(5.14) we must understand how to deal

with the graphs involving the triple-gluon vertex. In the simpler case of only one

real emission, this is illustrated in Fig. 5.4, which illustrates how the Feynman gauge

graphs are to be grouped together and projected onto the relevant spin and colour

tensors. The corresponding amplitudes are{
Ti pi · ε
pi · q1

−iπ Tj ·Ti

8π2
,
−iπ Tj ·Ti

8π2

Ti pi · ε
pi · q1

}
+ {(i↔ j)} . (5.15)

The single graph involving the triple gluon vertex is thus shared out between all four

contributing tensors.
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Figure 5.4: Diagrammatic representation of how to group the graphs that give rise
to the transverse momentum ordered expression (3.7). Two more structures are
obtained by permuting (i↔ j).

Figure 5.5 is the generalization of Fig. 5.2 and Fig. 5.4. By way of illustration, the

graphs in the first row have all contributions to the tensor structure of the rightmost

graph, this tensor reads

Tc2
i pi · ε2

pi · q2

Tc1
i pi · ε1

pi · q1

−iπ Ti ·Tj

8π2
. (5.16)

In limits 1–3, every row in Fig. 5.5 contribute to the respective tensor, shown in

the rightmost column, and either adds up to a subleading expression or to one of
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1

Figure 5.5: Diagrammatic representation of how to group the graphs that give rise
to the transverse momentum-ordered expression in the case of two emissions at one
loop. There are 12 more structures to consider: 8 are obtained by permuting (i↔ j)
and the other four are obtained by permuting (1↔ 2) and (i↔ j, 1↔ 2) in groups
3 and 7.

the terms in Eqs. (5.12)–(5.14). This figure contains all of the leading contributions

arising from the 36 different graphs with eikonal cuts.

In order to illustrate how the transverse momentum ordered integrals arise, we

will consider two examples in some detail. We will omit the respective tensor and

will focus on the kinematical integral that accompanies it. We start by taking a

closer look at the first row of six graphs in Fig. 5.5. All of these graphs have only a

single cut, corresponding to production mechanism (C) in Fig. 5.3. The first graph
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of the six gives rise to a factor of4

G11 =
q−1

(q−2 + q−1 )

∫ Q2

0

dk2
T

k2
T

. (5.17)

The factor multiplying the integral simplifies to unity in the case of limits 1 and 2

but not in limit 3, where q−1 and q−2 could be of the same order. The projection of

the third graph gives

G13 =
q−2

(q−1 + q−2 )

∫ Q2

0

dk2
T

k2
T

(5.18)

and this is only leading in the case of limit 3. Obviously these Abelian-like contri-

butions place no restriction on the kT of the Coulomb exchange. Note that

G11 +G13 =

∫ Q2

0

dk2
T

k2
T

. (5.19)

The second graph is the first involving the triple gluon vertex. It gives

G12 = −
[∫ 2q−1 q

+
2

0

dk2
T

k2
T

+
q−2 − q−1
q−2 + q−1

∫ 2(q+1 +q−2 )2q+2 /q
−
1

0

dk2
T

k2
T

]
. (5.20)

We note that the Coulomb integral cannot be written purely in terms of transverse

momenta. However, the fourth graph is obtained from the second by interchanging

q1 and q2. Thus the sum of graphs 2 and 4 is

G12 +G14 = − 1

(q−1 + q−2 )

[
q−2

∫ q22T

0

dk2
T

k2
T

+ q−1

∫ q21T

0

dk2
T

k2
T

]
. (5.21)

Graphs 5 and 6 also combine to produce a reasonably compact result involving the

azimuthal angle between q1T and q2T . It is sub-leading in limits 1 and 2, and in

limit 3 it simplifies to

G15 +G16 ≈ −
q−2

(q−1 + q−2 )

∫ q21T

q22T

dk2
T

k2
T

. (5.22)

Now we can combine the graphs. In limits 1 and 2 only G11 and G14 contribute,

with the latter contributing only for kT < q1T , exactly as in the one emission case.

The two combine to give ∫ Q2

q21T

dk2
T

k2
T

, (5.23)

which is exactly as expected. Limit 3 is more subtle and involves the interplay of all

4In dimensional regularization, we write dk2T (k2T )−1 → µ2εdk2T (k2T )−1−εg(ε), where g(ε) = 1 +
O(ε).
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6 graphs. Remarkably, the sum of these is also exactly equal to (5.23). The key is

the way graphs 5 and 6 serve to extend the upper limit in the first of the two terms

in Eq. (5.21) from q2
2T to q2

1T , so that the net effect of all four graphs involving the

triple-gluon vertex is merely to cut out the region with kT < q1T .

It is also instructive to look at the graphs in the third row of Fig. 5.5. These

involve cuts of type (B) and (C) in Fig. 5.3. We will just state the results (the

subscripts B and C refer to the cut):

G31B =

∫ Q2

0

dk2
T

k2
T

= −G31C , (5.24)

G32 +G33C =
1

(q−1 + q−2 )

[
q−2

∫ q22T

0

dk2
T

k2
T

+ q−1

∫ q21T

0

dk2
T

k2
T

]
, (5.25)

G33B = −
∫ q22T

0

dk2
T

k2
T

, (5.26)

so that

G32 +G33 =
q−1

(q−1 + q−2 )

∫ q21T

q22T

dk2
T

k2
T

. (5.27)

Once again the graphs where both gluons are emitted off the Coulomb exchange are

sub-leading in limits 1 and 2 and in limit 3 we find

G34 +G35 ≈
q−2

(q−1 + q−2 )

∫ q21T

q22T

dk2
T

k2
T

. (5.28)

On summing the graphs we obtain the expected result:∫ q21T

q22T

dk2
T

k2
T

. (5.29)

Notice how the sum of type (B) cuts is exactly as expected from the single-gluon

emission case, i.e. the Coulomb exchange satisfies kT > q2T .

5.4.1 Physical picture

As we did for the one-emission amplitude, it is interesting to group together the

cut graphs into gauge-invariant sets. In this case, that means according to the cuts

shown in Fig. 5.3. Cuts (A) and (B) are quite straightforward because they can be

deduced directly from the one real-emission case. In (A), the Coulomb exchange

occurs long before the double-emission and its kT is unbounded (see Eq. (3.12)); the
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result (which is exact in the eikonal approximation) is

Cij(0, Q) Kc1c2
2+2(q1, q2)

∣∣∣2(0)
〉
. (5.30)

The gauge invariance of this expression is inherited from the gauge invariance of the

tree-level double emission amplitude, K2+2(q1, q2)|2(0)〉.
In the case of cut (B), one of the emissions occurs together with the Coulomb

exchange, before the hard scatter, and the other during the hard scatter. These

could be q1,2 either way round. In the case that it is q1 that is emitted with the

Coulomb exchange, just like the case of cut (A) in Fig. 3.2, its kT must be larger

than that of the real emission, kT > q1T (see Eq. (3.10)):[
− iπ

8π2
Tb
jif

bc1aTa
i

[
pj · ε1

pj · q1

− pi · ε1

pi · q1

] ∫ Q2

q21T

dk2
T

k2
T

]
Jc22+1(q2)

∣∣∣2(0)
〉
, (5.31)

which is manifestly gauge invariant.

Cut (C) involves physics that cannot be inferred from the one-emission amplitude.

In view of Eq. (3.10), one might anticipate that this contribution is also infrared

finite and this is indeed the case. The proof of this involves the graph containing the

four-gluon vertex. The leading expression in limit 1 is

− iπ

8π2

[
pj · ε1

pj · q1

− pi · ε1

pi · q1

]{[
pj · ε2

pj · q2

− q1 · ε2

q1 · q2

] [
Td
j if

dc2bif bc1aTa
i

]
+

[
q1 · ε2

q1 · q2

− pi · ε2

pi · q2

] [
Td
j if

dc1bif bc2aTa
i

]}∫ Q2

q21T

dk2
T

k2
T

∣∣∣2(0)
〉
. (5.32)

This is manifestly gauge invariant and, as anticipated, the result is cut off from

below by the larger of the two emitted transverse momenta. As was the case at tree

level, the leading behaviour of the expressions in limits 2 and 3 can be deduced by

taking the respective collinear limits of this expression. By using the algebra of the

generators one can show that the sum of Eq. (5.30), Eq. (5.31) and its permutation

(1↔ 2) and Eq. (5.32) is equal to (5.12), (5.13) and (5.14) in limits 1–3 respectively.

5.5 Soft gluon cuts

To complete the calculation of the imaginary contribution, we turn our attention to

the “soft gluon cuts” illustrated in Fig. 5.6. We will show that the leading behaviour

in limits 1–3 of this operator can be understood in terms of the re-scattering cuts

that we encountered when studied the one-emission, one-loop amplitude.

Before presenting the full result, it is useful to focus first only on the 1/ε poles.

In general the integrals of these cut graphs contain more than one region in which
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Figure 5.6: Kinematically allowed soft gluon cuts.
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Figure 5.7: Schematic representation of regions that give rise to infrared poles. Poles
arise as a result of the vanishing of the red propagators.

the propagators vanish and, in dimensional regularization, each region gives rise to

a 1/ε pole. To illustrate the point, we consider the first cut graph in Fig. 5.7, which

gives

1

2
Ta
i if

ac2bif bc1dTd
i

∫
ddl

(2π)d
if(l, pi, q1, q2) (2π)δ+(l) (2π)δ+(q1 + q2 − l)

(pi · l)(l · q1)
, (5.33)

where f is a scalar function whose precise form is not important and δ+(l) =

θ(l0)δ(l2). In the reference frame in which the time-like vector q1 + q2 is at rest,

one can integrate over the energy l0 and the magnitude of the (d− 1)-momentum |~l|
to give

1

2
Ta
i if

ac2bif bc1dTd
i

((q0
1 + q0

2)/2)d−6

8(2π)d−2p0
i q

0
1

∫
dΩd−2

if(l)

[1− p̂i · l̂][1− q̂1 · l̂]
, (5.34)

where dΩd−2 is the solid angle element of the unit (d − 2)-sphere. Clearly the de-

nominator of the integrand only vanishes when the virtual light-like momentum is

either collinear with pi or q1, which cannot occur simultaneously5. It follows that

the pole part of this expression can be computed as∫
dΩd−2

f(l)

[1− p̂i · l̂][1− q̂1 · l̂]
=

f(l)|l̂=p̂i
1− p̂i · q̂1

∫
dΩd−2

[1− p̂i · l̂]

+
f(l)|l̂=q̂1

1− p̂i · q̂1

∫
dΩd−2

[1− q̂1 · l̂]
+O(ε0). (5.35)

The remaining angular integration can be performed by standard methods, after

5Unless these two vectors are exactly collinear, but we are excluding this case.
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which, Eq. (5.33) can be written

Ta
i if

ac2bif bc1dTd
i

−iπ
8π2

1

(−pi · q1)(q1 + q2)2

−f(l)

ε

∣∣∣∣∣
l=

q1·q2
pi·(q1+q2)

pi

− f(l)

ε

∣∣∣∣∣
l=q1

+O(ε0).

(5.36)

This expression indicates that the pole part of this cut graph arises from the region

in which the virtual emission is collinear to the hard momentum lµ → q1·q2
pi·(q1+q2)

pµi
and from the region lµ → qµ1 . The latter corresponds to an infinitely soft virtual

exchange between the two real emissions. These two contributions are represented

on the right-hand side of Fig. 5.7.

Exactly the same type of analysis can be carried out to compute the pole parts

of each of the cut graphs in Fig. 5.6. In all cases, the 1/ε poles arise either from the

region in which one of the eikonal propagators vanishes (collinear singularities) or

from the region in which the two real emissions exchange a soft gluon between them.

We note that included in Fig. 5.6 are cut self-energy graphs and the corresponding

ghost graphs should be added to these. However, neither of them gives rise to infrared

poles (or their associated logarithms).

The colour operator associated with each leading graph in Fig. 5.6 can be written

as a linear combination of the colour structure on the left-hand side of Fig. 5.8 and

its permutation (1 ↔ 2). For example, the colour operator corresponding to the

graph in Fig. 5.7 can be rewritten as

Ta
i if

ac2bif bc1dTd
i

∣∣∣2(0)
〉

= −Td
j if

dc1bif bc2aTa
i

∣∣∣2(0)
〉
. (5.37)

After expressing all of the colour structures in this way, one can confirm that the

poles corresponding to collinear singularities cancel. This cancellation gives rise to

the zero on the right-hand side of Fig. 5.8. It follows that the only 1/ε poles of the
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Figure 5.8: Cancellation of collinear poles. The operator P projects out the appro-
priate colour structure.

cut graphs in Fig. 5.6 arise from a Coulomb exchange between the two real emissions.

These are represented in Fig. 5.9. Explicitly, the pole part of the amplitude arising
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3

Figure 5.9: The relevant 1/ε poles arising from soft-gluon cuts correspond to Coulomb
exchange between the two real emissions.

from the sum over all soft gluon cuts can written

− 1

ε

[−iπ
8π2

if c2ea2if c1ea1
]

Ka2a1
2+2 (q1, q2)

∣∣∣2(0)
〉
, (5.38)

where K2+2(q1, q2) is the two-gluon emission tensor. This expression can be combined

with the pole part of Eq. (5.30) to determine the leading 1/ε pole of the imaginary

part of the double-emission amplitude.

We will now go beyond the calculation of the leading ε poles and compute the

corresponding leading logarithmic contribution arising from the soft gluon cuts. As

before we computed all of the contributing Feynman graphs exactly in dimensional

regularisation and within the eikonal approximation, and then extract the leading

behaviour in limits 1–3.

In limit 1 the amplitude is

∑
l={i,j}

−i
8π2

{
if c1da1if c2db2

∫ q2
2T (l1)

0

dk2
T

k2
T

}
Tb2
l

[
pl · ε2

pl · q2

− q1 · ε2

q1 · q2

]
Ja12+1(q1)

∣∣∣2(0)
〉
. (5.39)

We recall that q2
2T (1i) ≡ 2pi·q2 q1·q2

pi·q1 is the transverse momentum of gluon q2 oriented

with respect to the {pi, q1}. It is important to remark that the colour charge of the

term inside braces corresponds to the product of the colour charges associated with

the soft gluons, i.e if c2db2if c1da1 ≡ (Tq2)
c2b2 · (Tq1)

c2a1 . In view of this observation,

the comparison of the soft gluon cuts with Eq. (3.22) shows us that the soft gluon

cuts in limit 1 are nothing but the re-scattering cuts where J2+1(q1)
∣∣2(0)

〉
, the Drell-

Yan subprocess with the harder gluon q1, plays the role of the hard subprocess (3.22).

Observe that the term inside brackets would be exactly equal to the current J2+2(q2)

if we could use colour conservation to write −∑l 6={q1}Tl
q1·ε2
q1·q2 = Tq1

q1·ε2
q1·q2 . However,

this is not possible as the Coulomb gluon is limited by the dipole momentum q2
2T (1l).

Let us recall that the plus and minus components in the {pi, pj} frame are defined

as

q±1 = q1T e
±yi/
√

2 and q±i = q2T e
±yi/
√

2 . (5.40)

114



Chapter 5. One-loop, two-emission soft corrections

The logarithms are then

ln

(
2q2 · q1 pi · q2

q1 · piµ2

)
= ln

(
q2

2T (i1)

µ2

)
= ln

(
q2

2T

µ2

)
+ ln

(
2q1 · q2

q1T q2T

)
+ y1 − y2,

ln

(
2q2 · q1 pj · q2

q1 · pjµ2

)
= ln

(
q2

2T (j1)

µ2

)
= ln

(
q2

2T

µ2

)
+ ln

(
2q1 · q2

q1T q2T

)
+ y2 − y1.

(5.41)

In the calculation of observables where the terms ∝ yi are formally subleading,

Eq. (5.39) can therefore be simplified to{
− iπ

8π2
if c1da1if c2db2

[
−1

ε
+ ln

(
q2

2T

µ2

)
+ ln

(
2q1 · q2

q1T q2T

)]}
J2+2(q2)J2+1(q1)

∣∣∣2(0)
〉
.

(5.42)

The operator enclosed in curly brackets has the colour structure of a Coulomb ex-

change between the two emissions, and its pole part agrees with Eq. (5.38). The first

logarithm can be written as

−1

ε
+ ln

(
q2

2T

µ2

)
+O(ε) =

∫ q22T

0

µ2ε dk2
T

(k2
T )1+ε

. (5.43)

Then, since the second logarithm is sub-leading, the gluon cuts in limit 1 reduce to

a simple product of emissions and Coulomb gluons that are ordered with respect to

the transverse momentum with respect to the incoming partons.

In limits 2 and 3, the sum over soft gluon cuts yields respectively{
− iπ

8π2
if c2db2if c1da1

∫ q22T

0

µ2ε dk2
T

(k2
T )1+ε

} [
Tb2
i

pi · ε2

pi · q2

]
Ja12+1(q1)

∣∣∣2(0)
〉
, (5.44){

− iπ

8π2
if c2db2if c1da1

∫ q22T

0

µ2ε dk2
T

(k2
T )1+ε

}
Jb22+2(q2)

[
Ta1
i

pi · ε1

pi · q1

] ∣∣∣2(0)
〉
. (5.45)

Again, the result in limits 2 and 3 can be deduced by taking the corresponding

collinear limit of the leading expression in limit 1, Eq. (5.39). It is worth remarking

that Eqs. (5.44) and (5.45) contain the exact logarithmic contributions. In particular,

in deducing these expressions we did not neglect any factors that we did to derive

Eq. (5.43), which is only approximation in limit 1.

Soft gluon cuts graph-by-graph

We recall that the colour part of all of the graphs in Fig. 5.6 can be written as

a linear combination of the colour structure of the graph on the left-hand side of

Fig. 5.8 and its permutation (1↔ 2). Written in terms of these two colour tensors,
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in limit 1, the amplitude is

−iπ
8π2

[
pj · ε1

pj · q1

− pi · ε1

pi · q1

]{[
pj · ε2

pj · q2

− q1 · ε2

q1 · q2

][
−1

ε
+ ln

[
q2

2T (1j)

µ2

]]
Td
j if

dc2bif bc1aTa
i[

pi · ε2

pi · q2

− q1 · ε2

q1 · q2

] [
−1

ε
+ ln

[
q2

2T (1i)

µ2

]]
Td
j if

dc1bif bc2aTa
i

}∣∣∣2(0)
〉
. (5.46)

The leading cuts in limits 1–3 are presented in Fig. 5.10 and can be expressed in

terms of the two colour tensors in Eq. (5.46), which are illustrated in the final column

of the figure. There are additional graphs, other than the ones shown, that involve

the four-gluon vertex but, along with the ghost graphs, these are sub-leading. In
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Figure 3: Caption

2

Figure 5.10: Leading graphs in limits 1–3. Their contributions are projected onto
the two colour structures in the final column.

limit 1 all cuts in this figure are leading except that with a four-gluon vertex. The

non-trivial way in which these graphs combine to deliver Eq. (5.46) is illustrated

by considering, as an example, the graphs that give rise to the term with Lorentz

structure

− iπ

8π2

pj · ε1

pj · q1

q1 · ε2

q1 · q2

(5.47)

in the first line of Eq. (5.46). The first five graphs of each colour structure are all

leading. In the case of the first colour structure (the top half of Fig. 5.10) we label

these {G1a, G1b, G1c, G1d, G1e}. The first two of these cancel exactly, whilst the others

give

G1c = −3

2

∫ pj ·q2

pj ·q1

dk2
T

k2
T

− 3

2

∫ 2q1·q2

0

dk2
T

k2
T

, (5.48)
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G1d =
3

2

∫ 2q1·q2

0

dk2
T

k2
T

, (5.49)

G1e = −
∫ 2q1·q2

0

dk2
T

k2
T

+
1

2

∫ pj ·q2

pj ·q1

dk2
T

k2
T

. (5.50)

In stark contrast, for the second colour structure the first two graphs again cancel

exactly but the others now give

G2c =
3

4

∫ 2q1·q2

0

dk2
T

k2
T

, (5.51)

G2d = −3

2

∫ 2q1·q2

0

dk2
T

k2
T

, (5.52)

G2e =
7

4

∫ 2q1·q2

0

dk2
T

k2
T

+

∫ pi·q2

pi·q1

dk2
T

k2
T

. (5.53)

In both cases, these terms sum up to give the corresponding terms in Eq. (5.46).

Limit 2 is particularly simple since from all the graphs in Figure 5.10 only graphs

G2e and G2h are leading and they give rise to the two terms

− iπ

8π2

1

2

pi · ε2

pi · q2

pi · ε1

pi · q1

∫ q22T

0

dk2
T

k2
T

(5.54)

and

− iπ

8π2

[
1

2

pi · ε2

pi · q2

pi · ε1

pi · q1

− pi · ε2

pi · q2

pj · ε1

pj · q1

] ∫ q22T

0

dk2
T

k2
T

, (5.55)

which add up to the corresponding collinear limit of Eq. (5.46).

Finally we study the leading cuts in limit 3. There are leading contributions

to the second colour structure but they cancel. The first colour structure receives

leading contributions to the following two Lorentz structures:

− iπ

8π2

{
ε−1
q−1

ε+
2

q+
2

,
ε−1
q−1

ε−2
q−2

}
. (5.56)

Only graph G1e contributes to the first and it gives

−
∫ q22T

0

dl2T
k2
T

. (5.57)

Graphs {G1a, G1b, G1c, G1d, G1e, G1i} contribute to the second Lorentz structure in

(5.56). The contributions of graphs G1a, G1b cancel whilst

G1c =

[
3(q−1 )2 + 3q−1 q

−
2 + 2(q−2 )2

4(q−1 + q−2 )2

] ∫ q+1 q
−
2

0

dk2
T

k2
T

− 1

2

∫ pi·(q1+q2)

pi·q1

dk2
T

k2
T

, (5.58)
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G1d = − 3q−1 + 2q−2
2(q−1 + q−2 )

∫ q+1 q
−
2

0

dk2
T

k2
T

+

∫ pi·(q1+q2)

pi·q1

dk2
T

k2
T

, (5.59)

G1e =
7q−1 + 6q−2
4(q−1 + q−2 )

∫ q+1 q
−
2

0

dk2
T

k2
T

− 1

2

∫ pi·(q1+q2)

pi·q1

dk2
T

k2
T

−
∫ pj ·q1

pj ·q2

dk2
T

k2
T

. (5.60)

The sum of these three contributions is∫ q22T

0

dk2
T

k2
T

− q−1 q
−
2

2(q−1 + q−2 )2

∫ q+1 q
−
2

0

dk2
T

k2
T

. (5.61)

Finally, the four-gluon vertex graph G1i exactly cancels the second term of this

expression and so the sum of leading graphs in limit 3 reduces to

− iπ

8π2

ε−1
q−1

[
ε−2
q−2
− ε+

2

q+
2

] ∫ q22T

0

dk2
T

k2
T

Td
j if

dc2bif bc1aTa
i . (5.62)

This expression is identical to the corresponding collinear limit of Eq. (5.46).

It is clear that while the sum of diagrams reproduces kT ordering in all three

limits, the contributions of individual diagrams are very different in each region. In

particular, the emergence of kT ordering in limit 3, of most importance for the un-

derstanding of super-leading logarithms and factorization breaking, involves a very

non-trivial interplay of many different orderings in many different individual dia-

grams (in Feynman gauge at least) including diagrams involving the four-gluon ver-

tex. Another derivation of the leading behaviour of the sum of the soft gluon cuts

in limits 1-3 can be found in [85].

5.5.1 Physical picture

We close our study of the soft gluon cuts by relating them to physical amplitudes,

just as we related the Coulomb gluons at previous orders. To do this, we first point

out that the sum of cut graphs illustrated in Fig. 5.6 can be written as

1

2i

∫
dLIPS2(iBµν)[−gµβ][−gνλ](iAβλ) , (5.63)

where A is the amplitude to produce a pair of gluons with momenta q′1 and q′2, B is

the amplitude for that same pair of gluons to scatter into the two final state gluons

with momenta (q1) and (q2) and

dLIPS2 ≡
ddq1′

(2π)d
ddq2′

(2π)d
δd(q1 + q2 − q1′ − q2′)(−2πiδ+(q1′))(−2πiδ+(q2′)). (5.64)

As we already mentioned, ghost graphs also have imaginary contributions, however

we neglected them before this section because they do not give poles or logarithmic
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enhancements. This occurs because the cut condition together with their numerator

factors of ghost graphs effectively suppress their in the regions where propagators

become small. Nevertheless, they allow one to substitute the metric tensors in the

above expression by sums over physical polarisation, i.e.

1

2i

∫
dLIPS2(iBµν)

[∑
σ1′

ε1′µε
∗
1′β

∑
σ2′

ε2′νε
∗
2′λ

]
(iAβλ) . (5.65)

5.6 Physics of two collinear gluons

In addition to limits 2 and 3 there is one more collinear limit that we now address.

Limit 4: the two gluons are nearly collinear, have wide-angle with respect to the

incoming partons and their momentum components are of the same order (q±1 ∼
q1T ∼ q±2 ∼ q2T ). This kinematical configuration can be defined as

q1µ = zqµ −
q2
T

2zq̃ · rrµ + q̃⊥µ ,

q2µ = (1− z)qµ −
q2
T

2(1− z)q̃ · rrµ − q̃⊥µ ,

2q1 · q2 =
q2
T

z(1− z)
, q̃T → 0,

(5.66)

where q is the vector that denotes the collinear direction and the vector r specifies

the directions in which the collinear limit is approached (q̃⊥ · q = q̃⊥ · r = 0). At

tree-level order, all the divergent terms in this limit are given by∣∣∣2(0)
+2

〉
=

4παsµ
2ε

√
q1 · q2

S(0)µ[−gµµ]Jν2+1(q1 + q2)
∣∣∣2(0)

〉
(5.67)

here Jν2+1(q) denotes soft-gluon current and S(0)†µ(q1 + q2) is the splitting operator

that describes the splitting of the collinear gluons, its explicit expression yields

〈
c1 c2

∣∣∣S(0)(q1, q2)
∣∣∣c〉 ≡ if c1c2d

2
√
q1 · q2

ε2µ1ε2µ2V
µ1µ2µ(−q1,−q2, q1 + q2) , (5.68)

since we have ε1µ1ε2µ2V
µ1µ2µ(−q1,−q2, q1 + q2)(q1 + q2)µ = 0, we can re-write the

above expression as∣∣∣2(0)
+2

〉
= S(0)µ[−g⊥µν(q1 + q2)]Jν2+1(q)

∣∣∣2(0)
〉
,

g⊥µν(q1 + q2) ≡ gµν +
rµ(q1 + q2)ν + rν(q1 + q2)µ

r · (q1 + q2)
.

(5.69)

Using the polarisation vectors in Eq. (5.2) with pj → r one can show that the splitting

operator is related to the Altarelli-Parisi gluon-gluon splitting function Pggαν(z, qT )
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[27] via

Pggαν(z, qT )δc
′c =

2∑
σ1,σ2

g⊥αβ(q1 + q2)
〈
c′
∣∣∣S(0)†βS(0)µ

∣∣∣c〉g⊥µν(q1 + q2)

= CAδ
c′c

[
−gαν

(
z

1− z +
1− z
z

)
− 4z(1− z)

q⊥αq⊥ν
q2
T

]
.

(5.70)

We now proceed to study the collinear limits of the one loop amplitude. In limit 4,

the eikonal cuts adds up to

4παsµ
2ε

√
q1 · q2

S(0)µ[−gµµ(q1 + q2)]
[
Jν2+1(q1 + q2)Cij

(
qT (ij), Q

)
+Cij

(
0, qT (ij)

)
Jν2+1(q1 + q2)

] ∣∣∣2(0)
〉
.

(5.71)

This expression shows that the physics of the eikonal cuts in the double emission case

can be understood in terms of the physics of the one-emission case, see Eq. (5.1).

On the other hand, in limit 4 the soft gluon cuts adds up to

4παsµ
2ε

√
q1 · q2

Cq1q2(0, q̃⊥) S(0)µ[−g⊥µν ]Jν2+1(q1 + q2)
∣∣∣2(0)

〉
. (5.72)

Hence, the amplitude reduces to a single Coulomb gluon operator acting on the

collinear emissions and the kT of the Coulomb gluon is limited by q̃⊥, the transverse

momentum that defines the collinear limit in Eq. (5.66).

We close this section with two remarks. Firstly, we mention that, although in

this section we deduced the divergent terms in limit 4 at amplitude level, there is

a missing step necessary to deduce the squared amplitude in this same limit. Due

to our poor choice of polarisation vectors in this section, the tree-level (one-loop)

amplitude has terms that behave as q̃ −1
⊥ and as q̃ −2

⊥ . We expect that, as at tree-

level, the one-loop contribution to the squared amplitude in limit 4 will be equal to

the product of the tree-level amplitude (Eq. (5.72)) and the one-loop amplitude (the

sum Eqs. (5.71) and (5.72)) in this limit. However, to prove this one needs to check

that the interference between terms of order q̃ −2
⊥ and (q̃⊥)0 cancels, this is a pending

task. Secondly, one can check that limits 1 and 4 commute in the sense that the

leading behaviour of the eikonal and of the soft gluon cuts is the same if we take

limit 1 and then limit 4 or if these limits are taken in the opposite order.

5.7 Summary

We have shown that the imaginary part of the one-loop, two-emission corrections to

a Drell-Yan hard process can be separated, gauge-invariantly, into distinct physical
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mechanisms for double gluon emission. The sum of these contributions in limits 1-3

can be written in terms of the building blocks that we found in the one-emission

case: Coulomb exchange operators, soft-gluon currents and dipole emissions. A can-

cellation of many graphs imposes precise ordering conditions. The Coulomb gluons

exchanged between the incoming partons are always ordered with respect to the

transverse momentum of the real emissions. More precisely, the transverse momen-

tum components defined by the direction of the incoming partons. The Coulomb

exchanges between the emitted gluons have the same structure as the re-scattering

cuts in Section 3.2.3. In the next Chapter we shall discuss their contributions in

more detail.

In the calculation of observables like ‘gaps between jets’, where the rapidity log-

arithms are subleading, see Eq. (5.41) and the comment below this equation, the

leading contribution to the amplitude in limit 1 yields:

Im
∣∣∣2(1)

+2

〉
=

[(
Cij

(0,q2T ) + Cq1q2
(0,q2T )

)
J2+2(q2)J1(q1) + J2+2(q2)Cij

(q2T ,q1T )J2+1(q1)

+ J2+2(q2)J2+1(q1)Cij
(q1T ,Q)

]∣∣∣2(0)
〉
. (5.73)

Furthermore, the expression for the amplitude in limits 2 and 3 can be directly de-

rived from this expression. These results constitute substantial progress in confirming

the assumption that kT ordering is the correct ordering variable in the computation of

‘gaps between jets’; this expression is in accord with the kT -ordered colour evolution

picture, Eq. (2.73). Although to solve the ordering problem discussed in Section 2.6

one needs to consider the matrix elements that appear at N4LO we think that the

results of this chapter suggest that kT is the correct ordering variable.
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Chapter 6

General hard processes

In this chapter, we investigate the imaginary part of the one-loop amplitude for a

general hard scattering process accompanied by the emission of two gluons. We will

bring together results from previous chapters to express the strongly ordered limit

of the amplitude in terms of: soft-gluon currents, dipole emissions and Coulomb

operators. We will see that cancellations between many graphs imposes a precise

ordering condition on the Coulomb gluon operators.

The main conclusion of this chapter is a generalisation of previous chapters: the

Coulomb gluon exchanged by a pair {i, j}, either incoming or outgoing and either

hard parton or soft emissions, should be ordered with respect to the transverse

momentum (to {pi, pj}) of adjacent gluon emissions. In a schematic notation, this

ordering condition can be summarised as follows(
Ti
pi · ε2

pi · q2

)(
−iπTi ·Tj

∫ q2
1T (ij)

q2
2T (ij)

dkT
kT

)(
Ti
pi · ε1

pi · q1

)
. (6.1)

In Section 6.1, the different contributions to the amplitude are organised in terms

of the physical mechanisms for double-gluon emission. Exact results for the ampli-

tude are presented in Section 6.2. In order to avoid cluttered notation, we shall

restate our notation in Section 6.3. Further sections will discuss the structure of

the different physical mechanisms. Firstly, we address the cuts over eikonal lines in

Section 6.4 and the soft gluon cuts in Section 6.5. We will find that their expressions

are straightforward generalisations of the previous chapter. Then, in Section 6.6, we

study re-scattering cuts which contain physics that we have not yet encountered in

previous chapters. We conclude this chapter in Section 6.7 where, based upon the

assumption that the ordering structure that we found in this and previous chapters

continues to higher orders, we conjecture an expression for the one-loop amplitude

with any number of strongly ordered real emissions.
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6.1 Physical mechanisms for double emission

The imaginary part of the two emission amplitude for a general hard process can

be organised into the sum of the different mechanisms for double gluon emission,

each of which is separately gauge invariant. This time, there are eleven different

possibilities; these are illustrated in Fig. 3.3. As in the equivalent figure for the

one emission case, Fig. 6.1, we have abbreviated graphs by only showing the lines

that are cut and the emitted gluons. Furthermore, the gluons radiated from black

shaded circular blobs should be understood to be radiated in all possible ways. The

derivation of the cutting rules that gives rise to these graphs can be done following

analogous steps to those in Appendix D.

Im


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Figure 6.1: Imaginary part of the one-loop corrections to a general hard process
organised in terms of the different physical mechanisms for double gluon emission.
These graphs are the generalisation of Fig. 3.3. The second graph in the fourth row
stands for the production of two ghosts that scatter into two gluons.
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6.2 Exact results and cross-checks

We have calculated the exact1 infrared poles and logarithmic enhancements of each

graph in Fig. 6.1. The necessary integration methods can be found in [98, 99, 100,

101, 102], these are discussed in Appendix H and were implemented using Wolfram

Mathematica with Feyncalc. As far as we are aware, such corrections for a com-

pletely general hard scattering have not been studied previously in the literature

except for particular processes, see [43, 46] and references therein. Remarkably, al-

though the exact amplitude is a complicated expression with involved logarithmic

corrections2, see for instance the scalar integral in Eq. (H.19), the dependence on the

hard scale (Q) and the sum of the infrared poles have simple expressions. We recall

that the tree-level amplitude with two soft gluon emissions (with colour c1 and c2)∣∣∣2(0)
+2

〉
can be expressed in terms of an operator Kn+2(q1, q2) that acts on the hard

process to insert two real emissions:〈
c1c2

∣∣∣n(0)
+2

〉
≡ g2

2µ
2ε Kc1c2

n+2(q1, q2)
∣∣∣n(0)

+2

〉
, (6.2)

its explicit form is given in Eq. (4.3). The sum over all of the infrared 1/ε poles of

the cut graphs in Fig. 6.1 can be written as

Im
{〈

c2c1

∣∣∣n(1)
+2

〉}
=
−iπαscε

2π

1

ε
×
[

n∑
i<j

δ̃ijTi ·Tjδ
c1a1δc2a2

+ δ̃q1q2(T
d
q2

)c2a2(T
d
q1

)c1a1

+
n∑
i

δ̃iq1(T
d
q1

)c2a2Td
i δ
c1a1 +

n∑
i

δ̃iq2(T
d
q2

)c1a1Td
i δ
c2a2

]
Ka1a2
n+2

∣∣∣n(0)
〉
,

(6.3)

where δ̃km = 1 if {k,m} are both incoming or outgoing and δ̃km = 0 otherwise.

The terms in the first, second and third line in Eq. (6.3) correspond to Coulomb

exchanges between: hard partons (second and third rows in Fig. 6.1), the emitted

gluons (fourth row in Fig. 6.1) and an emitted gluon and a hard parton (fifth and

sixth row in Fig. 6.1). Eq. (6.3) is not a new result but a cross-check. Indeed, one

could derive it from the universality of the singular infrared behaviour of the one-loop

corrections to a general scattering, i.e. settingN → n+2 in Eq. (2.39). Nevertheless,

this is a strong cross-check of our Mathematica calculation as it involves proving the

cancellation between many graphs, e.g. the cancellation of collinear poles illustrated

in Fig. 5.8 that includes a four-gluon vertex!

1Without specialising to any particular phase space region for the two emissions.
2We will not present the complete expression for the amplitude as it is too lengthily to include.

We have the contributions in Wolfram Mathematica notebooks.
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In general, the sum over all of the contributions in Fig. 6.1 can be written as

Im
{∣∣∣n(1)

+2

〉}
=
[
Kn+2Im

{
I(1)
n

}
+ Im

{
K

(1)
n+2

}] ∣∣∣n(0)
〉

(6.4)

where Im
{
I

(1)
n

}
is the Coulomb gluon operator (see Eqs. (2.23) and (2.25)), i.e.

Eq. (2.25), and all the other contribution, Im
{
K

(1)
n+2

}
, are power suppressed in the uv

region. Some of them are infrared divergent but this is not relevant for the rest of this

section. We recall that the contributions in Im
{
I

(1)
n

}
are logarithmically divergent

when the momentum of the (Coulomb) exchanges becomes arbitrarily large, see

Appendix A for more details. Such uv divergences are fictitious in the sense that

they have been introduced by the eikonal approximation in the propagators. In

chapters 3 and 5 we introduced cut-off scales to regularise these uv divergences.

However, Eq. (6.4), and the same applies to Eq. (3.29), shows that we could have

presented our results without imposing a cut-off and expressing the uv divergences

only in terms of I
(1)
n . The conclusions in this and previous chapters would be the

same.

6.3 Notation

From now on, we will focus on the leading behaviour of the amplitude in the strongly

ordered limit q2 � q1, i.e. limit 1 from before. Specifically, we take q2 → λq2 and

keep the leading term for small λ. For the sake of readability, we will present our

results without explicitly projecting over the colour states of the emitted gluons and

in this section we outline simple rules to project over the colour states of the gluons

{c1, c2}.
Let us start by considering the double emission tree-level amplitude,

∣∣∣n(0)
+2

〉
. In

the strongly ordered limit this yields

Jn+2(q2)Jn+1(q1)
∣∣n(0)

〉
(6.5)

where

Jn+a(qa) = gsµ
ε

n+a∑
i=1

Ti
pi ·εa
pi ·qa

, (a = 0, 1), (6.6)

and it should be understood that Tn+1 ≡ Tq1 and pn+1 ≡ q1. We recall that

the action of Tq1 over the space spanned by the vectors {Ti |n0〉 |i = {1, . . . n}} and

similarly, the action of Tn+2 ≡ Tq2 over the vectors {TjTi |n0〉 | j = {1, . . . n+1}, i =

{1, . . . n}} is defined as in the eikonal rules3. Also, we will find it convenient to denote

3See Fig. 2.1 and Eq. 2.8
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pn+2 ≡ q2.

We can project Eq. (6.6) over the colour state {c1, c2} of the emitted gluons using

the following simple steps〈
c1c2

∣∣∣Jn+2(q2)Jn+1(q1)
∣∣∣n(0)

〉
=
[〈
c1c2

∣∣∣Jn+2(q2)
∣∣∣a1

〉]〈
a1

∣∣∣Jn+1(q1)
∣∣∣n(0)

〉
=

[
n∑
j=1

gsT
c2
j

pj ·ε2
pj ·q2

δc1a1 + gsif
c1c2a1

q1 ·ε2

q1 ·q2

]
Ja1n+1(q1)

∣∣∣n(0)
〉
.

(6.7)

At one-loop order we will often express our results in terms of two emission oper-

ators Tj and Ti and a single virtual exchange (Tl ·Tk). The different combinations

that we will encounter are

(Tl ·Tk) Tj Ti

∣∣∣n(0)
〉
,

Tj (Tl ·Tk) Ti

∣∣∣n(0)
〉
,

Tj Ti(Tl ·Tk)
∣∣∣n(0)

〉
.

(6.8)

These vectors can be projected following the simple rules:〈
c1c2

∣∣∣Tj Ti(Tl ·Tk)
∣∣∣n(0)

〉
=
〈
c1c2

∣∣∣Tj

∣∣∣a1

〉〈
a1

∣∣∣Ti(Tl ·Tk)
∣∣∣n(0)

〉
〈
c1c2

∣∣∣Tj

∣∣∣a1

〉
=

Tc2
j δ

c1a1 if j = {1, . . . , n}
if c1c2a1 if j = q1

(6.9)

〈
c1c2

∣∣∣Tj (Tl ·Tk) Ti

∣∣∣n(0)
〉

=
〈
c1c2

∣∣∣Tj

∣∣∣b1

〉〈
b1

∣∣∣Tl ·Tk

∣∣∣a1

〉〈
a1

∣∣∣Ti

∣∣∣n(0)
〉
,

〈
c1c2

∣∣∣Tj

∣∣∣b1

〉
=

δc1b1T
c2
j if j ∈ {1, . . . n},

if c1c2b1 if j = q1 .〈
b1

∣∣∣Tl ·Tk

∣∣∣a1

〉
=

δb1a1Tl ·Tk if {l, k} ∈ {1, . . . n},
if b1da1Td

k if l = q1 and k ∈ {1, . . . n},

(6.10)
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〈
c1c2

∣∣∣(Tl ·Tk) Tj Ti

∣∣∣n(0)
〉

=
〈
c1c2

∣∣∣Tl ·Tk

∣∣∣b1b2

〉〈
b1b2

∣∣∣Tj

∣∣∣a1

〉〈
a1

∣∣∣Ti

∣∣∣n(0)
〉
,〈

a1

∣∣∣Ti

∣∣∣n(0)
〉

= Ta1
i

∣∣∣n(0)
〉
.

〈
b1b2

∣∣∣Tj

∣∣∣a1

〉
=

δb1a1T
b2
j if j ∈ {1, . . . n},

if b1b2a1 if j ∈ {1, . . . n} .

〈
c1c2

∣∣∣Tl ·Tk

∣∣∣b1b2

〉
=



δc1b1δc2b2Tl ·Tk if {k, l} ∈ {1, . . . n},
if c1db1Td

kδ
c2b2 if l = q1 and k ∈ {1, . . . n},

if c2db2Td
kδ
c1b1 if l = q2 and k ∈ {1, . . . n},

if c2db2if c1db1 if l = q2 and k = q1 .

(6.11)

The rules for amplitudes with many more strongly ordered emissions would be defined

in an analogous way.

6.4 Initial- and final-state eikonal cuts

The sum over the eikonal cuts through a pair of incoming partons {i, j} can be

organised into four physical mechanisms illustrated on the second row of Fig. 6.1.

These mechanisms correspond to an on-shell scattering of two eikonal lines {i, j} in

the initial state before the hard process, and the real emissions can occur either as

part of this initial-state scattering or as part of the hard scattering. This graph is

the generalisation of Fig. 5.3 for the Drell-Yan case. In fact, the red ovals in both

figures abbreviate exactly the same graphs.

The first physical mechanism in the second row of Fig 6.1, where both emissions

occur as part of the hard scattering, yields

Cij(0, Q)×Kc1c2
n+2(q1, q2)

∣∣∣n(0)
〉
. (6.12)

The limits of integration of the Coulomb exchange are independent of the kinematics

of the emissions.

The expression for the second physical mechanism (the third one is obtained

swapping (1↔ 2)) in the second row of Fig 6.1, where emission q2 occurs as part of

the on-shell scattering and q1 as part of the on-shell scattering, adds up to:[
−iπαsgs

2π
Td
i if

dc2eTe
j

(
pi ·ε2

pi ·q2

− pj ·ε2

pj ·q2

)∫ Q2

q22Tij

dk2
T

k2
T

]
× Jc1n+1(q1)

∣∣∣n(0)
〉
. (6.13)

Notably, the part of this expression corresponding to the 2 → 3 on-shell scattering

(inside the brackets) is independent of the emission q1. The fourth mechanism in
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the second row of Fig 6.1 does not have a simple expression in general but in the

strongly ordered limit (q1 � q2) it becomes

−iπαsg2
s

2π

[
pj ·ε1

pj ·q1

− pa ·ε1

pa ·q1

]{[
pj ·ε2

pj ·q2

− q1 ·ε2

q1 ·q2

] [
Td
j if

dc2bif bc1aTa
i

]
+

[
q1 ·ε2

q1 ·q2

− pi ·ε2

pi ·q2

] [
Td
j if

dc1bif bc2aTa
i

]}∫ 2pi·pj

q2
1T (ij)

dk2
T

k2
T

∣∣∣n(0)
〉
.

(6.14)

It is worth pointing out that these are exactly the same expressions that we found

in the Drell-Yan case (n = 2). Note that Eq. (6.14) can be obtained directly by

considering the coherent emission of q2 off the 2→ 3 scattering process described by

Eq. (3.16).

In addition to the physical picture that we have just described, the sum of these

four physical mechanims can be written in terms of emission currents and Coulomb

exchanges. Crucially, the kT of the Coulomb gluon is ordered with respect to the

transverse momentum, defined by the direction of partons {i, j} involved in the

exchange, of the real emissions:

[
Cij
(
0, q2T (ij)

)
Jn+2(q2)Jn+1(q1) + Jn+2(q2) Cij

(
q2T (ij), q1T (ij)

)
Jn+1(q1) ,

+Jn+2(q2) Jn+1(q1) Cij
(
q1T (ij), Q

)] ∣∣∣n(0)
〉
, (6.15)

where the Coulomb gluon operator is defined in Eq. (3.37).

We do not need to compute separately the expressions for the final-state eikonal

cuts depicted in the third row of Fig. 6.1. Instead, we can infer them from the

identity illustrated in Fig. 3.4. As this identity holds on a graph-by-graph basis, we

can obtain the expression for the final-state eikonal cuts by simply replacing i → l

and j → m in Eqs. (6.12)–(6.15).

Based upon the observation that the structure of the eikonal cuts (of a general

hard process) in the one- and two-emission cases is exactly the same, we conjecture

that the sum of eikonal cuts (both in the initial and final state) in the presence of

q1 � q2 � · · · � qb strongly ordered emissions should add up to

n∑
i<j

δ̃ij

[
Cij(0, q̃b) Jn+b(qb) · · ·Jn+1(q1)

+ Jn+b(qb)C
ij(q̃b−1, q̃b) Jn+b−1(qb−1) · · ·Jn+1(q1)

+ · · ·+ Jn+b(qb) · · ·Jn+1(q1)Cij(q̃1, Q)

]∣∣∣n(0)
〉
,

(6.16)

where, here and subsequently, q̃ = qT (ij) when used in the argument of an Cij

operator. We used this notation to emphasise the simplicity of the ordering condition.
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6.5 Soft gluon cuts

We will now focus on the physical mechanism in the fourth row of Fig. 6.1. As

we discussed in Section 5.5.1, this mechanism corresponds to the on-shell scattering

between the emitted soft gluons whilst the ghost graphs only serve to remove the

unphysical degrees of freedom. Up to terms that cancel due to colour conservation,

the structure of cuts over soft gluon lines for a Drell-Yan process is the same for a

general scattering. In particular, in the strongly ordered limit the sum over the soft

gluon cuts has the same dipole structure that we found in the Drell-Yan case, see

Eq. (5.39):

n+1∑
j=1

j 6={q1}

−iαs
2π

{
Tq1 ·Tq2

∫ q2
2T (jq1)

0

dk2
T

k2
T

}
gsTj

[
pj ·ε2

pj ·q2

− q1 ·ε2

q1 ·q2

]
Jn+1(q1)

∣∣∣n(0)
〉
, (6.17)

if the amplitude Jn+1(q1)
∣∣n(0)

〉
is thought of as an effective hard process for the vir-

tual gluon and the softer gluon q2, this expression has the remarkable property of be-

ing equal to the re-scattering cuts that we found in one-emission case, i.e. Eq. (3.22).

Exactly as in the one emission case, the softer emission, q2, that will subsequently

exchange a Coulomb gluon is emitted from the dipole formed by the harder gluon q1,

with which it will exchange a Coulomb gluon, and hard parton j. In addition, the

kT of the Coulomb exchange is limited by the dipole momentum, i.e. kT < q2T (lq1).

Observe that each term in Eq. (6.17) is gauge invariant with respect to the softer

gluon, i.e. it vanishes under the replacement ε2 → q2. In general, we will find that

gluons that subsequently exchange Coulomb gluons are always emitted via a dipole

structure. Anticipating this observation, let us introduce the dipole operator for the

emission of gluon q2 from a dipole formed by l, the parton with which it will exchange

a Coulomb gluon, and each of the partons j 6= {l}:

dn+2(jl)(q2) = gsµ
εTj

[
pj ·ε2

pj ·q2

− pl ·ε2

pl ·q2

]
. (6.18)

The sum over the different dipoles adds up to a tree-level soft-gluon current:

n+2∑
j=1
j 6={l}

dn+1(jl)(q2)
∣∣∣n0

+1

〉
= Jn+2(q2)

∣∣∣n(0)
+1

〉
, (6.19)

and it should be understood that Tn+1 = Tq1 and pn+1 = q1. However, observe

that the sum symbol in Eq. (6.17) cannot be commuted to the right of the Coulomb

operators as these exchanges have a “memory” of where q2 was emitted from. It is

this memory and the requirement of gauge invariance (with respect to softer emission
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q2) that forces the softer gluon to be emitted from a dipole operator. Written in terms

of dipoles, the total expression for the soft gluon cuts, Eq. (6.17), reads

n+1∑
j=1

j 6={q1}

Cq1q2
(
0, q2T (jq1)

)
dn+2(jq1)(q2)Jn+1(q1)

∣∣∣n(0)
〉
. (6.20)

In this equation and throughout this chapter we shall show the sum indices very

explicitly to avoid any confusion.

6.6 Re-scattering cuts

We shall now study the physical mechanisms corresponding to an on-shell re-scattering

between an outgoing hard parton and a previously emitted gluon. There exist three

different physical mechanisms; these are illustrated in the fourth and fifth row of

Fig. 6.1. The red hatched ovals represent the 2 → 2 and 2 → 3 on-shell scatterings

between the gluons and the hard parton l. To be precise about the definition of

these ovals, we point out that the first graph in the fourth row of Fig. 6.1 can be

also represented as in Fig. 6.2.

1 
l

2

+

l

2

+

l

2


Figure 6.2: Explicit representation of the red oval of first graph in the fourth row of
Fig. 6.1.

In the strongly ordered region, q1 � q2, the total expression of the contributions

in Fig. 6.3 is

−iπαsgs
2π

Td
l if

c2db2

{
n∑
j 6=l

Tb2
j δ

c1a1

[
pj ·ε2

pj ·q2

− pl ·ε2

pl ·q2

] ∫ q2
2T (lj)

0

dk2
T

k2
T

+if c1b2a1
[
q1 ·ε2

q1 ·q2

− pl ·ε2

pl ·q2

] ∫ q2
2T (lq1)

0

dk2
T

k2
T

}
Ja11 (q1)

∣∣∣n(0)
〉
.

(6.21)

As in case of the soft gluon cuts, if the amplitude J1(q1)
∣∣n(0)

〉
is thought of as the

hard subprocess, Eq. (6.21) is equal to the expression for the re-scattering cuts in

the one-emission case; compare Eq. (6.21) with Eq. (3.22) and Fig. 6.3 with the

fourth row of Fig. 3.3. Motivated by this observation, let us write this expression,

131



Chapter 6. General hard processes

Eq. (6.21), in terms of the dipole operator, dn+2(jl)(q2), defined in Eq. (6.18), i.e.

n+1∑
j=1
j 6={l}

Clq2
(
0, q2T (jl)

)
dn+2(jl)(q2) Jn+1(q1)

∣∣∣n(0)
〉
. (6.22)

It is worth noting that this formula has the same structure as the expression that we

found for the cuts over soft gluon lines, Eq. (6.20), and that their common feature

is they can be written in terms of Coulomb exchanges between q1 and the outogoing

partons. 
2

l

1

+
l

1

2


Figure 6.3: In the strongly ordered regime q1 � q2 the sum of these two gauge in-
variant physical mechanisms adds up to the simple transverse momentum expression
given by Eq. (6.23).

There are only two more distinct physical mechanisms left to study, these are

illustrated in Fig. 6.3. Up to this point, we found that the individual expression for

each physical mechanisms has a simple structure in the strongly ordered region, q1 �
q2. This is not the case for these two mechanisms4. Nevertheless, their expressions

in the strongly ordered limit greatly simplifies when these are combined together, for

each outgoing parton l they sum up to

n∑
j=1
j 6={l}

{
Clq1(0, q̃2) Jn+2(q2) + Jn+2(q2)Clq1

(
q̃2, q1T (jl)

)}
dn+1(jl)(q1)

∣∣∣n(0)
〉

(6.23)

where dn+1(jl)(q1) is defined identically to the dipole operator that we introduced

for the re-scattering cuts of the one-emission amplitude (see Eq. (3.39)) and, as in

Eq. (6.16), where q̃2 = q2T (lq1) when used in the argument of an Clq1 .

As in the case of one-emission, in Eq. (6.23) the emission of a gluon q1 that may

subsequently exchange Coulomb gluons is emitted from dipoles, dn+1(jl)(q1), and each

dipole sets an effective hard scale for the kT of the subsequent Coulomb exchange,

i.e. kT < q1T (jl). Crucially, Eq. (6.23) shows that when there is a real emission and

a Coulomb exchange after the dipole, the Coulomb exchanges are ordered exactly as

the eikonal cuts. More precisely, the softer of the emissions appears emitted through

a current, Jn+2(q2), and the kT of the Coulomb gluon is ordered with respect to the

4Of course, the first mechanism would simplify in the opposite strongly ordered region q2 � q1
as the the contributions in Fig. 6.2 do when q1 � q2, i.e. Eq. (6.22).
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transverse momentum of this emission: when the emission acts closer to the hard

process the Coulomb gluon has kT < q2T (q1l) and when the Coulomb gluon acts closer

to the hard process it has q2T (q1l) < kT . Expression (6.23) is a crucial result of this

chapter as it highlights a remarkably simple structure that cannot be inferred from

previous chapters.

6.6.1 Physical picture

As we already mentioned, the 2→ 2 and the 2→ 3 on-shell scattering illustrated in

Fig. 6.3 have complicate expressions. Nevertheless, in this section we will show that

when their expression are combined in a different way than above to render physics

analogous to the eikonal cuts of the one-emission case. To be precise about how to

combined these scatterings, it is convenient to point out that contributions of the

2→ 3 scattering Fig. 6.3 can be written in terms of the following colour tensors:

Mc1,c2
2→3,l(q2, q1)

∣∣∣n(0)
〉

=

g2
s

n∑
j=1
j 6={l}

[
Td
l if

dc2gif gc1e Te
j F lj(q1, q2) + Td

l if
dc1gif gc2e Te

j F lj(q2, q1)
] ∣∣∣n(0)

〉
.

(6.24)

The function F lj(q1, q2) has a very simple behaviour in the strongly ordered regime,

q1 � q2,

F lj(q1, q2) =
iπαs
2π

[
pl ·ε2

pl ·q2

− q1 ·ε2

q1 ·q2

] [
pj ·ε1

pj ·q1

− pl ·ε1

pl ·q1

] ∫ q2
1T (lj)

q2
2T (lq1)

dk2
T

k2
T

. (6.25)

Then, by using the colour algebra and colour conservation, the sum of these contri-

butions can be written as

n∑
j=1
j 6={l}

Td
l if

dc2gif gc1e Te
j F lj(q1, q2)

∣∣∣n(0)
〉

= (6.26)

n∑
j=1
j 6={l}

{
−iπαs

2π
Ta
l if

ac2d(Td
q1

)c1b1

∫ q2
1T (jl)

q2
2T (q1l)

dk2
T

k2
T

[
pl ·ε2

pl ·q2

− q1 ·ε2

q1 ·q2

]}
db1n+1(jl)(q1)

∣∣∣n(0)
〉
.

Each term inside braces has the same structure as the physical mechanism that we

denoted by (Aout
lm ) in the one-emission case, i.e. Eq. (3.19). In this comparison,

we are identifying parton m with the harder emission q1 and the dipole momentum

q1T (jl) with hard scale Q.

The coefficient functions F lj(q2, q1) that gives rise to the remaining contributions
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in Eq. (6.24) do not have a simple behaviour in the strongly ordered limit, q2 � q1.

The total expression for the 2→ 2 scattering in Fig. 6.3, Mc1,c2
2→2,l(q2, q1)

∣∣n(0)
〉

is also

complicated in this limit. However, they sum up to a simple expression:Mc1,c2
2→2,l(q2, q1) +

n∑
j=1
j 6={l}

Td
j if

dc1gif gc2e Te
l F lj(q2, q1)

 ∣∣∣n(0)
〉

=

〈
c1c2

∣∣∣ n∑
j=1
j 6={l}

Clq1
(
0, q1T (jl)

)
Jn+2(q2) dn+1(jl)(q1)

∣∣∣n(0)
〉
. (6.27)

Observe that the Coulomb gluon is completely independent of the softer emission

q2. This is exactly the physical picture that we encountered for the cuts of type

(Bout
lm ) in the one-emission case, see the second line in Eq. (3.19). In this comparison

db1n+1(jl)(q1)
∣∣n(0)

〉
is thought of as the effective hard subprocess and we are identifying

parton m with q1 and the dipole momentum q1T (jl) with the hard scale Q.

To show that the sum of Eqs. (6.26) and (6.27) is equal to Eq. (6.23) we point

out that (6.26) can also be written as

n∑
j=1
j 6={l}

Td
l if

dc2gif gc1e Te
j F lj(q1, q2)

∣∣∣n(0)
〉

= (6.28)

〈
c1c2

∣∣∣ n∑
j=1
j 6={l}

[
Tl
pl ·ε2

pl ·q2

+ Tq1

q1 ·ε2

q1 ·q2

, Clq1
(
q̃2, q1T (lj)

)]
dn+1(jl)(q1)

∣∣∣n(0)
〉
.

6.7 Conjecture for the case of many emissions

In the case of the one-loop amplitude with more than two real emissions we expect

that the amplitude can still be organised into the different mechanisms for multi-

gluon emission as we did in Fig. 6.1. To be precise, we expect that the amplitude

will be equal to the sum of eikonal cuts in the initial and final state, cuts over soft

gluons and re-scattering cuts. We recall that we already conjectured the expression

for the eikonal cuts, see Eq. (6.16). In this section, we present a conjecture for the

sum of all of the re-scattering and soft gluon cuts.

Let us start by recalling that, in the strongly ordered region (q1 � q2), the total

expression for the soft gluon cuts, Eq. (6.20), and the re-scattering cuts, Eqs. (6.23)
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and (6.22), can be written as
n+1∑
l=1

δ̃lq2

n+1∑
j 6={l}

Clq2
(
0, q2T (jl)

)
dn+2(jl)(q2)

 Jn+1(q1)
∣∣∣n(0)

〉
(6.29)

+
n∑
l=1

δ̃lq1

n∑
j 6={l}

[
Clq1(0, q̃2) Jn+2(q2) + Jn+2(q2)Clq1

(
q̃2, q1T (jl)

) ]
dn+1(jl)(q1)

∣∣∣n(0)
〉
.

The complete imaginary part of the double emission amplitude is given by adding

the eikonal cuts in Eq. (6.15) to this expression. Observe that the first sum symbol

(to the left) runs over the Coulomb exchanges between each of the gluon emissions

and harder partons.

In the case of a general hard scattering process accompanied with b strongly

ordered gluon emissions {p1, . . . pn} � q1 � · · · � qa � · · · � qb we conjecture

that the total expression for the sum of re-scattering and soft gluon cuts can be

written as the sum over the Coulomb exchanges between each gluon emission qa and

harder outgoing partons. More precisely, the sum of Coulomb exchanges between

qa and each of the outgoing hard partons and between qa and each of the harder

gluon emissions, {qa+1, . . . , q1}. In addition, based upon the structure exhibited by

Eq. (6.29), we expect that the sum of the Coulomb gluon exchanges between qa and

each of the harder outgoing partons l yields:

δ̃lqa

n+a−1∑
j=1
j 6={l}

[
Clqa(0, q̃b) J(qb) · · ·J(qa+1) + J(qb) Clqa(q̃b−1, q̃b) J(qb−1) · · ·J(qa+1)

+ . . .+ Jn+b(qb) · · ·J(qa+2) Clqa(q̃a+2, q̃a+1) Jn+a+1(qa+1){
J(qb) · · ·J(qa+1) Clqa

(
q̃a+1, q̃aT (jl)

)}]
d(jl)(qa)

∣∣∣n(0)
+a−1

〉
,

(6.30)

where the dipole operator is defined as before:

dn+a(jl)(qa) ≡ gsµ
εTj

[
pj ·qa
pj ·qa

− pl ·qa
pl ·qa

]
, (6.31)

and it should be understood the momentum and colour charge of the (n+d)th parton

are denoted by pn+d = qd and Tn+d = Tqd .

Each of the terms in Eq. (6.30) has the same structure as those in (6.29). Precisely

speaking, this structure is defined as follows:

• Before qa is emitted, the gluons harder than qa are radiated via soft-gluon
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currents, i.e.∣∣∣n(0)
+a−1

〉
= Jn+a−1(qa−1)Jn+a−2(qa−2) . . .Jn+1(q1)

∣∣∣n(0)
〉
. (6.32)

Observe that this is in agreement with the first line on the right-hand side of

(6.29).

• Since qa will subsequently exchange a Coulomb gluon, with parton l, it is

emitted via a dipole operator dn+a,(jl)(qa) formed by parton l and each of the

harder partons j ≤ n+ a different from parton l:

n+a∑
j=1
j 6={l}

[. . . ]dn+a(lj)(qa)
∣∣∣n(0)

+a−1

〉
, (6.33)

where the ellipsis denote emissions or exchanges to the left of the dipole in

Eq. (6.30). Indeed, the sum over all possible dipoles adds up to a soft-gluon

current:
n+a∑
j=1
j 6={l}

dn+a,(lj)(qa)
∣∣∣n(0)

+a−1

〉
= Jn+a(q2)

∣∣∣n(0)
+a−1

〉
. (6.34)

• Each dipole sets an effective hard scale that limits the transverse momentum,

kT , of the subsequent Coulomb exchanges, i.e kT < qaT (lj).

• Finally, the term enclosed in squared brackets in Eq. (6.30) accounts for the

softer emissions, qb � qb−1 � . . . qa+1, emitted via soft-gluon currents and

Coulomb gluon operators that appear ordered with respect transverse momen-

tum of these emissions. More precisely, the transverse momentum components

defined by the direction of the partons that exchange the Coulomb gluon, i.e.

{qa, l}. Observe that this is in accord with the second line in Eq. (6.29).

The total expression for the cuts over soft gluons and the re-scattering cuts is ob-

tained by adding the Coulomb gluons exchanged ( given by Eq. (6.30)) between each
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gluon emission and other gluons or hard partons, i.e.

b∑
a=1

n+a−1∑
l=1

δ̃qal

n+a−1∑
j=1
j 6={l}

[{
Clqa(0, q̃b) Jn+b(qb) · · ·Jn+a+1(qa+1)

}

+

{
Jn+b(qb) Clqa(q̃b−1,, q̃b) Jn+b−1(qb−1) · · ·Jn+a+1(qa+1)

}

+ . . .+

{
Jn+b(qb) · · ·Jn+a+2(qa+2) Clqa(q̃a+2, q̃a+1) Jn+a+1(qa+1)

}

+

{
Jn+b(qb) · · ·Jn+a+1(qa+1) Clqa

(
q̃a+1 , qaT (lj)

)}]
dn+a(jl)(qa)

∣∣∣n(0)
+a−1

〉
.

(6.35)

It is straightforward to check that for b = 1 this expression is identical to the re-

scattering cuts in the one-emission case, Eq. (3.40), and that for b = 2 this expression

is equal to Eq. (6.29). Then, the total imaginary part of the double emission ampli-

tude amplitude, Fig. 6.1, is obtained by adding the eikonal cuts in Eq. (6.16) to this

expression.

Let us recall that when studied the one-emission and one-loop corrections in

Section 3.4, it was found that the eikonal and Coulomb parts of the loop integrals

had the same colour and kinematic pre-factors, see Eq. (3.36) and the discussion

above this. If we assume that, in the presence of many gluon emissions, the eikonal

and Coulomb contributions still have the same kinematical and colour pre-factors

we can conjecture that the expression for the complete amplitude is given simply by

replacing each of the Coulomb gluons in Eqs. (6.16) and (6.35) with

δ̃ijC
ij(α, β) = iπδ̃ijεTi ·Tj

αscε
ε2

[(
β2

µ2

)−ε
−
(
α2

µ2

)−ε]

→ [1 + iπδ̃ijε]Ti ·Tj
αsc

2
ε

ε2

[(
β2

µ2

)−ε
−
(
α2

µ2

)−ε]
,

(6.36)

To highlight the simplicity of this conjecture we rewrite it using a more compact

notation. After making the substitution in Eq. (6.36), the complete amplitude with

b strongly ordered emissions reads5

∣∣∣n(1)
+b

〉
=

b∑
m=0

p∑
i=2

i−1∑
j=1

J(qb) · · ·J(qm+1) Iij(q̃m+1, q̃m)
∣∣∣n(0)

+m

〉
(6.37)

+
b∑

m=1

n+m−1∑
j,k=1

J(qb) · · ·J(qm+1) In+m,j(q̃m+1, qmT (jk)) djk(qm)
∣∣∣n(0)

+m−1

〉
,

5Omitting the dimension of the current and dipole operators, i.e. Jn+a(a) → J(qa) and
dn+a(ij)(a)→ d(ij)(qa).
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where p = n if m = 0 or p = n + m − 1 if m ≥ 1 and where the one-loop insertion

operator is given by

Iij(α, β) =
αs
2π

cε
ε2

Ti ·Tj (1 + iδ̃ijπε)

{(
β2

µ2

)−ε
−
(
α2

µ2

)−ε}
, (6.38)

where q̃ = qT ij when used in the argument of an Iij operator. This expression

summarises many of the results of this thesis. In particular, it reproduces our fixed

order calculations for the one- and two- emission case. As in the one-emission case,

see Eq. (3.36), we expect that Eq. (6.37) be accurate up to non-logarithmic terms of

order ε0 in the real part and order ε1 in the imaginary part.

It is worth noting that the universality of the infrared singular behaviour of

the one-loop QCD corrections, i.e. Eq. (2.39), places a strong constraint on our

conjecture for the real part of the amplitude. The consistency with this constraint

can be proven by induction over the number of emissions. In addition, the complete

amplitude, Eq. (6.37), has two remarkable properties. Firstly, we point out that

our conjecture for the complete amplitude is gauge invariant with respect to each

of the soft emissions. The proof of gauge invariance follows directly from colour

conservation, see Appendix B.1 for more details. Secondly, in an idealised wide-angle

region6 colour conservation can be used to write the complete amplitude (Eq. (6.37)

as

∣∣∣n(1)
+b

〉
≈

b∑
m=0

n+m∑
i=2

i−1∑
j=1

J(qb) · · ·J(qm+1) Iij(q
0
m+1, q

0
m)
∣∣∣n(0)

+m

〉
. (6.39)

This expression is equal to the one-loop matrix elements of the energy-ordered colour

evolution picture, i.e. first line of Eq. (2.71) with the Sudakov operators expanded

at one-loop order. A näıve use of quantum uncertainty suggests to associate a time

scale to the radiation as the inverse of the magnitude of its momentum components.

With this interpretation, the above expression exhibits a time-ordered structure.

The importance of this property is that it suggests that, in the same idealised wide-

angle region, the amplitude with many loops may also reduce to this energy-ordered

picture. We close this chapter by mentioning that future studies should address the

generalisation of the results presented in this chapter beyond one-loop order.

6 q̂c · p̂i ≈ 0 for i = {1, . . . n} and c = {1, . . . b} and also q̂a · q̂c ≈ 0 for all c 6= a with a = 1, . . . , b.
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Conclusions

There has been a growing interest in ascertaining the contributions of Coulomb

gluons to non-inclusive observables, in part spurred on by the discovery of the

super-leading logarithms in ‘gaps between jets’, and also motivated by the fact that

Coulomb gluons introduce violations of coherence and violations of strict collinear

factorisation in partonic scatterings. Previous analyses have been based on the colour

evolution picture, a framework devised to account for the soft gluon corrections to

non-inclusive observables, including Coulomb gluons and their colour interference.

In this thesis we have made substantial progress in determining the correct ordering

variable that should be used.

We did this by making a full Feynman diagrammatic calculation of the one-loop

correction to a general hard process accompanied by the emission of up to two gluons.

Although different graphs have different and intricate ordering conditions, the result

for the physical process, i.e. the sum of all contributions, can be written in terms

of soft-gluon currents, dipole emissions and Coulomb gluon exchanges that satisfy

very simple ordering conditions: the kT of the Coulomb gluons should be always

ordered with respect to the transverse momentum (defined by the direction of the

two partons that exchange the Coulomb gluon) of the real emissions and, in addition,

each soft gluon that may subsequently exchange a Coulomb gluon is emitted via a

dipole that limits the kT of the subsequent exchanges.

Based upon the assumption that this simple structure continues for the one-loop

corrections to a general hard scattering accompanied by many more strongly ordered

real emissions, we conjectured that the same ordering variable should be used to dress

the imaginary part of the amplitude with many more real emissions, Eqs. (6.16) and

(6.35). When we studied the one-loop, one-emission amplitude we also showed that

the eikonal, or real, part of the loop corrections obeys the same simple ordering

condition that the Coulomb exchange does. More precisely, the eikonal exchanges

have the same colour and kinematic pre-factors; the only difference is that Coulomb

gluons are only exchanged between incoming and between outgoing partons while
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eikonal gluons are also exchanged between incoming and outgoing partons, Eq. (3.47).

Based upon the assumption that, in the presence of many more emissions, eikonal

and Coulomb gluons still satisfy the same ordering condition, we also conjectured

an expression for the complete one-loop amplitude accompanied of any number of

strongly ordered emissions, Eq. (6.37).

These studies constitute a formal step towards the inclusion of colour interference

into parton shower event generators. Note that Coulomb gluon effects are currently

neglected even in the recent framework [34] that incorporates some of the subleading

colour interference. Furthermore, even in the large Nc approximation, our studies

propose a particular parton shower in the sense that they suggest a specific variable

that should be used to order the successive emissions. Hopefully, these studies will

help to improve the accuracy of parton showers by using an ordering variable that

correctly describes the leading behaviour of the matrix elements, as we did in this

thesis.

Our analytical calculations have also shed light into the structure of Coulomb

gluon corrections. Specifically, we have seen that the full emission and exchange

process can be separated, gauge-invariantly, into distinct physical processes (Figs.

3.3 and 6.1). Each process corresponds to on-shell scattering between the incoming

or between outgoing partons, with gluon emission being part of the hard process or

any of exchange processes. Perhaps this offers hope of a deeper understanding of

the role of Coulomb gluons and a generalisation of our calculation to an arbitrary

number of loops.
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Appendix A

Regularisation of one loop

corrections

The integration of Eq. (2.15) is carried out in dimensional regularisation. The in-

tegration for each pair {i, j} in the sum of Eq. (2.15) is more easily performed

expressing the loop momentum k in light-cone variables (k−, k+, k⊥) defined as:

kµ =
k+√
2pi ·pj

pµi +
k−√
2pi ·pj

pµj + kµT , (A.1)

where kT is a d − 2 dimensional vector that satisfies pi ·kT = pj ·kT = 0. In terms

of these variables we have ddk = dk+dk−dd−2kT and δ+(k) = θ(k+k−)δ(k2). For the

real part of the integrals, i.e. Eq. (2.16), the transverse components can be integrated

out using the delta function1:∫
ddk

(2π)d−1

δ+(k)g2
sµ

2εpi ·pj
(pj ·k)(pi ·k)

=
g2
sµ

2εcε2
−ε

8π2

∫
dk+(k+)−1−ε

∫
dk−(k−)−1−ε. (A.2)

The infrared divergences are regularised by performing the integration in d = 4 −
2ε > 4 dimensions. In accordance with our usage of the eikonal rules, we cut-

off momentum components above the hard scale Q ∼
√

2pi ·pj. To do this, we

cut-off the integration over the light cone variables2 {k+, k−} respectively at the

scales {p+
i , p

−
j }. This can be done in a Lorentz invariant manner by constraining the

integration domain using the step function θij(k) = θ(pi ·(pj − k))θ(pj ·(pi − k))∫
ddk

(2π)d−1

δ+(k)µ2εpi ·pj
(pj ·k)(pi ·k)

→
∫

ddk

(2π)d−1

δ+(k)µ2εθij(k)pi ·pj
(pj ·k)(pi ·k)

,

=
αs
2π
cε

(
2pi ·pj
µ2

)−ε
1

(−ε)2
.

(A.3)

1For an introductory reference to the integration of d dimensional solid angles see [9]
2Observe that by doing this the on-shell condition requires us to cut-off the transverse momentum

lT at l2T = 2pi ·pj .
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We now study the Coulomb part, i.e. Eq. (2.17). The delta functions fix l± equal to

zero and one is left with an integral over the transverse momentum:

−ig2πcεµ
2ε

8π2

∫
dk2

T

k6−d
T

. (A.4)

In accordance with our previous approximation, we cut-off the integration of the

transverse components at l2T = 2pi ·pj. By doing this, integration in d = 4 − 2ε > 0

dimensions yields

−iπαscε
2π

1

−ε

(
2pi ·pj
µ2

)−ε
. (A.5)

Finally, we put together the eikonal (real) and Coulomb (imaginary) contributions∫ Q ddl

(2π)d
g2
sµ

2εpi ·pj
[pi ·k + δi

i0
2

][−pj ·k + δj
i0
2

][k2 + i0]
=
αscε
2π

[
2pi ·pj
µ2

]−ε
[1 + iπε]

(−ε)2
(A.6)

Clearly, this integral would be uv divergent without the upper cut-off. It is worth

noting that this divergence is fictitious in the sense that it is introduced by the

linearisation of propagators in the eikonal approximation. The exact integral would

instead yield ∫
ddk

(2π)d
−ipi ·pj

[−pj ·k + δj
i0
2

][pi ·k + δi
i0
2

][l2 + i0]
→∫

ddk

(2π)d
−i4pi ·pjδiδj

[(k − δjpj)2 + i0][(k + δipi)2 + i0][k2 + i0]

=
1

8π2
cΓ̃

(
2pi ·pje−iδ̃ijπ

µ2

)−ε
1

ε2
, (A.7)

where cΓ̃ = (4π)εΓ2[1−ε]Γ[1+ε]
Γ[1−2ε]

= cε + O(ε3). Comparing expressions (A.6) and (A.7),

we see that our näıve regularisation procedure gives us the correct expression up to

constant terms of order ε0.
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Gauge invariance and consistency

with the Bloch-Nordsieck theorem

In Section 2.5.1 we introduced the energy-ordered colour evolution picture. Its corre-

sponding matrix elements are given in Eq. (2.71). In this appendix, we demonstrate

that they are gauge invariant with respect to each gluon emission and that their

inclusive integration is consistent with the Bloch-Nordsieck theorem.

B.1 Gauge invariance

The first show that the multi-emission tree-level matrix elements are gauge invariant.

This can be done recursively. Let |N 〉 be any amplitude with n external partons

that satisfies colour conservation
∑n

k=1 Ta
k |N 〉 = 0, then the amplitude Ti |N 〉 with

i ∈ {1, . . . , n} satisfies the identity(
n∑
k=1

Ta
kδ
bd + if bad

)
Td
i

∣∣∣N〉 = 0 . (B.1)

This can be shown using the colour algebra to commute Ta
k to the right of Td

i in

Eq. (B.1), then by colour conservation of |N 〉 the resulting expression vanishes.

Observe that the term if badTd
i is exactly the colour tensor corresponding to a gluon

with colour a emitted off a gluon with colour b emitted off parton i. Thus, in a colour

index free notation, Eq. (B.1) reads(
n+1∑
k=1

Tk

)
Ti

∣∣∣N〉 = 0. (B.2)

These observations show that the following tree level matrix element

Jn+2(q2)Jn+1(q1)
∣∣∣n(0)

〉
, (B.3)
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is gauge invariant with respect to each of the two emissions. A recursive use of the

above argument shows that the tree-level amplitude with any number of emissions,

Eq. (2.62), is gauge invariant.

Now we move to consider the complete matrix elements dressed with their virtual

corrections, i.e. Eq. (2.71). Let us first show Ti·Tj |N 〉 with i, j ∈ {1, . . . , n} satisfies∑n
i Ta

k(Ti·Tj) |N 〉 = 0 if
∑m

i Ta
k |N 〉 = 0 does. Again, thanks to colour conservation,

the following identity holds(
m∑
k=1

Ta
k

)
Ti ·Tj

∣∣∣N〉 =

[
Ti ·Tj,

m∑
k

Ta
k

] ∣∣∣N〉. (B.4)

Using the colour algebra, it is straightforward to show that this commutator vanishes.

This observation together with the proof of gauge invariance at tree-level shows

that the matrix elements in Eq. (2.71) expanded at one-loop order is also gauge

invariant. Finally, it is easy to generalise this argument for an arbitrary number

of virtual emissions. To see this, observe that same argument applied recursively

shows that (Ti1 ·Tj1) . . . (Tim ·Tjm) |N 〉 with {ie, je} ∈ {1, . . . , n} satisfies the same

colour conservation equation that |N 〉 does. Hence, we have shown that the all

orders matrix elements Eq. (2.65), with or without Coulomb interactions, are gauge

invariant with respect to each gluon emission.

B.2 Bloch-Nordsieck cancellation of soft gluons

We will show that the inclusive integration of the matrix elements in Eq. (2.67)

is consistent with the Bloch-Nordsieck theorem, i.e. soft gluon corrections exactly

cancel. To do this, it is convenient to define an additional piece of notation for the

argument of the Sudakov operators, Eq. (2.71),

I
(β,α)
n+r ≡

[
1

2

∫
d[k]Jr+1(k)·Jr+1(k)Θ(α < k0 < β) +

n∑
i<j

δijC
(β,α)
ij

]
, (B.5)

where k0 denotes the energy component of the virtual emission. Also, to avoid

cluttered algebra we modify our notation for the current operators as: Jn+r → Jr.

Expectation value of a squared current

We first prove the identity:

V(0,Q)†
n V(0,Q)

n − 1 =

∫
d[q1]V(q01 ,Q)†

n J2
1(q1)V(q01 ,Q)

n Θ(0 < q0
1 < Q), (B.6)
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where we used the shorthand J2
1(q1) ≡ Jµ1(q1) ·J1µ(q1) and the Sudakov operator,

ordered in energy, is given in Eq. (2.71). This identity can be proven by expanding

the right hand side as

∫
d[q1]

∞∑
m,r=0

(I
(q01 ,Q)†
n )m

m!
J2

1(q)
(I

(q01 ,Q)
n )r

r!
Θ(0 < q0

1 < Q)

=
∑
m,r=0

1

m+ r + 1

[
(I

(0,Q)†
n )m

m!

(∫
d[q]J2

1(q1)Θ(0 < q0
1 < Q)

)
(I

(0,Q)
n )r

r!

]

=
∞∑

m,r=0

1

m+ r + 1

[
(I

(0,Q)†
n )m+1

m!

(I
(0,Q)
n )r

r!
+

(I
(0,Q)†
n )m

m!

(I
(0,Q)
n )r+1

r!

]
=
[
V(0,Q)†
n V(0,Q)

n − 1
]
.

(B.7)

In the second line we used the following identity[∫ b

a

dl0f(l0)

] [∫ l0

a

dk0f(k0)

]m+r

=
1

(m+ r + 1)

[∫ b

a

dl0f(l0)

]m+r+1

, (B.8)

and, to deduce the third line from the second, we replaced the integral inside paren-

thesis by I
(0,Q)
n + I

(0,Q)†
n . Eq. (B.6) is just the simplest case of the following series of

identities for r = {0, 1, . . . }:

V
(0,q0r)†
n+r V

(0,q0r)
n+r − 1 =

∫
d[qr+1]V

(q0r+1,q
0
r)†

n+r J2
r+1(qr+1)V

(q0r+1,q
0
r)

n+r θ(0 < q0
r+1 < q0

r), (B.9)

that can be shown along the same lines as Eq. (B.6). Each of these identities relates

the virtual corrections to a hard process with n partons and r soft gluon emissions

to the matrix element obtained by inserting an additional softer emission.

All orders soft corrections

Let us calculate the contributions to an observable φ using the matrix elements of

the colour evolution picture ordered in energy, i.e. Eq. (2.71). The contribution due

to purely virtual corrections is

σ0 ≡〈n|n〉 =
〈
n(0)
∣∣∣ [(V(0,Q)†

n V(0,Q)
n − 1

)
+ {1}

] ∣∣∣n(0)
〉
, (B.10)

while the contribution due to the amplitude with m soft emissions is

σm ≡
m!

m!

∫
0<q0m<...q

0
1<Q

〈n+m|n+m〉φ{m} (B.11)
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where we used the following short-hand notation∫
0<q0m<...q

0
1<Q

≡
∫

d[qm] . . . d[q1] Θ(0 < q0
m < . . . q0

1 < Q) . (B.12)

The m! in the denominator (numerator) is the symmetry factor for m identical gluon

emissions (different energy-ordered configurations). Finally, φ{m} is the function that

defines the observable for m gluon emissions. It is convenient to re-write the m ≥ 1

emissions amplitude as

σm =

∫
0<q0m<...q

0
1<Q

{〈
n′+m

∣∣∣ (V
(0,q0m)†
n+m V

(0,q0m)
n+m − 1

) ∣∣∣n′+m〉
−
〈
n′+m−1

∣∣∣V(q0m,q
0
m−1)†

n+m−1 J2
m(qm)V

(q0m,q
0
m−1)

n+m−1

∣∣∣n′+m−1

〉}
φ{m},

(B.13)

where we have used the definition∣∣∣n′+m〉 ≡Jm(qm)V
(q0m,q

0
m−1)

n+m−1 Jm−1(qm−1) . . .V
(q02 ,q

0
1)

n+1 J1(q1)V(q01 ,Q)
n

∣∣∣n(0)
〉
. (B.14)

Observe that
∣∣n′+m〉 is almost identical to |n+m〉, but in the former, the softest

(leftmost) emission is not dressed with virtual corrections with energies in the interval

(0, q0
m). Finally, using the above definitions, the corrections to an observable φ to all

orders reads

∞∑
m=0

σm =
〈
n(0)
∣∣n(0)

〉
+
∞∑
m=0

∫
0<q0m<...q

0
1<Q

〈
n′+m

∣∣∣[ (V
(0,q0m)†
n+m V

(0,q0m)
n+m − 1

)
φ{m}

−
∫

d[qm+1]Θ(0 < q0
m+1 < q0

m)V
(q0m+1,q

0
m)†

n+m J2
m+1(qm+1)V

(q0m+1,q
0
m)

n+m φ{m+1}

]∣∣∣n′+m〉
=
〈
n(0)
∣∣n(0)

〉
+
∞∑
m=0

∫
0<q0m<...q

0
1<Q

〈
n′+m

∣∣∣[ ∫ d[qm+1]
[
φ{m+1} − φ{m}

]
Θ(0 < q0

m+1 < q0
m)V

(q0m+1,q
0
m)†

n+m J2
m+1(qm+1)V

(q0m+1,q
0
m)

n+m

]∣∣∣n′+m〉 . (B.15)

Here it should be understood that
∣∣∣n′+0

〉
=
∣∣∣n(0)

〉
and to deduce the second equality

we made use of the identities in Eq. (B.9). Observe that for a total cross section, i.e.

φ{m} = 1, all soft corrections identically vanish and one is left only with the Born

level amplitude. A discussion of the general conditions that a general observable must

satisfy in order to be collinear safe is beyond the scope of this appendix. Nevertheless,

we can point out an important feature of the last expression. Suppose that the

observable is fully inclusive below a scale Q0. In this case, Eq. (B.15) shows that one

can set Q0 as the lower integration limit of real and virtual corrections.
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Choice of polarisation vectors

A choice of polarisation vectors in the Feynman gauge is presented that enables us

to consider collinear limits at amplitude level [85]. The kinematic configuration in

which a physical light-like vector q becomes collinear with another light-like vector pk

can be parametrised as the limit qµT,kr → 0 of the following Sudakov decomposition:

qµ =
r·q
r·pk

pµk +
q2
T,kr

2r·q r
µ + qµT,kr , (C.1)

where rµ is a light-like reference vector that parametrises how the collinear limit is

approached. In order to compute collinear limits at amplitude level it is convenient

work with the following choice of polarisation vectors:

εµ(q,⊥) ≡ iεµναβqνpkαrβ√
2pk ·rpk ·qr·q

,

εµ(q, ‖) ≡ q ·rpµk − q ·pkrµ − pk ·rqµ√
2pk ·rpk ·qr·q

.

(C.2)

One can show by direct substitution that they have the correct normalisation

ε∗(q, σ)·ε(q, σ′) = −δσσ′ , (C.3)

and that the sum over polarisations yields

∑
σ=⊥,‖

ε∗µ(q, σ)ε∗ν(q, σ) = −gµν +
qµrν + qνrµ

q ·r . (C.4)

Polarisation vectors can be also Sudakov decomposed as

ε(q, σ) =
ε+(q, σ)√
pk ·r

pµk +
ε−(q, σ)√
pk ·r

rµ + εµT (q, σ). (C.5)
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In the collinear limit qT,rk → 0, all the (non-vanishing) components of polarisation

vectors behave like (qT,rk)
0 except the minus component of the parallel polarisation

ε−(q, ‖) = −|qT,rk|
√
pk ·r/r·q, which vanishes linearly in this limit.

Proof : Introducing the decomposition of q into the above polarisation vectors we

get

ε(q,⊥) =
εµναβq

ν
Tp

α
kr

β

pk ·r|qT,kr|
, (C.6)

ε(q, ‖) = −|qT,kr|
r·q rµ − 1

|qT,kr|
qµT,kr. (C.7)

We can rewrite these polarisation vectors as follows

ε(q, σ) =
ε+(q, σ)√
pk ·n

pµk +
ε−(q, σ)√
pk ·r

rµ + εµT (q, σ), (C.8)

because of Eq. (C.6) we have pk · ε(q,⊥) = r · ε(q,⊥) = 0 and hence ε+(q,⊥) =

ε−(q,⊥) = 0. Also, since q ·ε(q,⊥) = 0 one has qT,kr ·ε(q,⊥) = 0 and therefore the

vector ε(q,⊥) = εT (q, T ) lies in the transverse plane (to the colliding axis) and is

perpendicular to qµT,kr. Similarly, for the polarisation in Eq. (C.7), one can show that

ε+(q, ‖) = 0, ε−(q, ‖) = −|qT,kr|
√
pk ·r/r·q and εµT (q, ‖) = −qµT,kr/|qT,kr|.

An entirely analogous proof shows that if we rescale r ·q → r ·q/λ in Eq. (C.1)

and take the limit λ→ 0, all the (non-vanishing) components of polarisation vectors

behave like λ0 except for the minus component of the parallel polarisation ε−(q, ‖
)∼ λ, which linearly vanishes in this limit. This is the case relevant for limit 3 in

Section 5.1.

C.1 Collinear limit of the tree-level single emis-

sion amplitude

To illustrate the use of the above vectors, we will now compute the collinear limit of

the single emission amplitude at tree-level, i.e.
∣∣∣n(0)

+1

〉
. In this limit:

lim
qT,kr→0

Jµn+1(q)
∣∣∣n(0)

〉
=

(
gµεTk

pµk
pk ·q

+O(q0
T,kr)

) ∣∣∣n(0)
〉
, (C.9)

where pk·q = O(q2
T,rk). We have not yet included the contribution of the polarisation

vector of the soft emission. To do this one needs to contract the leading term

on the right-hand side of this expression with the different polarisations. Because

pk ·ε(q,⊥) = 0, the contraction of ε(q,⊥) is subleading and, thus, the contraction
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with ε(q, ‖) gives the leading contribution:

S̃p
(0)

(q, pk) ≡ lim
q‖pk

Jn+1(q)·ε(‖) = Tk
−2gµε

|qT,rk|
. (C.10)

One can check that the leading behaviour of the squared amplitude is equal to the

leading behaviour of the amplitude squared.
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Appendix D

Cutting rules

In this appendix we derive cutting rules to isolate the real and imaginary parts of

one-loop graphs in the eikonal approximation. For simplicity, we consider graphs

with only incoming hard partons1 with momenta {pi, pj} and any number of gluon

emissions. However, by the end of the appendix it will be clear that these derivations

can be extended to a more general process.

In principle, instead of the rules derived in this appendix we could have used

Cutkosky rules [103] or the Feynman tree theorem [104]. Instead, we found it useful

to derive cutting rules to isolate the imaginary parts of the loop integrals by studying

the contour integration of individual graphs; in the eikonal approximation there is a

cancellation between many contributions that enter in intermediate steps. Inciden-

tally, our derivation of the cutting rules to isolate the imaginary contribution will

give us, as a by-product, rules to calculate also the real part of the loop integrals.

As the derivation of these rules is technical, we first present the cutting rules that

are relevant in the rest of this thesis for the imaginary contributions in Section D.1

and for the real parts in Section D.2 . Then, we shall discuss the mechanism re-

sponsible for the cancellation of many imaginary contributions in Section D.3 and

for many real contributions in Section D.4. Finally, in Section D.5 we work out the

complete derivation of the cutting rules to isolate the imaginary and real parts for

a particular graph, but the derivation for other graphs can be done along the same

lines.

D.1 Cutting rules to calculate the imaginary part

It is convenient to organise the one-loop amplitude according to whether the loop

involves both of the incoming hard partons, one hard parton or no hard partons,

1As in a Drell-Yan process.
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e.g. as in Figure D.1. Here we derive the cutting rules that we use to determine

the imaginary part of the first two of these three types of graph. The third type of

graph is an exact loop integral because it does not have any virtual propagator in

the eikonal approximation. For this topology class more conventional methods can

be applied2.

...

...

...

...

..
.

j

i

j

...

...

... ...

j

..
.

..
.

... ...

Figure D.1: The three types of one loop contribution. Only those hard parton legs
that couple to the virtual exchange are drawn.

Let us consider a general one-loop integral involving both incoming hard partons

(e.g. the left-most graph in Figure D.1). Real emissions occuring before the virtual

exchange lead to propagators that do not depend upon the loop momentum. We

therefore bundle these emissions into a single four-momentum: r0 for emissions off

incoming parton i and q0 off the incoming parton j. We then suppose there are k

subsequent emissions off i and m emissions off j, as illustrated in Figure D.2. We

also allow for n emissions off the virtual exchange. The resulting integral can be

written as

Iij =

∫
l

iV
[

k∏
a=0

1

pi · (l + r̃a + h̃n)− i0
2

][
m∏
c=0

1

pj · (q̃c − l)− i0
2

]
[

n∏
d=0

1

(l + h̃d)2 + i0

]
, (D.1)

where

r̃e ≡
e∑

f=0

rf , q̃e ≡
e∑

f=0

qf , h̃e ≡
e∑

f=0

hf , h0 ≡ 0 . (D.2)

In what follows the momenta {r0, ...rk}, {q0, ..., qm}, {h1, ..., hn} could represent either

on-shell emissions or off-shell emissions that branch into many more emissions (not

drawn in the figure). The momenta of the two hard partons i and j are denoted by

pi and pj. All external partons are assumed to be non-collinear and to have positive

energy. We omit colour factors and we only invoke the form of the numerator V
2For instance, graphs with this topology can be thought of as the decay of a virtual gluon into

many real emissions and one can apply the Cutkosky rules.
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Im

r0
...

r1
...
rk

...

q0

q1
qm

...

..
. hn

h1

→l

j

i




=
∑
a,b

...
r0

r1
...

...
rk

ra

...

q0
q1

qm
qb

...

...

..
.

j

i

+
n∑
e>f

(h̃e−h̃f )2>0

...

...

...

j

i

...

...

..
.

h1

hn

hf

he

Figure D.2: The two types of cut that contribute to the imaginary part of graphs
with a virtual exchange between the incoming partons.

when is relevant. Finally, we will use the following compact notation∫
l

≡
∫

ddl

2πd
. (D.3)

In Section D.5, we will show that the imaginary part of Eq. (D.1) can be written

as the sum of two contributions Im(Iij) = IGij + IEij . The term IGij consists of

kinematically allowed cuts through soft lines IGij , and IEij contains only cuts through

a pair of incoming hard lines. The application of these cutting rules to Eq. (D.1)

gives

IEij ≡
1

2

∫
l

V
[

n∏
e=0

1

(l + h̃e)2

][
m∑
c=0

(−2πi)δ(pj · (q̃c − l))
m∏

d=0,d 6=c

1

pj · (q̃d − l)

]
×[

k∑
a=0

(−2πi)δ(pi · (l + r̃a + h̃n))
k∏

b=0,b 6=a

1

pi · (l + r̃b + h̃n)

]
, (D.4a)

and

IGij ≡
∫
l

V
[

k∏
a=0

1

pi · (l + r̃a + h̃n)

][
m∏
c=0

1

pj · (q̃c − l)

]
× (D.4b)

n∑
e>f

(h̃0e−h̃f )2>0

(−2πi)δ+((l + h̃e)
2)(−2πi)δ+((−h̃f − l)2)

2

n∏
g=0
g 6=e,f

1

(l + h̃g)2
+ (4−G.C.) .

The term (4 − G.C.) denotes possible terms with 4 soft gluon propagators set on-

shell that also appear in our derivation below. They only exist for n ≥ 3, i.e. for

cases in which there are at least three real emissions. In the calculations of chapters

3, 5 and 6 we only consider graphs n ≤ 2. Also, we point out that such graphs

with four cut propagators cannot give rise to poles or logarithmic enhancements as

the respective delta functions would constrain the four momentum components. We
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Im

q0...
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j h1...
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q1
...qm


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=

n∑
e>f

(h̃e−h̃f )2>0

...

...

j
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hf...
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
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Figure D.3: The two types of cut that contribute to the imaginary part of graphs
with a virtual between an incoming parton.

think that these contributions vanish but we have not shown this yet. The cutting

rules expressed by Eq. (D.4a) and (D.4b) are illustrated in Fig. D.2, where four gluon

cuts are omitted.

Similarly, the loop integral corresponding to graphs like the second graph in

Figure D.3 can be written

Ii =

∫
l

iV
[
m∏
c=0

1

pj · (q̃c − l)− i0/2

][
n∏
d=0

1

(l + h̃d)2 + i0

]
, (D.5)

and its imaginary part is

Im(Ii) =
1

2

∫
l

V
[
m∏
c=0

1

pj · (q̃c − l)− i0/2

]
n∑
e>f

(h̃0e−h̃f )2>0

(−2πi)δ+((l + h̃e)
2)

×(−2πi)δ+((−h̃f − l)2)
n∏
g=0
g 6=e,f

1

(l + h̃g)2
+ (4-G.C.). (D.6)

Again, for n ≥ 3, the term 4-G.C. denotes possible contributions with 4 gluon

propagators set on-shell. The cutting rules expressed by Eq. (D.6) are illustrated in

Fig. D.3 where four gluon cuts are omitted.

The key point of the above cutting rules, Eq. (D.4a), (D.4b) and (D.6), is that

there are no “mixed cut” contributions, i.e. cuts that set both soft and eikonal lines

on-shell. The general mechanism responsible for the cancellation of such contribu-

tions is discussed in Section D.2. The application of the cutting rules in Figs. D.2 and

D.3 to the one-emission amplitude,
∣∣∣2(1)

+1

〉
, gives directly the cut graphs in Fig. 3.1.

The application of these cutting rules to the two-emission amplitude,
∣∣∣2(1)

+2

〉
, gives

rise to the eikonal cuts depicted in Fig. 5.3 (due to Fig D.2) and the cuts over soft

gluon lines in Fig. D.3 (due to Fig. (D.3)).

We close this section with a remark concerning the physical significance of these
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rules. When we applied the above cutting rules to the calculation of the imaginary

part of
∣∣∣2(1)

+1

〉
and

∣∣∣2(1)
+2

〉
, we realised that the different cut graphs can be organised,

gauge invariantly, into physical mechanisms for gluon emission. Each of which can be

written as the product of two on-shell scattering amplitudes integrated over allowed

on-shell states, see Eqs. (3.13) and (5.65). Indeed, this strongly suggests that the

cutting rules in this section can be derived using using the unitarity of the S-matrix,

see for instance [32].

D.2 Cutting rules to calculate the real part

In Section D.5, we will show that the real part of Eqs. (D.1) and (D.5) is given by

Re{Iij} = Pv

∫
l

V
[

k∏
a=0

1

pi · (l + r̃a + h̃n)

][
m∏
c=0

1

pj · (q̃c − l)

]
×

n∑
e=0

(−2πi)δ+((l + h̃e)
2)

n∏
g=0
g 6=e

1

(l + h̃g)2
+ 3-G.C. ,

(D.7a)

Re{Ij} = Pv

∫
l

V
[
m∏
c=0

1

pj · (q̃c − l)

]
n∑
e=0

(−2πi)δ+((l + h̃e)
2)

n∏
g=0
g 6=e

1

(l + h̃g)2

+3-G.C. ,

(D.7b)

where the symbol Pv indicates that the principal value prescription is applied for all

the propagators that are not cut, we shall precisely define this prescription below.

The terms denoted by 3-G.C. are cuts over three soft gluon propagators. In Appendix

F, we apply Eq. (D.7a) to a non-trivial case to calculate the real (eikonal) part of the

loop integrals of the one-emission amplitude (n ≤ 1) obtaining the correct expression

for this amplitude previously reported [41].

Expressions (D.7a) and (D.7b) resemble the Feynman tree theorem but they are

not the same. As presented in [104], the Feynman’s tree theorem can be used to

write a general one-loop integral as a sum of single cuts over each of the virtual

propagators. In contrast, the sum over single cuts in Eqs. (D.7a) and (D.7b) only

runs over the soft gluon propagators but not over the propagators of the eikonal

lines. In Section D.4, the mechanism responsible for the cancellation of the single

cuts over the eikonal lines is discussed.
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D.3 On the cancellation of “mixed cuts”

The loop integrals corresponding to the first two types of graph in Fig. D.1, i.e.

Eqs. (D.1) and (D.5), can be written as∫
l

if(l)

[pj · l − pj · q + i0/2][l2 + i0]
, (D.8)

where f(l) is a function that represents the contribution of the rest of the graph

and q is a light-like or time-like vector, with positive energy, that represents the

momentum of some of the emitted gluons. To illustrate the cancellation of “mixed

cuts” we only need to consider the contributions written in this form. In this section,

we show that Eq. (D.8) gives rise to two “mixed cuts” contributions in which the

eikonal and a soft gluon propagator go on-shell, and that they identically cancel.

When we consider the complete derivation of the cutting rules for a particular graph

in Section D.5, it will become clear that the cancellation of other “mixed cuts”, due

to propagators not shown in f(l), occurs due to this same mechanism.

For simplicity, we work in the frame in which pj = p0
j(1,−1, 0⊥). The two propa-

gators shown in Eq. (D.8) have poles in the lower half of the l0 complex plane located

at (e.g. see [104])

l01 = −lz + q0 + qz − i0/2p0
j , (D.9)

and l02 =

√
|~l|2 − i0 . (D.10)

The residue of these two poles sums up to

∫
dd−1l

(2π)d
if(l)

 −2πi

p0
j [l

2 + i0]

∣∣∣∣∣
l0=l01

+
−2πi

[pj · l − pj · q + i0
2

]2

√
|~l| − i0

∣∣∣∣∣
l0=l02

 .

The important point to note here is that the evaluation of the residues fixes the

prescription of the poles as follows:

[
l2 + i0

] ∣∣
l0=l01

=

[
l2 + i0

[
1− l0

p0
j

]
+O

(
(i0)2

)] ∣∣∣
l0=−lz+q0+qz

, (D.11)[
pj · l − pj · q +

i0

2

] ∣∣∣
l0=l02

=

[
pj · (l − q) + i0

p0
j

2l0

[
l0

p0
j

− 1

]
+O

(
(i0)2

)] ∣∣∣
l0=|~l|

.

Taking into account these shifts, the integral can be written as

∫
l

if(l)

(−2πi)δ(pj · (l − q))
l2 + i0

(
1− l0

p0j

) +
(−2πi)δ(l2)θ(l0)[

pj · l − pj · q + i0
p0j
2l0

(
l0

p0j
− 1
)]
 . (D.12)
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Note that we have neglected any possible shifts in the imaginary prescriptions of any

propagators in f(l): when we consider the complete derivation of the cutting rules

for a particular graph in Sec. D.5 we will justify this subtlety. In the derivations in

this appendix we make use of the Sokhotski-Plemelj (SP) identity:

lim
ε→0+

1

x+ iε
= Pv

(
1

x

)
− isign(ε)πδ(x),

Pv

(
1

x+ iε

)
≡ lim

ε→0

x

x2 + ε2
,

δ(x) ≡ lim
ε→0+

ε

π(x2 + ε2)
,

(D.13)

where sign(ε) denotes the sign of ε and the second line is the definition of the principal

value prescription applied to a propagator 1/(x + iε). In what follows, we are only

interested in the imaginary part that results after applying this identity to each of

the propagators within the squared bracket in Eq. (D.12). After doing this, the

imaginary parts of the two terms add up to∫
l

if(l) (−2iπ)(iπ)δ(pj · (l − q))δ(l2) sgn

(
l0

p0
j

− 1

)
θ(−l0). (D.14)

Since both delta functions cannot simultaneously be satisfied, this integral vanishes.

It is interesting to note that the cancellation occurs for all l0/p0
j . This would have

not been the case if we had not originally included the factor of one half in the

pole prescriptions of eikonal propagators. Also notice that the cancellation no longer

occurs if the imaginary prescription in the eikonal propagator in Eq. (D.8) had

the opposite sign3. To summarise, we have illustrated that the imaginary part of

Eq. (D.8) due to the “mixed cuts” cancels.

D.4 On the cancellation of single cuts over eikonal

lines

We will now illustrate how the single cuts over eikonal propagators vanish. For

simplicity, we focus on the particular case of the second graph in Fig. D.4 when

there is only one virtual propagator associated to the eikonal line. It is convenient to

consider the expression for this graph without contracting the vectors associated to

emissions radiated off the virtual exchange (red line), the corresponding loop integral

3When it has the opposite sign, this propagator corresponds to an outgoing, instead of an
incoming, parton. In this case, these cuts do not cancel and, in fact, give rise to the re-scattering
cuts illustrated in Fig. 3.5. This emphasises the relevance of the imaginary prescriptions in the
eikonal propagators. In this appendix we only consider a DY process.
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q
...

...

j h1...

hn

Figure D.4: A particular graph that we consider to illustrate the cancellation of
single cuts over the eikonal lines.

can be written as ∫
l

iVµ1...µn
pj · (q − l)− i0/2

n∏
d=0

1

(l + h̃d)2 + i0
, (D.15)

where Vµ1...µn is the tensor associated with the triple gluon vertices in the numerator.

We work again in the frame where pj = p0
j(1,−1, 0⊥). Closing the l0 contour below

we get residues from from the soft gluon and eikonal propagators. Up to a constant

factor, the residue corresponding the eikonal pole is of the form∫
dlzVµ1...µn

n∏
e=0

1

lz − ae − i0ge
, (D.16)

where ae = ae(lT ) and ge = ge(~l ) are functions of the loop momentum4 whose explicit

forms are not relevant here. Suppose we apply the SP relation (D.13) to each of the

denominators in this expression. Because every denominator is linear in l1, terms

with more than one propagator set on-shell vanish. The terms with one more soft

gluon propagator cut are purely imaginary and we are not interested in them for the

rest of this section5; we are only interested in the real part, i.e. the term with the

principal value prescription applied to each denominator. This contribution would

correspond to a single cut over an eikonal line and below we show it vanishes. To do

this we point out that this single cut contribution is equal to

Pv

∫
dlzVµ1...µn

n∏
e=0

1

lz − ae − i0ge
= Pv

∫
dlzVµ1...µn

n∏
e=0

1

lz − ae − i0|ge|
, (D.17)

4These are also functions of the external momenta but this is not relevant in what follows.
5In fact, theses imaginary contributions are mixed cuts that identically cancel by virtue of the

mechanism of cancellation illustrated in the previous section, compare Eq. (D.8) with Eq. (D.15).
But this is not relevant in what follows.
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Furthermore, by using the SP identity on the right-hand side of (D.17) one can show

that this integral vanishes if the following integral does∫
dlzVµ1...µn

n∏
e=0

1

lz − ae − i0|ge|
. (D.18)

From now on we focus on showing that this integral vanishes as this proves that

the left hand side of (D.17), i.e. the expression corresponding to the single cut over

the eikonal propagator in Fig. D.4, also does. This would be the case if we could

close the contour in the lower half of the lz complex plane. The tensor Vµ1...µn has

at most n triple particle vertices and thus, in principle, could have terms of the

form lµ1 . . . lµn that contain n powers of lz. At first glance, this indicates that one

cannot close the contour. However, one can show that such terms were reduced

lµ1 . . . lµn → lµ1 . . . lµn−1qµn when we picked the residue of the eikonal propagator in

(D.15), i.e. pj · l = pj · q. Hence, the highest power possible of lz in the numerator is

n− 1 and then, the contour can be closed and the integral in Eq. (D.17) vanishes6.

We close this section by commenting on the extensions of this result for more

general graphs. The generalisation for a graph with many virtual eikonal propagator

(due to multiple emissions off parton j) is direct as exactly the same steps apply to

the residue of each propagator associated to the eikonal line. The case of a graph that

involves both hard partons is very similar. In fact it is easier as the denominators

contain more powers of lz. Finally, we comment that the cancellation of the single

eikonal cuts occurs in a similar way if the hard parton in j in Fig. D.4 is outgoing.

D.5 Deduction of cutting rules for a particular

graph

In this section, we will work out the derivation of the cutting rules to isolate the

real and imaginary contributions of a particular graph. In order to avoid cluttered

notation, we consider a graph represented by Eq. (D.1) that has only two eikonal

propagators:

Iij ≡
∫
l

iV
[pi · (l + r + h̃n)− i0/2][pj · (q − l)− i0/2]

[
n∏
e=0

1

(l + h̃e)2 + i0

]
. (D.19)

6 Due to the radiation and absorption of the virtual gluon (red gluon in Fig. D.4), the tensor
Vµ1...µn is contracted twice with pj . It follows that terms with n powers of the loop momentum
lµ1 . . . lµn either vanish (because they are proportional to p2j = 0) or the number of powers are
reduced lµ1 . . . lµn → lµ1 . . . lµn−1qµn (because they are contracted at least once with the vector pj
and, then, can be evaluated at pj · l = pj · q. Hence, we have shown that the highest power possible
of lz in the numerator is n− 1.
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We will show that the real and imaginary parts of this expression are respectively

given by Eq. (D.4a) and (D.7b). The derivation of these rules for more general graphs

can be carried out along similar lines. In the frame in which pj = p0
j(1,−1, 0⊥), the

poles of Eq. (D.19) in the lower-half l0 plane are located at

−lz + q0 + qz − i0/(2p0
j) , (D.20)

and −(h̃e)0 +

√
|~l + ~̃he|2 − i0, e = {0, 1, ..., n} . (D.21)

We will denote by I1 the contribution due to the pole in the eikonal propagator in

Eq. (D.20) and by I2 that due to the poles of the gluon propagators, i.e. Iij = I1 +I2.

Following the same steps we took to deduce Eq. (D.12), the residue of the pole in

Eq. (D.20) gives

I1 ≡
∫
l

(2πi)iVδ(pj · (l − q))
[pi · (l + r + h̃n)− i0(1 +

p0i
p0j

)/2]

 n∏
f=0

1

(l + h̃f )2 + i0

(
1− l0+h̃0f

p0j

)
 . (D.22)

The integration over the energy component of the loop momentum, l0, renders an

integrand with a denominator that is the product of propagators that are linear in

the integration variable lz: ∫
dl1V

n+1∏
e=0

1

lz − ae − i0ge
, (D.23)

where ae = ae(lT ) and ge = ge(l) are functions of the loop momentum7 whose explicit

forms are not relevant here. Suppose we apply the SP relation (D.13) to each of the

denominators in this expression. According to the results of Section D.4, the only

terms that survive this expansion are those with one of the propagators in (D.23) set

on-shell, i.e. the contributions with a single cut over the eikonal propagator vanish.

It follows that Eq. (D.22) is purely imaginary and its value is obtained by summing

over the n + 1 contributions obtained by setting one more propagators on-shell in

Eq. (D.22). The sum contains two terms, one with mixed cuts and one with an

eikonal cut:

I1 =

∫
l

(2πi)Vδ(pj · (l − q))
pi · (l + r + h̃n)

n∑
e=0

iπδ((l + h̃e)
2) sgn

(
l0 + h̃0

e

p0
j

− 1

)
n∏
f=0
f 6=e

1

(l + h̃f )2

+

∫
l

V (−2πi)δ(pj · (l − q))(−2πi)δ(pi · (l + r + h̃n))

2

n∏
f=0

1

(l + h̃f )2
. (D.24)

7These are also functions of the external momenta but this is not relevant in what follows.
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Now we turn to the residues in (D.21), these add up to

I2 =

∫
l

iV[
pi · (l + r + h̃n)

] [
pj · (l − q) + i0

p0j

2(l0+h̃0e)

(
l0+h̃0e
p0j
− 1
)]×

n∑
e=0

2πiδ+(l + h̃e)
n∏
f=0
f 6=e

1

(l + h̃f )2 − i0 h̃
0
f−h̃0e
l0+h̃0e

.

(D.25)

We have ignored the pole prescription in the first eikonal propagator because this

never vanishes now that one of the soft gluon propagators is on-shell. By using the

SP identity for the eikonal propagator of hard parton j, the above expression yields:

I2 =
n∑
e=0

∫
l

iV(2πiδ+(l + h̃e))

[pi · (l + r + h̃n)]

n∏
f=0
f 6=e

1

(l + h̃f )2 − i0 h̃
0
f−h̃0e
l0+h̃0e

×

[
Pv

pj · (l − q)
− iπsgn

(
l0 + h0

e

p0
j

− 1

)
δ(pj · (l − q))

]
. (D.26)

We will now show that the contributions with one on-shell eikonal propagator can-

cel all of the contributions in (D.24), except for the term in which the two eikonal

propagators are cut. To see this, we use the SP identity on the gluon propagators.

One can be shown that the term in which the eikonal propagators are on-shell ex-

actly vanishes when three or more propagators are set on-shell8. Then, the above

expression reduces to

I2 =

∫
l

iV(2πiδ+(l + h̃e))

[pi · (l + r + h̃n)]

n∑
e=0

n∏
f=0
f 6=e

1

(l + h̃f )2 − i0 h̃
0
f−h̃0e
l0+h̃0e

×
[

Pv

pj · (l − q)

]

+

∫
l

iV(2πiδ+(l + h̃e))

[pi · (l + r + h̃n)]

n∑
e=0

n∏
f=0
f 6=e

1

(l + h̃f )2
× (D.27)

[
−iπsgn

(
l0 + h0

e

p0
j

− 1

)
δ(pj · (l − q))

]
.

When this expression is added to Eq. (D.24), there is a pairwise cancellation of the

mixed cuts. This cancellation is entirely analogous to the cancellation encountered

for Eq. (D.14).

8As the different delta functions that appear cannot be simultaneously satisfied.
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Hence,

Iij =

∫
l

V (−2πi)δ(pj · (l − q))(−2πi)δ(pi · (l + r + h̃n))

2

n∏
f=0

1

(l + h̃f )2

+

∫
l

n∑
e=0

(−2πiδ+(l + h̃e))iV
[pi · (l + r + h̃n)]

Pv

[pj · (q − l)]
n∏
f=0
f 6=e

1

(l + h̃f )2 − i0sgn(h̃0
f − h̃0

e)
. (D.28)

The integral on the first line is purely imaginary. To separate the real and imaginary

contributions in the second line we apply the SP relation on each of the uncut

gluon propagators. In order to spot terms that vanish because their respective delta

functions cannot be simultaneously satisfied, it is convenient to make the shift l →
l − h̃e, after which, the integral (D.28) becomes

∫
l

(−2πiδ+(l))
n∏
f=0
f 6=e

1[
2l · (h̃f − h̃e) + (h̃f − h̃e)2 − i0sgn(h̃0

f − h̃0
e)
](...), (D.29)

where (...) denotes the rest of integrand not explicitly shown. We recall that h1, . . . hn

represent the momenta of on-shell emissions or off-shell emissions that branch into

many more emissions and

h̃e ≡
e∑

f=0

hf . (D.30)

Now, suppose that one of the denominators in Eq. (D.29) is set on-shell, i.e.

δ+(l)δ
(

2l · (h̃f − h̃e) + (h̃f − h̃e)2
)
. (D.31)

If the vector h̃f − h̃e is light-like, (h̃f − h̃e)2 = 0, both delta functions cannot be sat-

isfied simultaneously. Indeed, this case corresponds to a two-to-one on-shell process

which is not kinematically possible. If f > e, (h̃f − h̃e) can be either light-like or

time-like with positive energy. Since we already ruled out the light-like case, we focus

on the time-like case. Clearly, both delta functions (D.31) cannot be simultaneously

satisfied if (h̃f − h̃e) is time-like with positive energy. On the other hand if f < e,

then (h̃e− h̃f ) is either light-like or time-like with positive energy. Since the light-like

possibility is ruled out, the only case in which both delta functions can be satisfied

is when f < e and (h̃e− h̃f )2 > 0 is time-like. Kinematical considerations show that

in this case9: δ+(l)δ
(

2l · (h̃f − h̃e) + (h̃f − h̃e)2
)

= δ+(l)δ+
(
l + h̃f − h̃e

)
, and then

9To see this, go to the reference frame in which h̃e − h̃f is at rest.
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finally we can write

Iij =

∫
l

iV (−2πi)δ(pj · (l − q))(−2πi)δ(pi · (l + r + h̃n))

2

n∏
f=0

1

(l + h̃f )2
+

∫
l

iV
[pi · (l + r + h̃n)][pj · (q − l)]

n∑
e>f

(h̃0e−h̃f )2>0

(−2πiδ+(l + h̃e))(−2πiδ+(−l − h̃f ))
2

×
n∏
g=0

g 6={e,f}

1

(l + h̃g)2
+ Pv

∫
l

n∑
e=0

(−2πiδ+(l + h̃e))iV
[pi · (l + r + h̃n)][pj · (q − l)]

n∏
f=0
f 6=e

1

(l + h̃f )2
(D.32)

+ (3, 4-G.C.)

where the symbol 3, 4-G.C. denotes terms with three or four cuts over soft gluon

propagators. These are respectively real and imaginary. This proves the particular

case Eqs. (D.4b) and (D.4a), that we are considering. The general case is a straight-

forward extension because no two eikonal propagators from the same hard line can

vanish simultaneously and, thus, we can consider separately the residues of every

pair of eikonal propagators as we did in this section. The cutting rules for one-loop

integrals which involve only one hard line, i.e. Eq. (D.6), can be deduced along

similar lines.

D.5.1 Final remarks

Identical rules to isolate the real and imaginary parts of loop integrals apply to graphs

where the virtual exchange radiates gluons through four-gluon vertices and to cases

in which some of the lines in the virtual exchange correspond to ghosts. Repeating

the above proof taking into account these possibilities is straightforward. We close

this appendix by remarking that more mathematical rigour would be desirable in our

proofs. In particular, we have not proved that the principal value prescription applied

over the uncut propagators, Eq. (D.13), can be commuted with the loop integration

as we often assumed. Nevertheless, the fact that these rules render the correct real

and imaginary parts of the one-emission amplitude,
∣∣∣n(1)

+1

〉
, and that, more generally,

the imaginary parts can be related to a product of physical amplitudes (physical

mechanisms for gluon emission) validate the derivations of this appendix to a good

extent.
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Appendix E

Reductions of
∣∣∣n(1)+1

〉
In this appendix, we show how to reduce the one-loop, one-emission amplitude

∣∣∣n(1)
+1

〉
to the scalar integral shown in Eq. (3.29). This amplitude receives contribution

from the different topologies illustrated in Fig. 3.6. After straightforward tensorial

reductions, the graphs illustrated in Fig. 3.6 yield:

Gc
(a),ij

∣∣∣n(0)
〉

=(gsµ
ε)3Tc

iTj ·Ti

{
pi · pjpi · ε
pi · q

C1
ij(q)

} ∣∣∣n(0)
〉
, (E.1a)

Gc
(b),ij

∣∣∣n(0)
〉

=(gsµ
ε)3Tj ·TiT

c
i

{
pi · pjpi · εD2

ij(q)
}∣∣∣n(0)

〉
, (E.1b)

Gc
(c),ijk

∣∣∣n(0)
〉

=(gsµ
ε)3Tj ·TiTk

{
pi · pj

pk · ε
pk · q

C2
ij

}∣∣∣n(0)
〉
, (E.1c)

Gc
(d),ij

∣∣∣n(0)
〉

=(gsµ
ε)3Tb

jif
bcaTa

i

{
− pi · εpj · qD1

ij(q) +
pi · qpj · ε
pj · q

C3
i (q)

+
1

2
C1
ij(q)pi · pj

(
pi · ε
pi · q

+
pj · ε
pj · q

)
+ (i↔ j)

}∣∣∣n(0)
〉
,

(E.1d)

Gc
(e),i

∣∣∣n(0)
〉

=(gsµ
ε)3Ta

i if
acbTb

i

{
2pi · ε
pi · q

B(q)− pi · εC3
i (q)

} ∣∣∣n(0)
〉
, (E.1e)

Gc
(f),i

∣∣∣n(0)
〉

=(gsµ
ε)3Td

i

pµi
pi · q

π(q2)

(
gµν −

qµqν
q2

)
εν
∣∣∣n(0)

〉
, (E.1f)

Gc
(g),i

∣∣∣n(0)
〉

=(gsµ
ε)2Jcn+1(q)Σi(p

2
i )
∣∣∣n(0)

〉
, (E.1g)

where π(q2) denotes the soft gluon self energy correction, Σi(p
2
i ) denotes the self

energy correction of external parton i and B0(q),C1
ij(q),C

2
ij,C

3
i (q),D

1
ij(q),D

2
ij(q) are
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∣∣∣n(1)

+1

〉
two, three and four point scalar functions:

B0(q) ≡
∫
l

−i
[l2 + i0] [(l + q)2 + i0]

,

C1
ij(q) ≡

∫
l

−i
[l2 + i0]

[
pi · (l + q) + δi

i0
2

] [
pj · (−l) + δj

i0
2

] ,
C2
ij ≡

∫
l

−i
[l2 + i0]

[
pi · l + δi

i0
2

] [
pj · (−l) + δj

i0
2

] ,
C3
i ≡

∫
l

−i
[l2 + i0] [(l + q)2 + i0]

[
pi · (l + q) + δi

i0
2

] ,
D1
ij ≡

∫
l

−i
[l2 + i0] [(l + q)2 + i0]

[
pi · (l + q) + δi

i0
2

] [
pj · (−l) + δj

i0
2

] ,
D2
ij ≡

∫
l

−i
[l2 + i0]

[
pi · l + δi

i0
2

] [
pi · (l + q) + δi

i0
2

] [
pj · (−l) + δj

i0
2

] ,

(E.2)

and we have used the shorthand
∫
l
≡ ddl/(2π)d. In Fig. 3.6 we have drawn all the

topologies as if partons {i, j, k} were all in the final state, but Eqs. (E.1) are valid in

general, i.e. each of these partons can be either incoming or outgoing. The number

of independent scalar integrals can be further reduced noticing that, in d dimensions,

D1
ij(q) = D1

ji(q),

D2
ij(q) =

2

pi · pj
C3
i (q),

C1
ij(q) = C2

ij − pi · qD2
ij(q).

(E.3)

The first line can be verified by direct substitution, the second line follows from

comparing the integrated expressions (F.21) and (F.22) and the third line is a con-

sequence of the identity:

1

xy
=

1

x(x+ y)
+

1

y(x+ y)
. (E.4)

It is convenient to separate out the contributions in Gc
(e),i as follows: Gc

(e),i = G̃c
(e),i+

Gc
(uv),i with

G̃c
(e),i ≡ (gsµ

ε)3Ta
i if

acbTb
ipi · εC3

i (q), Gc
(uv)i ≡ (gsµ

ε)3CA
Tc
i pi · ε
pi · q

B(q). (E.5)

In order to spot cancellations between different graphs we need to use the colour

algebra and the colour conservation of the hard scattering. In particular, by using
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∣∣∣n(1)

+1

〉
Eq. (E.4) and the colour algebra to combine graphs (a) and (b) one gets

Gc
(a),ij + Gc

(b),ij = Gc
(I),ij + Gc

(II),ij,

Gc
(I),ij ≡ (gsµ

ε)3 Tc
ipi · ε
pi · q

Tj ·Tipi · pjC2
ij,

Gc
(II),ij ≡ (gsµ

ε)3Tb
jif

bcaTa
i pi · pjpi · εD2

ij(q).

(E.6)

Observe that Gc
(II),ij has the same colour factor as Gc

(e),i. Due to colour conservation,

the colour part of graph G(e),i can be expressed as a linear combination of the colour

tensors appearing in Gc
d,ij, i.e.

Ta
i if

acbTb
i

∣∣∣n(0)
〉

=
n∑

j 6={i}
Tb
jif

bcaTa
i

∣∣∣n(0)
〉
. (E.7)

By using this colour identity and Eqs. (E.3) the sum over all graphs for a general

hard wide-angle scattering with n external hard partons can be written as n∑
i=1

n∑
j 6={i}

Gc
(I),ij +

∑
i<j

n∑
k 6={i,j}

Gc
(c),ijk

 ∣∣∣n(0)
〉

= Jcn+1(q)I(1)
n

∣∣∣n(0)
〉
, (E.8a)

n∑
i=1

n∑
j 6={i}

Gc
(II),ij +

n∑
i<j

Gc
(d),ij +

n∑
i=1

G̃c
(e),i

= (gsµ
ε)3

n∑
i<j

Tb
jif

bcaTa
i

[
pj · εpi · q − pi · εpj · q

]
D1
ij(q) ≡ J(1) c(q),

(E.8b)

where I
(1)
n denotes the one loop insertion operator, Eq. (2.15), and the contributions

on the second line depend only on the four point scalar D1
ij(q). Finally, using colour

conservation, one can write

n∑
i=1

[
Gc

(f),i + Gc
(g),i + Gc

(uv)i

]
= Jn+1(q)K̃uv

= Jn+1(q)

[
(gsµ)2CAB(q) + π(q2) +

n∑
i

Σi(p
2
i )

]
. (E.9)
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Appendix F

Virtual and phase space integrals

at order α2s

In this appendix, we present the master scalar integrals that appear in the calculation

of the real and imaginary parts of the one-loop, one-emission amplitude
∣∣∣n(1)

+1

〉
, i.e.

the scalar integrals in Appendix E, and the phase space integrals that appear in the

calculation of the total cross-section at order α2
s in Chapter 4:∫

d[q]
〈
n

(0)
+1

∣∣∣n(1)
+1

〉
,

∫
d[q1]d[q2]

〈
n

(0)
+2

∣∣∣n(0)
+2

〉
. (F.1)

F.1 Imaginary parts of the one emission ampli-

tude
∣∣∣n(1)

+1

〉
In this section, we show the master scalar integrals that appear in the calculation of

the imaginary part of
∣∣∣n(1)

+1

〉
. These integrals are obtained performing the tensorial

reductions of the cut graphs in Fig. 3.1 and 3.5. By integrating out the delta functions

associated to a cut in one of these integrals, see below, these reduce to integrals over

kT components. There are contributions that diverges as kT → 0 (IR divergent) and

contributions that are power suppressed as kT →∞ (uv finite).

F.1.1 Eikonal cuts

We shall now present the integrated expressions of the master scalar integrals that

appear in the calculation of the graphs in Fig. 3.1.
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uv divergent

The scalar integral corresponding to graph (a) of Fig. 3.1 is

1

2

∫
d.
dk

(2π)d
(−2πi)2δ(pi · (k + q))δ(pj · k)

k2
=

cε
8πpi · pj

∫
dk2

T (ij)

k2+2ε
T (ij)

(F.2)

→ cε
8πpi · pj

∫ Q2 dk2
T (ij)

k2+2ε
T (ij)

,

where we introduced a cut-off scale Q2 to regularise the uv divergence. The contri-

bution of cuts (b) and (c) in Fig. 3.1 is similar. It is worth mentioning that if we

set the cut-off scale equal to 2pi · pj, this expression is equal to the imaginary part

of the corresponding exact (without using the eikonal approximation) integral up to

terms of order ε.

uv finite

After tensorial reductions, the calculation of graph (d) of Fig. 3.1 reduces to the

following scalar integral

1

2

∫
ddk

(2π)d
(−2πi)2δ(pi(q + k))δ(pj · k)

k2(k + q)2

=
1

2pi · pj

∫
dd−2kT (ij)

(2π)d−2

1(
kT (ij)

)2 (
kT (ij) + qT (ij)

)2

=
1

8πpi · qpj · q

(
q2
T (ij)

µ2

)−ε
cΓ

ε
,

(F.3)

This is the integral that was represented as a “switch” in Eq. (3.5), i.e∫
dd−2kT (ij)

(2π)d−2

q2
T (ij)(

kT (ij)

)2 (
kT (ij) + qT (ij)

)2 ≈ 2

∫
dd−2kT (ij)

(2π)d−2

q2
T (ij)

k2
T (ij)(k

2
T (ij) + q2

T (ij))
. (F.4)

F.1.2 Re-scattering cuts

We now discuss the scalar integrals that appear in the calculation of the cuts in

Fig. 3.5.
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uv divergent

The calculation of graphs (a)–(f) of Fig. 3.5 involves uv divergent integrals of the

form:

1

2

∫
ddk

(2π)d
(−2πi)2δ+(k)δ(pl · (q − k))

pj · k
−cε

8πpl · pj

∫
dk2

T (lj)k
−2−2ε
T (lj) ,

→ −cε
8πpi · pj

∫ 2pl·q
dk2

T (lj)k
−2−2ε
T (lj) , (F.5)

where in the second line we introduced a cut-off scale 2pi · q to regularise the uv

divergences. This is the cut-off that matches the respective exact integral up to

terms of order ε. However, this choice of cut-off scale is irrelevant because, as we

showed in Section 3.2.4, the sum of all the contributions that are uv divergent cancel

in this case.

uv finite

Graphs (a) and (d) of Fig. 3.5 involve the following scalar integral:

1

2

∫
ddk

(2π)d
(−2πi)2δ+(k)δ(pl · (q1 − k))

pj · k(q − k)2
=

1

8πpl · qpj · q
(q2
T lj)

−εcΓ

−ε (F.6)

Clearly, this integral can again be written as a “switch”.

F.2 Real parts of the integrals of
∣∣∣n(1)

+1

〉
In Appendix E we reduced the computation of the one-loop, one-emission ampli-

tude,
∣∣∣n(1)

+1

〉
, to scalar integrals. Apart from the one-loop integral contributions in

In, that were already considered in Appendix A, the relevant scalar integrals are

{D1
ij(q),D

2
ij(q),C

3
ij(q)}, see Eqs. (E.2). Their imaginary parts can be calculated by

cutting the propagators of these scalar integrals, as in Figs. 3.1 and Fig. 3.5, and are

equal to the integral that we considered in Section F.1. In this section, we focus on

their real parts. We do this by using the cutting rules derived in Section D.2.

F.3 D1
ij(q)

The general expression for this master scalar integral is

D1
ij(q) ≡

∫
l

−i
[pi(l + q) + δi

i0
2

][pj(−l) + δj
i0
2

][l2 + i0][(l + q)2 + i0]
. (F.7)
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According to the cutting rules1 in Eq. D.7a the real part of this integral can be

obtained by adding the residues of the soft gluon propagators and applying the

principal value prescription on each of the propagators that are not cut:

Re{D1
ij(q)} ≡ Pv

∫
l

−2πδ+(l)[
pi · (l + q) + i0

2

[
δi − |~pi||~l|

]] [
−pj · l + i0

2

[
δj +

|~pj |
|~l|

]] [
(l + q)2 − i0 |~q||~l|

]
+ Pv

∫
l

−2πδ+(l + q)[
pi · (l + q) + i0

2

[
δi − |~pi|

|~l+~q|

]] [
−pj · l + i0

2

[
δj +

|~pj |
|~l+~q|

]] [
l2 + i0 |~q|

|~l+~q|

] . (F.8)

After making the change of variables l + q → l in the second integral, we can write

this expression as

Re{D1
ij(q)} =

∫
l

−2πδ+(l)

[pi · (l + q)] [pj · (−l)] [2l · q]

+

∫
l

−2πδ+(l)

[pi · l] [−2l · q]
Pv

[pj · (q − l) + iε]
.

(F.9)

where ε = 0
2

[
|~pj |
|~l | + δj

]
. Observe that we only retained the principal value prescrip-

tion on the rightmost eikonal propagator. To justify this simplification we point out

that by keeping the dimension d = 4 − 2ε > 0 the infrared divergences of the other

propagators are regularised.

By using Eq. (D.13) in Eq. (F.9) we can write

Re
{

D1
ij(q)

}
=

∫
l

−2πδ+(l)

[pi · (l + q)] [pj · (−l)] [2l · q]

+

∫
l

−2πδ+(l)

[pi · l] [−2l · q]

[
1

pj · (q − l)± i|ε|
± iπδ(pj · (q − l))

]
. (F.10)

Although the integrals in the second line render separately complex numbers, their

sum is a real number. The first two integrals, with a single delta function, are partic-

ular cases of (F.12) and the integral with two delta functions is given by Eq. (F.6).

After inserting these integrals one gets

Re
{

D1
ij(q)

}
=

1

8π2pi · qpj · q
Γ2[1 + ε]Γ3[1− ε]

Γ[1− 2ε]

1

ε2

(
2pi · qpj · q
4πpi · pj

)−ε
cos(επ)

= cos2(επ)

∫
d[l]

1

[pi · (l + q)] [pj · l] [2l · q] ,
(F.11)

where the second identity follows from comparing the first line with Eq. (F.16).

1In fact, in Section D.2 we derived the cutting rules for the specific case in which the hard
partons i and j are both incoming. However, one can show that the same rules also still apply
when one or both of these partons are in the final state. The proof in those such cases can be
carried out along the lines of those of Section D.2. The key point is that as we remarked in Section
D.4, the cancellation of single eikonal cuts also occurs also in such cases.
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F.3.1 Catani and Grazzini’s Integral

The calculation of the real part of the scalar integral {D1
ij} in Section F.10 was

reduced to Eq. (F.10). The two phase-space integrals that appear in this expression

are particular cases of:

ICG(pi, q, pj, s) =

∫
ddl

(2π)d−1

δ+(l)

(pi · l)(q · l)
1

pj · l + s
, (F.12)

where and s is a complex number. This phase-space integral also appears in the

integration of the double emission contributions below, in Section F.5. Although it

can be found in [41, 105], we integrate it here to illustrate how the other phase space

integrals in this appendix can be carried out.

Case s > 0

It is convenient to use the standard method of Feynman parametrisation to combine

two of the propagators as

ICG =

∫ 1

0

dx

∫
ddl

(2π)d−1

δ+(l)

pi · l
(l · (qx+ pj(1− x)) + s(1− x))−2 . (F.13)

For every x ∈ (0, 1) the vector hµ ≡ qµx + pµj (1 − x) is light-like with positive

energy. Thus, there is always a frame in which this vector is at rest, i.e. hµ =√
2q · pjx(1− x)(1,~0), and in this frame we have

ICG =

∫ 1

0

dx

∫
ddl

(2π)d−1

δ+(l)

(1− p̂i · l̂)p0
i l

0

(
l0h0 + s(1− x)

)−2
. (F.14)

One can use the delta function to integrate out the energy component. Integration

over the remaining components can be done by the standard method of separating

angular and radial integrals [9], dd−1l = dΩd−2d|~l||~l|d−2 , i.e

ICG =

{∫
dΩd−2

(2π)d−1

1

2(1− p̂i · l̂)

}∫ 1

0

dx
1

pi · h
√
h2

∫
d|~l||~l|d−4

(
|~l|+ s(1− x)/

√
h2
)−2

.

(F.15)

The integral inside the braces evaluates to a number that depends only on ε. The

integration over |~l| is straightforward and, after this, the integration over x is also

elementary. Observe that we have expressed the latter in terms of only Lorentz

invariants. After integration one gets

ICG =
1

8π2s(pi · q)
[
Γ(1 + 2ε)Γ(1 + ε)Γ2[1− ε]

] 1

ε2

(
2π(pj · q)(pi · pj)

(pi · q)s2

)ε
. (F.16)
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|r|
δκ

.
t(1− x)/q0 − iε

Figure F.1: Contour integration for the case s = −t+ i0. The zig-zag line indicates
the branch cut of the complex function (F.18) and the black dot denotes the only
(simple) pole of the integrand. The blue contour is located at a infinitesimal distance
κ from the negative real axis, and δ is a small radius of the orange semicircular
contour.

Case s = −t∓ iε, t, ε > 0

Following the same steps as in the previous case we can write

ICG = {...}
∫ 1

0

dx
1

pi · h
√
h2

∫ ∞
0

d|~l||~l|d−4
(
|~l| − (t± i0)(1− x)/h0

)−2

. (F.17)

Observe that the integration over |~l| passes closes to the complex pole |~l| = t(1 −
x)/h0 ± iε, with ε ≡ 0(1 − x)/h0 > 0. In what follows, we focus on the lower

sign case but the other case is similar. Below, we use contour integration over the

radial component of the virtual momentum r = |~l|. In order to identify a convenient

contour deformation, we need to identify the branch cuts of the integrand. Clearly,

this is single valued in d = 4− 2ε > 4 if we define:

r−2ε = |r|−2εe−i2εArg(r) , (F.18)

and identify R−, including the origin, as a branch cut. The contour depicted in Fig.

F.1 avoids this branch cut and deforms the green contour away from the pole of the

integrand r = t(1 − x)/h0 − iε. In the limit δ → 0 the green contour reduces to

the original integration domain. Since the integrand does not enclose any pole, the

clockwise oriented contour integral over the green, blue, and orange contour vanishes.

Clearly the integral over the red contour vanishes as we increase the radius whilst

the integral over the orange contour behaves as δ−2ε and vanishes in the limit δ → 0.

Then, we are left with the blue contour, this yields

ICG = {...}
∫ 1

0

dx
(−1)

pi · h
√
h2

∫ ∞
0

d|~l|
(
|~l|eiπ

)−2ε (
−|~l| − t(1− x)/q0

)−2

. (F.19)
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Observe that, up to the phase factor −(eiπ)−2ε, this is the same integral as in

Eq. (F.16). More generally, this integral can be written as

ICG =
[Γ(1 + 2ε)Γ(1 + ε)Γ2[1− ε]]

8π2(−t± i0)(pi · q)
1

ε2

(
2π(pj · q)(p1 · pj)

(pi · p2)t2

)ε
e±i2πε. (F.20)

F.4 D2
ij(q) and C3

ij(q)

These yield:

D2
ij(q) =

∫
ddk

(2π)d
−i

[k2 + i0]
[
pi · k + δi

i0
2

] [
pi · (k + q) + δi

i0
2

] [
pj · (−k) + δj

i0
2

]
=

(4π)−εΓ[1 + ε]

8π2pi · pjpi · q
(2pi · qe−iπδiq)−ε

ε2
, (F.21)

C3
ij(q) =

∫
ddk

(2π)d
−i

[k2 + i0] [(k + q)2 + i0]
[
pi · (k + q) + δi

i0
2

]
=

(4π)−εΓ[1 + ε]

16π2pi · q
(2pi · qe−iπδiq)−ε

ε2
.

(F.22)

Observe that these two integrals are equal. The calculation of the real part reduces to

phase space integral, see in Section F.5.1, while the imaginary contribution reduces

to one of the integrals in (F.1). It is worth noting that these two integrals are

equal even without imposing cut-off scales. It is important to point out that even

without introducing cut-off scales these two integrals can be shown to be equal.

As a consequence, in the computation of the one-emission amplitude,
∣∣∣n(1)

+1

〉
the

contribution that involves these two integrals cancels.

F.5 Phase space integrals for double emission

In this section we present the details for the scalar integral necessary for the inclusive

integration of the double gluon emission
〈
n

(0)
+2

∣∣∣n(0)
+2

〉
in Section 4.1 . Our integration

methods neglect the recoil effect against gluon emissions. In principle, in accordance

with our deduction of the eikonal approximation, we should cut-off the integration

for momentum components greater than the characteristic scale of the hard process.

In practice, it is easier to only cut-off the integration along the directions in which

the integrals are uv divergent. We shall now explain this in more detail.
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F.5.1 Integrals for K2
s.o.2

Let us consider the following integral∫
d[q1]

1

[pi · q1][pi · (q1 + q2)][pj · q1]
. (F.23)

It is convenient to consider the integration expressing q1 in terms of the following

light-cone coordinates

qµ1 =
q+

1√
2pi · q2

pµi +
q−1√

2pi · qj
qµj + qµ1T . (F.24)

One can integrate out the transverse components using the on-shell condition. After

this, one is left with an integral over q+
1 and over q−1 . The integration over q−1

is power suppressed as q−1 → ∞ and hence we do not need to impose a cut-off

for the integration of this variable. In contrast, the integration over q+
1 diverges

logarithmically as q+
1 → ∞. To regularise this integral, we cut off the integration

over q+
1 at p+

i . This cut-off regularisation can be written in a Lorentz invariant way:∫
d[q1]

1

[pi · q1][pi · (q1 + q2)][pj · q1]
→
∫

d[q1]
θ(pj · (pi − q1))

[pi · q1][pi · (q1 + q2)][pj · q1]
,

=
(4π)εΓ[1 + ε]

8π2

1

pi · pjpi · q2

(2pi · q)−ε
ε2

. (F.25)

We applied the same procedure to regularise the uv divergent integrals that appear in

the inclusive integration of the other phase space integrals that appear in Chapter 4

and in the calculation of the real part of the one loop integrals in Section F.5.1.

Below, we present the complete list of scalar integrals, indicating explicitly their

cut-off regularisation:∫
d[q1]

1

[q1 · q2][pi · (q1 + q2)][pi · q1]
→
∫

d[q1]
θ(q2 · (pi − q1))

[q1 · q2][pi · (q1 + q2)][pi · q1]

=
(4π)εΓ[1 + ε]

8π2

1

(pi · q2)2

(2pi · q)−ε
ε2

, (F.26)

∫
d[q1]d[q2]

pi · p2
j

pi · (q1 + q2)pj · (q1 + q2)pi · q1pj · q1

→
∫

d[q1]d[q2]
pi · p2

jθij(q1)θij(q2)

pi · (q1 + q2)pj · (q1 + q2)pi · q1pj · q1

,

=
1

4

(
cε

8π2

(2pi · pj)−ε
ε2

)2

,

(F.27)
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where θij(q) = θ(pi(pj−q))θ(pj(pi−q)). There is one more phase space integral that

appears in the integration of the double emission cross section:∫
d[q1]

pi · pj
q1 · q2pi · q1pj · (q1 + q2)

, (F.28)

this is uv finite and is given by Eq. (F.12).

In all the above cases we have performed the integration over one of the two

real emissions. The integration over the second variable is always reduced to the

following uv divergent integral∫
d[q1]

(
pi · pj

pi · q1pj · q1

)1+ε

→
∫

d[q1]

(
pi · pj

pi · q1pj · q1

)1+ε

θij(q1)

=
1

(−2ε)2

2εcε
8π2

(2pi · pj)−2ε .

(F.29)

F.5.2 Integral for K2
sub

The integration over the phase space of one of the gluon emissions is uv finite. It

can be performed with the same methods of Section F.3.1. It yields∫
d[q2]

1

q1 · q2

1

pi · (q2 + q1)

1

pj · (q2 + q1)
=

1

8π2

Γ[1 + ε]2Γ[1− ε]
(1 + 2ε)

1

−ε
(4π)ε

q1 · piq1 · pj

(
pi · pj

2q1 · piq1 · pj

)ε
.

(F.30)

177



178



Appendix G

On the breaking of strict collinear

factorisation

By inspecting the eikonal rules1 corresponding to the graphs in Fig. 3.6, one can

deduce that the one-loop corrections to a hard process that absorbs an incoming

gluon with momentum q is∣∣∣n(1)(−q)
〉

= Jn+1(−q)
(
I(1)
n + K̃uv

) ∣∣∣n(0)
〉

+ J
(1)
n+1(−q)

∣∣∣n(0)
〉∣∣∣n(0)

〉
.

In this case, the symbol δiq in J
(1)
n+1(−q) is equal to one when i is incoming and zero

otherwise. We can now derive all of the conclusions drawn in Section 2.4.4 for the

breaking of strict factorisation in the two particle collinear limit. This time, however,

one can derive not only the collinear behaviour of the pole part but for the finite

part of one-loop splitting operators S̃p
(1)

:

lim
pl‖q

∣∣∣n(1)
+1

〉
= Sp(0)(q)

(
I(0,Q)
n +Kuv

) ∣∣∣n(0)
〉

+ S(1)
∣∣∣n(0)

〉
,

S̃p
(0) ≡ lim

pl‖q
Jn+1(q) , S̃p

(1) ≡ lim
pl‖q

J
(1)
n+1(q) .

(G.1)

We remind the reader that strict factorisation holds whenever S̃p
(1)

can be expressed

in terms of the collinear partons only (see Section 2.4.4). In the particular case where

q is an emission which becomes collinear with an outgoing hard parton l, we have

S̃p
(1) c
∣∣∣n(0)

〉
=
αs
2π

Tq ·Tl
cΓ

ε2

[
q2
T (lr)e

−iπδlq

µ2

]−ε
S̃p

(0)
∣∣∣n(0)

〉
, (G.2)

1From Fig. 2.1 we can infer that the eikonal rule for momentum q flowing in the initial (final)
state is the same as minus the eikonal rule for momentum −q flowing in the final (initial) state.
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and thus, in this case, strict factorisation holds. In striking contrast, when q is

collinear with an incoming parton l we have

S̃p
(1),c
∣∣∣n(0)

〉
=

α

2π

cΓ

ε2
Tq ·Tl

[
q2
T (lr)e

−iπ

µ2

]−ε
S̃p

(0)
∣∣∣n(0)

〉
+ (i sin(πε))

αs
4π

cΓ

ε2
4TNC∩in · (Tl −TP )

[
q2
T (lr)

µ2

]−ε
S̃p

(0)
∣∣∣n(0)

〉
,

(G.3)

where TP = Tl + Tq, is the colour charge of the parent parton. Again the first line

depends only on collinear partons, whereas the second is purely imaginary and in

general, depends on TNC∩in, the total charge of the non-collinear incoming partons.

Indeed, this expression has the same violations of strict factorisation as Eq. (2.47).

Hence, the violations of collinear factorisation of the finite part of the one-loop

splitting operator has the same structure that the pole part does.
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Reductions: from cut pentagons

into boxes

In this appendix we discuss the methods of integration required to calculate the

tensor integrals that appear in the calculation double emission case. These were

implemented in Wolfram Mathematica notebooks using the Feyncalc package. For

reasons explained below, we adopted the dimensional reduction scheme [106, 107] in

chapters 5 and 6, i.e. we imposed the condition that the momenta of all the external

partons are four dimensional vectors and their respective polarisation vectors and

spinors have exactly 2 helicities. The virtual momentum is a vector in d = 4−2ε > 0

dimensions.

Schematically, the tensor integrals that appear in the calculation are:∫
k

(double cut)

d0

, (H.1)∫
k

(double cut){1, kµ}
d0d1

, (H.2)∫
k

(double cut){1, kµ, kµkν}
d0d1d2

, (H.3)

where {d0, d1, d2} denote propagators, and the explicit form of the double cuts de-

pends on whether we are considering eikonal, soft gluon or re-scattering cuts. It is

customary to refer to these integrals as three, four and five point integrals and to

the number of powers of the loop momenta in the denominator as the integral rank.

In what follows, we will show that, up to non-logarithmic corrections, these integrals

can be reduced to scalar three and four point functions.

The reduction of rank 1 tensor integrals can be carried out using the standard

technique of Passarino-Veltman (PaVe) reductions [98]. The reduction of the second

rank and scalar five-point integrals into boxes are more subtle and we discuss them

in detail. For simplicity, we specialise to the particular case of the eikonal cuts. But
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the reduction in the cases of soft gluon cuts and re-scattering cuts is similar. Eikonal

cuts can be expressed as transverse momentum integrals after integrating out the

delta function associated to the cuts. After this, the double cut five-point integrals

become three point functions: ∫
dd−2kT

{1, kµT , kµTkνT}
d0d1d2

,

d0 → k2
T +m2

0,

d1 → (k + q1)2
T +m2

1,

d2 → (k + q2)2
T +m2

2 ,

where {q1T , q2T} denote the transverse components, and the masses {m0,m1,m2} are

positive constants1. Observe that the double cut pentagons in d = 4−2ε dimensions

becomes three point functions in d = 2 − 2ε. In what follows, we will show these

three point integrals can be reduced to scalar two point integrals.

To carry out reductions for five-point functions, it convenient to introduce the so-

called Van Neerven (VN) basis [99]. Our presentation of this method closely follows

[108]. The first step of this method is the construction of a basis that spans the same

space as the vectors {q1T , q2T} such that

qaT · vb =

1 if a = b ,

0 if a = b .
(H.4)

The explicit form of these vectors can be easily written in terms of the two-dimensional,

completely anti-symmetric, tensor εµν = 1. In terms of this tensor, such a basis is

given by {
vµ1 ≡

q2ν1ε
µν1

qµ2qν2εµ2ν2
, vµ2 ≡

q1µ1ε
µ1µ

qµ2qν2εµ2ν2

}
. (H.5)

Here and in what follows, we omit the subscript T in the transverse vectors. In terms

of the Van-Neerven basis vectors, the d − 2 = 2 − 2ε > 2 transverse components of

the loop momentum can be written as

kµ = α1v
µ
1 + α2v

µ
2 + kµε , (H.6)

where α1,2 are coefficients of the linear decomposition and kε is a vector that parametrises

the d − 4 = −2ε dimension. Since we are working in the dimensional reduction

scheme, the vectors {q1, q2} live in exactly 2 dimensions and hence qa · kε = 0 for

1They can depend on the non-transverse components of the real emissions, but this is irrelevant
for what follows.
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a = {1, 2}. By construction, see Eq. (H.4), qa · k = αa and from this it follows that

αa =
1

2
[da − d0 + ra] ,

ra ≡ m2
0 −m2

a − q2
a .

(H.7)

By contracting (H.6) with the loop momentum k and after some algebra one has,

(additional details can be found in Ref. [108])

k2 =
1

2

 ∑
a={1,2}

(
[2k · va − ω · va]da + (ω − 2k) · vad0

)
+ ω2

 , (H.8)

where ωµ ≡ r1v
µ
1 + r2v

µ
2 is a vector independent of the loop momentum. This

expression can be rearranged into the following form

1 =
1

4m2
0 + ω2

[
2∑

a=1

[ω · vi − 2k · vi] di + [4− (2k − ω) · (v1 + v2)]d0 − 4k2
ε

]
. (H.9)

We can now use this expression to reduce the three point function:∫
dd−2k

1

d0d1d2

=
1

4m2
0 + ω2

∫
dd−2k

[
ω · v1 − 2k · v1

d0d2

+
ω · v2 − 2k · v2

d0d1

]
1

4m2
0 + ω2

∫
dd−2k

[
4 + (2k − ω) · (v1 + v2)

d1d2

− 4k2
ε

d0d1d2

]
. (H.10)

Observe that the first three integrals are now two-point functions with denominators

that depend on the loop momentum. Due to the euclidean invariance in d − 2

dimension, the terms linear in the first two integrals vanish. Indeed, they have to

be respectively proportional to q2 and q1 but because v1 · q2 = v2 · q1 = 0 these

terms disappear. The same occurs in the third integral, after a change of variables

k → k − q1. After this, the three-point function reduces to∫
dd−2k

1

d0d1d2

=
1

4m2
0 + ω2

∫
dd−2k

[
ω · v1

d0d2

+
ω · v2

d0d1

]
1

4m2
0 + ω2

∫
dd−2k

[
2− ω · (v1 + v2)

d1d2

− 4k2
ε

d0d1d2

]
.

(H.11)

Hence, the first three integrals have been reduced to scalar integrals. Observe that

the fourth integral is still a three-point integral. In general, these remainders that

arise from the decompositions of (cut) pentagons into (cut) boxes are known as

rational terms. They can contribute to the loop integrals with finite (as d → 4)

rational polynomials of the kinematical invariants [108, 100]. In chapters 5 and 6, we

neglected these contributions as they do not contain logarithmic and pole corrections.
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The latter arise from the integration of the two point functions.

We shall now study the reductions of the tensor three-point integrals. These

integrals can be straightforwardly reduced by inserting the parametrisation of the

loop momentum in terms of the VN basis, see Eq. (H.6). For instance, in the case

of the scalar three-point function one gets∫
dd−2kT

kµ

d0d1d2

=

∫
dd−2kT

α1v
µ
1 + α2v

µ
2 + kµε

d0d1d2

. (H.12)

Since, see Eq. (H.7), the coefficients, α1,2, are linear combinations of the propagators

the terms proportional to the VN vectors can be now reduced to two-point functions.

Finally, within the context of dimensional reduction, the terms proportional to the

vector kµε , that parametrises the d − 4 dimensions, exactly cancel at the amplitude

level. Indeed, they always appear contracted with two-dimensional vectors and hence

vanish, e.g. εT · kε = 0.

The reduction of the second rank, three point function in terms of the VN vectors

is analogous. In principle, we could use more conventional reduction methods, such

as the PaVe reductions. A näıve use of the PaVe reductions suggests that the right

hand side of the second rank tensor is a linear combination of all possible tensor

structures:∫
dd−2kT

kµkν

d0d1d2

=
[
I1q

µ
1 q

ν
1 + I2q

µ
2 q

ν
2 + I3 [qµ1 q

ν
2 + qµ2 q

ν
1 ] + ηµνd−2I4

]
, (H.13)

where ηµνd−2 denotes the metric tensor in d−2 euclidean dimensions and I1,2,3,4 denote

scalar functions. This näıve parametrisation of the possible tensor structures on the

right-hand side is wrong. The reason is that the space spanned by the first three

tensors, i.e. {qµ1 qν1 , qµ2 qν2 , qµ1 qν2 + qµ2 q
ν
2}, already contains the two-dimensional metric

tensor ηµν2 . It follows that the introduction of the tensor ηµνd−2 on the right hand side

over-parametrises the space of possible tensor structures. The reduction in terms of

the VN vectors solves this problem as, by construction, it parametrises exactly the

d− 2 dimensions of the loop momentum.

To summarise, we have discussed how, up to rational (non-logarithmic) contribu-

tions, the calculation of the eikonal cuts can be reduced to scalar two-point functions.

Exactly the same methods can be applied to the re-scattering cuts. In the case of

soft gluon cuts, it is easier to reduce the integrals to scalar boxes before integrating

out the delta functions corresponding to the double cut. In an analogous manner,

one can introduce VN vectors to reduce the (double cut) pentagons into (double cut)

boxes. In the rest of this appendix we present the relevant master scalar integrals.

The epsilon expansion of this expression can be carried out using the mathematical

package in [109].
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H.0.3 Master integrals for eikonal and re-scattering cuts

The eikonal and re-scattering cuts can always be reduced to transverse momentum

integrals. In addition to the integrals encountered in the one-emission case, the

required integrals for the case of two-emission (Figs. 5.5, 6.2 and 6.3) are:∫
dd−2k

(2π)d−2

µ2ε

k2[k2 + a]
=

(4πµ2)εΓ[1 + ε]

4π

a−1−ε

−ε . (H.14)

∫
dd−2k

(2π)d−2

1

k2[(k + q)2 + a]

=
(4πµ2)εΓ[1 + ε]

4π

(a+ h2)−1−ε

−ε 2F1[−ε, 1 + ε, 1− ε, h2

a+ h2
] (H.15)

=
(4π)εΓ[1 + ε]

4π

1

(a+ h2)

(
1

−ε + ln
(h2 + a)2

aµ2

)
+O(ε),

where in these two expressions a > 0.

H.0.4 Master integrals for soft gluon cuts

We shall now present the four point scalar functions that appear in the calculation of

the cuts over soft gluon lines (Fig. 5.10). It is convenient to introduce the following

notation:

∆(k) ≡ [−2πiδ+(l2)][−2πiδ+((q̃ − k)2)]/2, (H.16)

where here and throughout this section q̃ ≡ q1+q2. Exactly as we did with Eq.(5.33),

the soft gluon cuts can be reduced to an integration over the solid angle in d − 2

dimension, see (5.34). The exact expressions of the resulting integrals in dimensional

regularisation can be found in Ref. [101, 102]. In particular, the cut box integrals

yield: ∫
k

∆(k)

pj · (q̃ − k)(q1 + k)2
=

cε
8πpj · q2q̃2

[
q̃2pj · q2

pj · q̃

]−ε
1

−ε×[
Γ2[1− ε]
Γ[1− 2ε]

[
pj · q2

pj · q̃

]1+ε

1F2[1, 1, 1− ε; pj · q2

pj · q̃

]

=
cε

8πpj · q2q̃2

[
q̃2pj · q2

pj · q̃

]−ε
1

−ε ×
[
1 +O(ε2)

]
,

(H.17)
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k

∆(k)

pi · k(k − q1)2
=

cε
8πpi · q1q̃2

[
q̃2pi · q1

pi · q̃

]−ε
1

−ε×[
Γ2[1− ε]
Γ[1− 2ε]

[
pi · q1

pi · q̃ 1F2[1, 1, 1− ε; pi · q1

pi · q̃
]

]]
=

cε
8πpi · qq q̃2

[
2q1 · q2pi · q1

pi · q̃

]−ε
1

−ε ×
[
1 +O(ε2)

]
,

(H.18)

∫
k

∆(k)

[pi · k][pj · (q̃ − k)]
=

−cε
8π[2pi · q̃pj · (q̃)− pi · pj q̃2]

[
q̃2

[
1− pi · pj q̃2

2pi · q̃pj · q̃

]]−ε
1

−ε×[
Γ2[1− ε]
Γ[1− 2ε]

[
1− pi · pj q̃2

2pi · q̃pj · q̃

]1+ε

1F2[1, 1, 1− ε; 1− pi · pj q̃2

2pi · q̃pj · q̃

]
(H.19)

=
−cε

8π[2pi · q̃pj · (q̃)− pi · pj q̃2]

[
q̃2

[
1− pi · pj q̃2

2pi · q̃pj · q̃

]]−ε
1

−ε ×
[
1 +O(ε2)

]
.
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