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Abstract

This thesis aims to tackle some of the unanswered questions in the Standard Models of
cosmology and particles. The large-scale homogeneity, isotropy and atness of the observable
universe, and its small-scale primordial density perturbations that seed structure formation,
can be explained with the addition of an in ationary period preceding the Hot Big Bang.
We study an in ationary model that minimally extends the Standard Model (SM) with a Z ,
symmetric potential containing a single scalar eld, serving as our in aton, with a quartic self-
coupling and a non-minimal coupling to gravity. With the addition of an in aton-SM Higgs
portal coupling, the universe is able to e ciently reheat. We study two variations of the model,
with scale symmetry breaking in the in aton sector and in both the in aton and Higgs sectors.

In the model with scale symmetry breaking in just the in aton sector we nd two windows of
in aton masses that allow for successful reheating: light in aton with masses (016. m . 16)
GeV reheat via two-to-two in aton-Higgs scattering, and heavy in aton with masses (250 <
m . 7600) GeV reheat via their decay into Higgs particles. Light in atons are more strongly
coupled to the SM, and their mass is constrained by particle physics experiments ton >
1 GeV. Heavy in aton are very weakly coupled to the SM, and evade direct observational
constraints. In the model with scale symmetry breaking in both sectors, we nd that only the
light in aton window is viable if we assume our universe is metastable. In aton masses in the
range O(10 3) GeV m my evade all current cosmological, experimental and stability
constraints.

There is a wealth of evidence that supports the existence of dark matter (DM), from
the large scale structure of the universe, astrophysical phenomena and the Cosmic Microwave
Background's power spectrum. We incorporate sterile neutrino DM into our in ationary model
with the extension of a Neutrino Minimal Standard Model, modi ed with an in aton-sterile
neutrino Yukawa coupling. We study DM production via in aton decay in the early universe,
and nd that the DM properties are determined by a complex interplay of constraints from
cosmology and particle physics. Light in aton produce warm DM and masses in the range
O(10 100) keV and heavy in aton produce cold DM with massesO(1 10) MeV; both DM
windows satisfy the requirements for structure formation. With the addition of two heavier
degenerate sterile neutrinos with masse©(10®  10') GeV, the model is able to generate
the baryon asymmetry of the universe via leptogenesis, and the SM neutrino masses via the

see-saw mechanism.
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Chapter 1

Introduction

1.1 The Standard Model of particles

The Standard Model (SM) of particles describes the fundamental forces that govern the
universe: strong, weak and electromagnetic (EM). The model excludes gravity, as we currently
have no quantum description of the force. Gravity is described at low energies by Einstein's
e ective eld theory, General Relativity [1], which breaks down at scales above the Planck
mass,Mp = 1:221 10'° GeV. The SM has had unprecedented success in predicting and
explaining almost all the results of particle physics experiments. There are, however, still
some questions in particle physics that can not be answered by the SM: how did our universe
become dominated by matter over antimatter; what mechanism generates the SM neutrino
masses; what is dark matter (DM); and what are the mechanisms for SM and DM production?

We observe the universe to be lled with remnant matter leftover from matter-antimatter
annihilation in the early stages of its evolution. The excess of matter is a consequence of sizeable
charge-parity (CP) violating processes [2], which generates a matter-antimatter asymmetry. In
the SM, quark mixing is the only source of CP violation, and has been observed in the decay
of B, K and D mesons [3{7]. However, CP violation in the SM is many orders of magnitude
too small to explain the matter-antimatter asymmetry of the universe [8{10] that produces a
baryon-to-entropy ratio of O(10 °) [11]. We therefore require extensions of the SM to provide
new sources of CP violation.

In the gauge theory of the combined electromagnetic and weak (EW) interactions, explicit
mass terms are impossible to add as they contradict gauge invariance. We can, however,
maintain gauge invariance of the theory and generate the particle masses if the EW symmetry
is spontaneously broken. This is achieved when a complex scalar eld, the Higgs eld, acquires
a non-zero vacuum expectation value (VEV). The SM fermion masses are then generated
through their Yukawa coupling with the Higgs eld, which couples the left- and right- hand
fermionic components. Post spontaneous symmetry breaking, the fermion mass term is then

given by the Higgs VEV multiplied by the Yukawa coupling. As neutrinos have no right-handed
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component, they can not acquire a mass through a Yukawa coupling, and so the SM predicts
them to be massless. However, this is in contradiction to the observed neutrino oscillations,
which was conrmed in 2001 by the Sudbury Neutrino Observatory [12, 13]. We therefore

require a process beyond the SM to generate the SM neutrino masses.

Finally, there is a vast amount of evidence to support the existence of DM from observed
gravitational e ects [14{16], the CMB's power spectrum [17, 18], and structure formation [19,
20]. Although we have not directly observed DM, we have been able to infer that it makes up
over 80% of the total matter density in the universe [21] and it has the following properties:
DM must be weakly coupled (or decoupled) to the SM; it is a massive particle; and it is cool
enough to form structures in the hot radiation-dominated epoch. There are no viable DM
candidates in the SM, and within the bounds of our current knowledge, there are a rich variety

of possible DM models that could extend the SM [22{30].

1.2 The Standard Model of cosmology

The observable universe is almost completely at, homogeneous and isotropic. We have
been able to deduce that the universe is expanding at an accelerating rate from measuring
the red-shift of Type la supernovae [31, 32], which thereby requires the addition of a positive
cosmological constant in Einstein's eld equations [1]. In the Standard Model of cosmology
(SMC) the positive cosmological constant is interpreted as “dark energy', which dominates
the energy density of the universe today. This discovery led to the "Hot Big Bang model’,
as cosmologists theorized that the universe expanded and cooled from an initial highly dense
and hot state. Additionally, we know that large scale-structures, such as galaxies and galaxy
clusters, have a dominant dark matter component from observing its gravitational e ects [14{
16]. Our best t cosmological model with dominant components of dark energy and cold
dark matter [33] has very accurately predicted the results of key events in the history of the
universe: the existence and properties of the CMB [34{36]; the abundance of light elements
from Big Bang Nucleosynthesis (BBN) [37{39]; the nhumber of neutrino species in the SM [40];
and the formation of large scale structures [41, 42]. However despite its success, the Hot Big
Bang model is unable to explain the homogeneity, isotropy and atness of the universe, and
how primordial matter density perturbations that seed large scale structure formation were
generated.

The Hot Big Bang model predicts that the observable universe is made up of many causally
disconnected regions, which we would naturally expect to vary in temperature and density.
However, the CMB revealed that our observable universe is remarkably homogeneous and
isotropic, with small primordial density perturbations [34{36] that the Hot Big Bang model

has no means to generate. Additionally, as curvature grows with the evolution of the universe,
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until its recent dark energy dominated epoch, we require an extremely small initial curvature
to produce a at universe today. These initial conditions present cosmologists with complex
ne-tuning problems in the Hot Big Bang model. A possible solution to which is "in ation: a

period of positive accelerating expansion prior to the Hot Big Bang.

1.3 Outline

In order to evade spoiling the success of the SM and SMC, it is preferable that solutions for
problems such as in ation, SM and DM production, the generation of the baryon asymmetry
of the universe (BAU) and SM neutrino masses, are provided for by minimal extensions to
the models. The original work of this thesis [43, 44] studies a model of in ation that extends
the SM by just a single scalar in aton eld. The main focus of the study is to constrain the
model from cosmology, for successful in ation and reheating (SM production), and particle
physics. However, the most general model is still very hard to constrain, and so we focus on
two theoretically motivated variants, which we discuss below.

The measurement of particle masses tells us that the universe is not scale symmetric. The
rst variation of our in ationary model assumes scale symmetry is only broken in the in aton
sector by a single massive parameter, and an in aton-Higgs portal coupling allows for the
transfer of symmetry breaking into the SM sector [43, 45{48]. In the second variation of
our in ationary model, scale symmetry is broken by two massive parameters in the in aton
and Higgs sectors [44]. The model is then tightly constrained under the assumption that the
universe is metastable, which we motivate as follows. The measurement of the SM Higgs boson
mass revealed that our universe is surprisingly close to the metastability/stability bound [49].

If the universe is stable, then the observation that its energy density is dominated by a positive
cosmological constant [31, 32], known as “dark energy', tells us that the universe will eternally
expand at an accelerating rate. However, Dvali argues that an eternally accelerating universe
would eventually lead to quantum inconsistencies from graviton-graviton scattering [50, 51],
and so we require a mechanism for the universe to end before this moment is reached. We
provide a possible solution to this problem by requiring our model to give rise to a metastable
universe that is su ciently long-lived.

The next part of original work [43] presented in this thesis incorporates DM in our in-
ationary model by extending the scalar sector with a modied MSM [43, 45{47, 52]. Our
DM candidate is a sterile neutrino, which is produced in the early universe via in aton decay.
The DM parameters are constrained by the observed DM abundance and the requirements for
structure formation. Additionally, we nd that the mechanisms for generating the BAU via
leptogenesis and the SM neutrino masses studied in the originalMSM [53, 54] are not a ected

by our modi cations.
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The thesis begins with four theory and literature review chapters, which provide the reader
with the foundational knowledge and experimental constraints that we need to build, analyse
and constrain our cosmological models in the nal three chapters.

We begin with the thermal history of the universe in chapter 2. Here we review the SMC,
which accurately describes the large-scale evolution of the universe since the hot radiation-
dominated epoch known as the Hot Big Bang. | de ne the equations that govern cosmological
expansion and the thermal evolution of the universe, which will be necessary for modelling
the periods of in ation, reheating and DM production in chapters 6 8. | review the key
events in the timeline of the universe's history: neutrino decoupling, Big Bang Nucleosynthesis
and photon decoupling. The SMC very accurately predicts the results of these events, and
S0 any extensions to which are signi cantly constrained. The chapter ends with the best t
cosmological model we have today, with dominant components of dark energy and dark matter.
We will use the relative abundance of matter and radiative components to determine when the
universe transitioned from radiation to matter-domination, and the relative abundance of DM
to constrain the parameters of our DM model.

Chapter 3 studies the theory of in ation, which aims to provide an explanation for the
large-scale homogeneity, isotropy and atness of our observable universe, and its small-scale
density inhomogeneities, without the input of nely-tuned initial conditions. A nite period
of positively accelerating expansion, called in ation, attens curved space and ensures the ob-
servable universe has previously come into causal contact. | then study the conditions that
would lead to in ation for a set of minimal large- eld in ationary models, which extend the
SM by a single scalar eld. Next, | discuss the generation of scalar and tensor cosmological
perturbations from the in ationary enhancement of quantum uctuations of the in aton eld.
Scalar perturbations generate density inhomogeneities, which seed the large-scale structure of
the universe, and tensor perturbations generate gravitational waves. The in ationary poten-
tial is constrained by the measurement of the CMB's amplitude of scalar perturbations, and
the limit on the scalar-to-tensor ratio. These constraints will be implemented in our light
scalar in aton model in chapter 6. The chapter ends with analysing the growth of density
perturbations that evolve to form large scale structures.

In chapter 4 | review DM. First | discuss a few of the observed gravitational e ects that
support the existence of DM. | then analyse two DM production mechanisms, freeze-in and
freeze-out, which provides us with the framework to constrain the DM abundance and the
parameters of our DM model in chapter 7. In the last section | discuss the essential role DM
plays in structure formation, and the constraints on models that produce relativistic DM from
the smallest observed structures in the universe.

In the nal theory chapter 5 we study neutrinos. The observation of SM neutrino oscil-
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lations has revealed that the massless SM neutrino sector is incomplete. Here we discuss a
possible solution: the Neutrino Minimal Standard Model ( MSM), which extends the neutrino
sector by a minimum of two right-handed singlet Majorana (sterile) neutrinos, that generate
the SM neutrino masses via the see-saw mechanism. We nd that sterile neutrinos can also
serve as a DM candidate. | analyse their production mechanisms via active-sterile neutrino
mixing, and discuss the various astrophysical constraints on sterile neutrino DM models. Addi-
tionally, we analyse the model's mechanisms for leptogenesis, and bound the sterile neutrinos'
parameter space by requiring they generate enough lepton asymmetry (LA) to generate the
baryon asymmetry of the universe (BAU) via EW sphaleron processes. We will use the anal-
ysis carried out in this chapter to extend our light in aton model with a modied MSM in
chapter 7.

In chapter 6 we begin with our basic in ationary model, which extends the SM by a single
scalar in aton eld. The in aton's quartic self-coupling is constrained from the measurement
of the CMB's amplitude of scalar perturbations and upper limit on the tensor-to-scalar ratio.
The addition of a symmetry breaking in aton mass term and an in aton-Higgs portal allows
for e cient reheating and the transfer of symmetry breaking into the SM. We establish two
windows in the in aton parameter space that evade current cosmological and experimental
constraints. First | review the work carried out in [45{48] on the 'light' in aton window, and
then present my original work in [43] on the “heavy' in aton window.

In chapter 7 we extend our basic in aton model with a MSM, modi ed with an additional
in aton-sterile neutrino Yukawa coupling. Symmetry breaking in the in aton sector generates
the sterile neutrino masses, and initiates sterile neutrino DM production via in aton decay
in the early universe. | review the work carried out in [45{47, 52], which constrains the
DM parameter space in the “light' in aton window. | then present my original work in [43],
which constrains the DM parameter space in the "heavy' in aton windows. We nd that both
regions of DM parameter space are within the bounds for structure formation. We apply the
analysis and constraints from generating the SM neutrino masses and the BAU via leptogenesis
mechanisms in the standard MSM in chapter 5, to our modied MSM.

In chapter 8 | present my work [44] analysing a generic Z symmetric in aton model, which
extends our previous model with a symmetry breaking Higgs mass term. As a result, the
measurement of the Higgs boson mass does not uniquely determine the Higgs quartic self-
coupling and thus the stability of the EW vacuum. | assume the universe is metastable, and
re-constrain the in aton model in accordance with cosmological and experimental bounds.

I end with conclusions and outlook in chapter 9.

17



Chapter 2

Thermal history of the universe

The large-scale evolution of the universe from an initial highly dense and hot state to the
present day is very successfully described by the Hot Big Bang theory [55{57]. The model was
built after discovering that all galaxies are receding from us, which led to the conclusion that
the universe is expanding [58{60]. Prior to this observation, it was assumed the universe was
static and eternal.

In 1915 Einstein formulated a cosmological framework in his theory of General Relativity
[1], in which his eld equations describe how matter and energy curve spacetime. He later
added a cosmological constant to his eld equations to balance the e ects of gravity, thus
ensuring his model universe was static [61]. Meanwhile, de Sitter modelled a universe with no
matter or radiation and dominated by the cosmological constant, which drives an accelerating
rate of expansion [62]. It wasn't until 1922, when Friedmann proposed an intermediate model
of an expanding universe lled with matter and radiation [63], that we had a good description
of the real universe. From Einstein's eld equations, he derived the Friedmann equations that
relate cosmological expansion to the composition of a homogeneous and isotropic universe [63].

The recession of galaxies was rst noted by Slipher in 1912, who observed a Doppler shift
in their spectra [58, 59]. Following this result, Lema&'tre independently derived Friedmann's
equations in 1927, and suggested the recession of galaxies was due to the expansion of the
universe [64]. This was later con rmed experimentally by Hubble in 1929, who demonstrated
that there was a positive linear relationship between the recession velocities of nearby galaxies
and their distance to the observer [60], as shown in Figure 2.1. This came to be known as the

Hubble-Lema'tre law [60]:
v = Hod; (2.1)

where v is the recessional velocity of the galaxyd is the distance to the observer andHg is
Hubble expansion rate of the universe today. Extrapolating the expansion backwards in time,
the universe must have been denser and hotter, and according to General Relativity, originated

from a singularity [65].
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Figure 2.1: Radial velocity against distance of extra-galactic nebulae
Hubble's experimental results, plot taken from [60].

Following Hubble's results, Einstein's cosmological constant was abandoned and the uni-
verse was thought to only contain matter and radiation. As a result, cosmologists expected
to nd that the expansion rate was decelerating due to gravity, however the spectra of dis-
tant Type la supernovae, observed by The High-Z Supernova Search Team and the Supernova
Cosmology Project in the late 1990s, revealed that the universe is in fact accelerating [31, 32].
The cosmological constant was thus reinstated as positive vacuum energy, which dominates
the energy density of the universe today.

Whilst the Hot Big Bang theory is successful in its description of the large-scale evolution
of the universe, it can not explain why the observable universe is almost completely at,
homogeneous and isotropic, nor the origin of its primordial scalar perturbations that seed
large-scale structure. One solution may be that a period of positively accelerating expansion
called in ation preceded the Hot Big Bang, which will be the subject of chapter 3.

This chapter will focus on the large scale evolution of the universe starting from the hot
radiation-dominated epoch, known as the "Hot Big Bang' epoch, and roughly following the
general logic of the textbooks: "Introduction to the Theory of the Early Universe: Hot Big
Bang Theory' by D. S. Gorbunov and V. A. Rubakov [55], "The Early Universe' by E. W.
Kolb and M. S. Turner [56], and "Particle Physics and Cosmology: The Fabric of Spacetime'
by F. Bernardeau, C. Grojean and J. Dalibard [66]. Firstly, we will provide the reader with
the framework of the Hot Big Bang model: the dynamics of cosmological expansion, described
by Friedmann's equations, and the thermal evolution of the universe. In the following sections
we will show that the model provides an extensive explanation and accurate description of key

events in the universe's history, such as neutrino decoupling, Big Bang Nucleosynthesis and
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photon decoupling. We will end with the details of the best-t cosmological model of the real

universe, which has dominant components of dark energy and cold dark matter.

2.1 Cosmological expansion

The dynamics of cosmological expansion are derived from Einstein's eld equations:
G + g =8GT ; (2.2)

where G is the gravitational constant, and the cosmological constant is interpreted as the
vacuum (or “dark energy') energy density, = . The equations relate the density and ux
of energy and momentum, encoded in the stress-energy tensoF, , with spacetime curvature,

encoded in the Einstein metric,
1
G =R Eg R: (2.3)

The 4D space-time metric,g , describes the geometry of spacetime and tells us how to compute

the distance between two points:
ds? = g dx dx ; (2.4)

where (; = 0) denotes the time componentand (; = 1;2;3) denotes the space components.
Throughout the thesis we will refer to two 4D spacetime metrics that describe a homogeneous

and isotropic universe: the Minkowski metric for a static universe,
ds? = dt?  j dx'dx; (2.5)

and the Friedmann{Lematre{Robertson{Walker (FLRW) metric for an expanding universe,

ds? = dt®  a?(t) j dx'dxl; (2.6)
=a?()d? jdxdX ; (2.7)
where (;j = 1;2;3) and for a spatially at universe j; = ;. The scale factora(t) de nes

the scaling of the spatial coordinates with time, which is dependent on the composition of
the universe. It is used to translate between the physical coordinate system in an expanding
universe to the conformal coordinate system, which is equivalent to the physical coordinate

system in a static universe. For example, the conformal time , given in equation (2.7), is
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related to the physical time by

A
dt
= 2.8
a) (2.8)
Additionally, we can relate the scale factor to the redshift z of a photon by
B0 _ gy 0 (2.9)

a(t) 0N

which is de ned as the ratio of a photon's wavelength measured today to its wavelength mea-
sured at time t.

The Friedmann and Raychaudhuri equations govern the dynamics of cosmological expan-
sion. We derive them using the FLRW metric for a homogeneous and isotropic universe, which

has an energy-momentum tensor of the form:

T =diag(;p;p;p); (2.10)

where is energy density andp is pressure. Then taking the 00 andij components of the
Einstein's eld equations respectively, the Friedmann and Raychaudhuri equations are given

by*:

g_ Tz a2 @11)
ST g (2.12)
where we have substituted in for the reduced Planck mass:
Mp 981:(3 =2:435 10" GeV; (2.13)
and the Hubble expansion rate is de ned as
H(t) :—8: (2.14)
Spatial curvature can take values between 1 +1, where positively curved space is

modelled as a 3-sphere and negatively curved space is modelled as a 3-hyperboloid. The

curvature energy density measured today i$ [33]

——— =0:0007 0:0019 (2.15)
(agHo)?

1We use the notation X. @X=@tX @X=@¢%F.
2Subscript 0 denotes the value of parameters as measured today.
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and so we will assume the universe has no spatial curvature (= 0), in which case space is
modelled as a 3-plane. The total energy density of a at universe is called the critical energy

density,

c=3M32H?Z (2.16)

and the relative energy density of component is given by

i(1).

i(t) 0

(2.17)

P . .
where ; ;=1ina atuniverse.

To close the set of equations (2.11) and (2.12), we require an additional equation from the

conservation of the energy-momentum tensor:

r T =0; (2.18)
where r is the covariant derivative®. The following equation is derived from the = 0
component:
a :
) "‘35( (i) * Pi)) =0; (2.19)

which holds for individual non-interacting components i as well as for the total sum of com-
ponents. For a universe in thermal equilibrium, equation (2.19) is equivalent to the statement
that entropy in a co-moving volume, V = a3, is conserved. The rst law of thermodynamics

for the conservation of energy in a co-moving volume is
X
d(a® = Td(sa®) pda® id(nja®); (2.20)

where is energy density,s is entropy density andn; is number density. We assume the chemical
potentials, ;, are vanishing, as we only require a very small matter-antimatter asymmetry in
the early universe to generate the matter-dominated universe today; we will argue that this

is a plausible assumption in section 2.2. Then, by substituting equation (2.19) into equation

3The covariant derivative is related to the Christo el symbols by r T = @;I + T + T =0.
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(2.20), we have that entropy is conserved in a co-moving volume:

d(sa®) _ d@®) , .d
T=a =P =g &g
=ad ( + p)3g—+_ =0; (2.21)
I sa® = const. (2.22)

This conservation law will be particularly useful when we come to evaluate the present day
abundance of particles species, such as dark matter (DM), that are decoupled from the thermal
bath.

To nd the relationship between the Hubble expansion rate and the energy compaosition of

universe, we require the equation of state, which for an ideal uid is given by
pi=lii; (2.23)

where the constant of proportionality, ! j, depends on the component of the uid. Substituting
(2.23) into (2.19), we can evaluate the dependence of the energy density, and thus the Hubble

expansion rate, on the scale factor:

L3 1) S =0;
z z
di_ 3(1+19) da,
i - L al
I/ a 3@rho: (2.24)

For non-relativistic matter (m), relativistic matter () and vacuum () components,

o
-
3

i = (2.25)

W=

Given equations (2.11) and (2.24), we can then determine the Hubble expansion rate's depen-

dence on the scale factor when componentdominates the energy density of the universe:

a?d

:

; i

H2/ il _a4 = (2.26)
:

T const. i

At the Big Bang epoch the universe is very hot and so its energy density is dominated by

radiation. As the universe expands and cools, it then enters the matter dominated epoch
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followed by the vacuum energy dominated epoch, as matter energy density decreases with

expansion whilst the vacuum energy density remains constant.

2.2 Thermodynamics

During the Hot Big Bang epoch the universe is extremely hot, with temperatures up to
O(Mp)), and all the SM particles are thermalized and relativistic. As the universe expands
and cools, the particles fall out of chemical equilibrium once temperatures drop below the
mass of the particles, and depart from thermal equilibrium (known as “freeze-out’) once their
production rate is less than the expansion rate. It is therefore instructive to describe the history
of the universe by its thermal evolution. In order to do so, we need to evaluate quantities of
Bose and Fermi particles from equilibrium thermodynamics.

The Bose-Einstein ( ) and Fermi-Dirac (+) distribution functions for Bose and Fermi gases
in thermal equilibrium are
1 1

fi(p) = 3 h i ; (2.27)
@ Pexp E®_ 1

where is the chemical potential, T is the temperature of the thermal bath, and the energy

of particle i is

q___
E(p)= jpi?+ mf; (2.28)

where p is the momentum and m; is the mass. We will now show that in the early universe
the chemical potentials of thermal relativistic particles is vanishing.
Interactions of particles in thermal equilibrium conserve the sum of their initial and nal

chemical potentials. For example, the scattering procesp; + p, $ pa + pg has
1t 2= At B! (2.29)

Thus we can demonstrate through the process of particle-antiparticle annihilation into photons,
pp! 2 ,thatthe chemical potentials of particles and antiparticles have equal magnitudes but

opposite signs:

L= (2.30)

as the chemical potential of photons is zero. The dierence in chemical potentials of the

particles and antiparticles gives rise to a di erence in their number densities,n, and ny. In
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the early universe there is a very small excess of quarks over anti-quarks, otherwise known as
the baryon asymmetry, which results in a matter-dominated universe today; we discuss this
further in section 2.3. Additionally, as the universe is electrically neutral, leptons have the
same excess over anti-leptons:

Ng Ng _ 10y. n ne+ _ 10y.
———= 0(10 —— = 0O(10 : 2.31
Ng + Ngq ( ); n + N ( ) ( )

The di erence in the number densities of particles and anti-particles is extremely small, and
thus so must be the dierence in their chemical potentials ( T). In the early universe
it is therefore often valid to take chemical potentials as vanishing. We will now evaluate the
densities and pressure of the gas in this limit.

The number density, energy density, pressure and entropy density of a thermal relativistic

gas respectively is [67]:

z

% 3)
M= g fip)d’p=gnM—3T% (2.32)
x Z 2
M= g fiPEEPP=9g (T3T5 (2:33)
x Z ini2
-7 s ' Plep=t ),
M= 8 fierggdp=3 M (2.34)
2
S(T) = ; P-yg s(T)24—5T3: (2.35)

The number of relativistic e ective degrees of freedom for each of the following quantities is

given by [67]:

X 3 X 3

T"ngni 9n(D= bosons; i 0 % ' j'fermions Vi 0 ? | (239
T"ng“ o 0= bo:ns: i 0 % 4 ' ;ferm):ms i 0 ? 4; @30
T"n}i 9e(1)= bo:ns: i 0 % 4 ' ;ferm):ms i 0 ? 4; (239
T”npn‘ 9+(1)= bo:ns: i 0 % 3 ' ;ferm):ms i 0 ? 3; (239

where T; is the temperature of particle speciesi and g; is their number of intrinsic degrees
of freedom, which counts the number of avours, spin states, colours and particle-antiparticle

pairs. The average thermal momentum of relativistic bosons and fermions is then approxi-
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mately
8
i 52:7OT; bosons

ni
! -33:15I': fermions

hpi (2.40)

At T & 200 GeV all SM particles are in thermal equilibrium, i.e. T; = T for all species.
The SM has 28 bosonic and 90 fermionic intrisic degrees of freedom, and so the total number

of relativistic e ective degrees of freedom of the SM is

7
g (T &200GeV)=28+ o 90 =106:75 (2.41)

where g g -p=s - The number of relativistic e ective degrees of freedom is a decreasing
function of temperature, as shown by Figure 2.2, as once the thermal bath temperature cools
below the mass of a patrticle, the species does not contribute. Today the universe has cooled
to To = 2:7 K, and so only photons @ = 2) and neutrinos (g = 6) are light enough to
contribute to the number of relativistic e ective degrees of freedom. Neutrinos departed from
thermal equilibrium in the early universe when their interaction rate dropped below the Hubble
expansion rate, and only photons remain in the thermal bath today:

0 3

g Tio =3:91; (2.42)
To

ool N

gs(To)=9g +

we will evaluate the neutrino-to-photon temperature ratio in section 2.4.
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Figure 2.2: Number of e ective degrees of freedom in SM against temperature

Plot of the number of e ective degrees of freedom in the SM associated with number density
(9 n), energy density (g ), pressure @ p) and entropy density (g s), de ned by equations
(2.32) (2.35) respectively, as a function of the temperature of the thermal bath; taken from
[671.

For non-relativistic particles (m;  T), the thermal distribution function in equation (2.27)

is reduced to the Maxwell-Boltzmann distribution:

1 E(p) .

2 exp T (2.43)

f(p) =

The number density, energy density, pressure and entropy density of a non-relativistic particle

species of typei are:

n =g n;'—T e'Tim‘; (2.44)

i = mini + on;Ti; (2.45)

pi= T (2.46)
" S H#!

s=n > +log %Ii 2‘T ’ (2.47)

We can see from equations (2.44)(2.47) that once the temperature of the thermal plasma
drops below the mass of the particle, the density and pressure of the particle is exponentially
suppressed by a factor of exp - , as fewer particles have enough kinetic energy to create
speciesi. At this moment the particles fall out of chemical equilibrium and their abundance
depletes, as their production rate decreases whilst they continue to interact and decay; this is

known as Boltzmann suppression.
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2.3 Conditions for baryogenesis and leptogenesis

The early universe had large quantities of quarks and anti-quarks in thermal equilibrium,
and yet today we observe the universe to be dominated by matter. We must therefore conclude
that there was a very small excess of quarks over anti-quarks in the early, hot stages of its
evolution. As the universe cooled, all the anti-quarks annihilated and only an excess of baryons
remained, thus resulting in a maximally asymmetric universe today. We parameterize baryon

asymmetry (BA) and lepton asymmetry (LA) in either of the following two ways,

n)( nX .
Ny + Ny’
n)( nX

Yy o ——% 2.49
X — (2.49)

(2.48)

where X = B=L for baryons/leptons. At T & 1 GeV the BA of the universe (BAU) is [11]

g Ys = O(10 0): (2.50)

Under the assumption that the universe was initially baryon-symmetric, we require pro-
cesses that generate BA during the early universe. We can create BA or LA if the following
three Sakharov conditions are satis ed [2]: 1) Baryon or lepton number violation, 2) charge
conjugation (C) violation, and charge conjugation and parity (CP) violation, 3) Out of thermal

equilibrium interactions.

1. Baryon or lepton number violation

Baryons and anti-baryons have equal and opposite baryon numbersB = 1, and likewise,
leptons and anti-leptons have lepton numbersL = 1. In order to generate BA/LA, we

require processes that do not conserve baryon/lepton number.

2. C and CP violation

In order to generate a net BA/LA, we require processes with particles and antiparticles to be

asymmetric, for example,

(X! g96 (X! qo: (2.51)

We satisfy (2.51) if the processes violate C and CP symmetri¢s

(X! aaq)6 (X! qq); (2.52)
(X! aq)6 (X! ®ER); (2.53)
4Charge conjugation (C) transforms a particle into its corresponding antiparticle, e.g. g ! q.. Charge

conjugation and parity (CP) transforms a particle into its corresponding antiparticle with a helicity ip, e.g.
a ! or-
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where subscriptsL=R refer to left/right-handed helicities.

3. Out of thermal equilibrium interactions
In order to generate a net BA/LA, processes need to be out of thermal equilibrium so that the

rates of forward and backward reactions are di erent,

(X! g6 ( qq! X): (2.54)

In section 5.3, we study a leptogenesis model in which LA is generated during the production
and decay of right-handed singlet neutrinos. BA is then generated via electroweak (EW)
sphaleron processes that violatB + L at temperatures exceeding the EW symmetry breaking
scale, Tewy = 160 GeV [68]. The parameter space of the model is constrained by the BAU, and
we implement the results in section 7.6, where we incorporate leptogenesis in an extension of
our in ationary model. Additionally, we constrain our in ationary model by the requirement

that the SM temperature exceedsTgy in sections 6.8 and 6.9.

2.4 Neutrino decoupling

The aim of this section is to nd the neutrino temperature today in order to evaluate the
number of e ective relativistic degrees of freedom in the SM. To do so, we need to nd when
the neutrinos decoupled from the thermal bath. The neutrinos are in thermal equilibrium at
temperatures T & 10 MeV, where their weak interaction rate exceeds the Hubble expansion
rate. At temperature T 10 MeV, the thermal plasma is composed of photons, electrons,
positrons, protons, neutrons and neutrinos, and so the neutrinos are kept in equilibrium by

the following 4-point weak interactions,

| +e | |+ e
+e | |+ e
+ ! e +e (2.55)

which have a scattering cross-section of

GZE?; (2.56)

where Gg =1:166 10 5 GeV 2 is the Fermi constant and E is the energy of the neutrino.

They decouple from the thermal bath, or freeze-out, once their interaction rate decreases to
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the order of the Hubble expansion rate:

(T n (T )v H(Ts); (2.57)

where v is the neutrino velocity and T is the neutrino freeze-out temperature. As their
scattering cross-section is relatively small, they freeze-out early during the radiation dominated
epoch whilst they are still relativistic. We estimate the neutrino interaction rate using the
following approximations: E T,n T3, andv = c. Then substituting equation (2.33) into
Friedmann equation (2.11) for the Hubble expansion rate, the neutrino freeze-out temperature

is given by

2 3 MeV: (2.58)

The neutrinos freeze-out with a relativistic distribution, and their temperature remains the
same as the thermal plasma whilst the electrons, positrons and photons remain in thermal

equilibrium:

a(tys ) _ .
a) T(t): (2.59)

T{®)=Tg
However, the neutrinos are entropy diluted by electron-positron annihilation at temperature

Te % = 0(0:1) MeV; (2.60)

which e ectively heats up the thermal plasma relative to the neutrinos. As a result, the
neutrino temperature does not equal the thermal plasma temperature afl < T..

To nd the neutrino temperature today we need to evaluate

(2.61)

by making use of the entropy conservation law stated in (2.22), which is equivalent to

g s(T)T3a® = const.; (2.62)

having substituted in for the relativistic entropy density, given by equation (2.35). We then

apply (2.62) to the conservation of entropy in the electron-photon plasma to nd the ratio of
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the scale factors from neutrino freeze-out to today,

aty) _ To  o%(To) °.
alt) Ty Oh(Tq) (2.63)

Given the number of entropic degrees of freedom at neutrino freeze-odtg®s (T )= g + %

g = 4, and after electron-positron annihilation, g% (T < T¢) = g = 2, the ratio of the

neutrino temperature to the thermal photon temperature today is
T.o % (To) ° 4 3
—_ = = — 2.64
To g% (T ) 11 ( )
Then using equations (2.42) and (2.35), we nd that the total number of entropic degrees of

freedom today is

9s(To)=9 +g g % 3;
=2+ g 6 %:3:91; (2.65)
and the entropy density today is
Sp = %T;g s(To)TE=2:838 10° cm 3; (2.66)

where To = 2:7255 0:0006 K [39].

The detection of relic neutrinos, called the cosmic neutrino background (CB), would pro-
vide us with invaluable data from the earliest observable moments after the Big Bang [69].
As neutrinos are extremely weakly interacting and non-relativistic today, they may not be
directly detectable for many years. However, there is indirect evidence of the CB from their
imprint on the Cosmic Microwave Background radiation (CMB) [70], (relic photons from the
recombination epoch). In section 2.6 we will discuss how the CMB encodes information on the

atness and composition of the universe.

2.5 Big Bang Nucleosynthesis

The primordial abundances of light nuclei (hydrogen-2, helium-3, helium-4 and lithium-7)
are dependent on the neutron-to-proton ratio at the time of neutron freeze-out, and their
measurement ultimately allows us to constrain the number of e ective degrees of freedom at

the time of Big Bang Nucleosynthesis (BBN). The neutrons and protons are kept in thermal

5The number of intrinsic degrees of freedom of a photon and an electron-positron pair are g = 2 and
0. =4 respectively.
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equilibrium at temperatures T > 10 MeV by the following weak interactions:

n+ ¢! p+e
n+e | p+ o (2.67)
n! pte + ¢

Equation (2.48) implies that the electron chemical potential is vanishing in the early universe
(e T), and assuming that the lepton asymmetry of the universe is small, the neutrino
chemical potential is also negligible ( ,  T). Then we obtain from (2.67) that the proton and

neutron chemical potentials must be equal, , = ,. As the protons and neutrons are thermal
at temperatures well below their massesifi,, 900 GeV), we use the thermal non-relativistic

number density equation (2.44) to evaluate the ratio of the neutron-to-proton number density:

nL(T)
X T = —_ 2.68
n p( ) np(T) eXp T 1 ( )
where m m, mp 1.3 MeV.
At temperatures T m; me, the neutron interaction rate is
n=ChGET?> (2.69)

where C, 1:2. The neutrons freeze-out during the radiation dominated epoch, when

n(Tnt )  H(Tas ), at temperature [71, 72]

g 2 %TZ;f
Cn GE Tr 90 l\;p’
I
1 3
' Tht = 0° P——— 0:8 MeV: 2.70
n;f g 3 lOCnMpGE ( )

By the time the universe has cooled toT,; , the neutrinos have already decoupled from the
thermal plasma, but as the electrons and positrons are still in thermal equilibrium, the neutrino
temperature remains the same as the thermal temperature. The e ective number of relativistic

degrees of freedom in the SM at neutron freeze-out is therefore

M(Tn )= g + (@ +9) @71)

7
=2+ g 442 NSM =10:75; (2.72)

where the number of neutrino species in the SM idN SM = 3,

As the neutron-proton mass di erence is similar to the neutron freeze-out temperature,
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m  Tht , the neutrons freeze-out with a relatively large abundance:

L (2.73)

m
Xn p(Tn;f ) =exp T 6
n;

After neutron freeze-out, the neutron-to-proton ratio deviates slowly from its equilibrium value
as the neutrons continue to deplete, predominantly via their decay. By the time light nuclei

are formed at BBN at temperature
TeeN 0:1 MeV;, (274)
the neutron-to-proton ratio has decreased to

1
Xn p(TeeN) ?: (2.75)

The majority of neutrons are bound in helium-4, as it is the most stable light nucleus [39].

The primordial mass fraction of helium-4 is then approximately given by [37{39]:

2X1n p(Teen)
1+ Xn p(Teen)

Yhe-s = 0:25; (276)

hydrogen-2, helium-3 and lithium-7 make up a very small proportion with Y . O(10 ®), and

so the primordial mass fraction is dominated by hydrogen-1 withYy.; ' 0:75. If the neutrons
had a smaller (larger) cross-section or the number of e ective degrees of freedom at the time
of neutron freeze-out was larger (smaller), they would freeze-out earlier (later) and we would
be left with a larger (smaller) abundance of helium-4.

The observed abundance of primordial helium-4 tightly constrains the deviation of the

neutron-to-proton ratio from the SM predicted value, ( X, p), at neutron freeze-out [35]:

J( Xn p)i

0:025 2.77
T @17)

SM
Tn:f

at the 68% C.L. This bound translates to a constraint on the number of additional relativistic
degrees of freedom at time of neutron freeze-out, which is historically written as the number

of extra neutrino species,

N =NM+ N-: (2.78)

To evaluate the bound on N , we rst perform a linear expansion of the freeze-out temper-
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ature, given by equation (2.70),
Tg (NSM+ N ) T3+ Tog ;s (2.79)
where T3M Ty (N3M), as a function of the number of degrees of freedom:

7 3 7
Tt (NSM+ N)/ ™M+ - N g™ 1+ - N ;

4 24
7 N
! g o TSM .
. Tn,f 24 gSM (Tn;f ) n;f (2 80)
Then linearly expanding the neutron-to-proton ratio,
Xo p(Tat'+ Tar)  Xn p(Tat)+ ( Xn p(T): (2.81)

as function of temperature, we obtain the following expression for the rst order approximation

of the uncertainty on X, ,:

; " 0 1
Th: m T,
Xn D(Tr%fM + Tne)=exp TSM 1+ TST\A'f Xn p(TrﬁfM) %1"' 7nzfg ;
n;f n;f TnSP/I

( Xn p) m Tos 7 m N

|~ 2nel — (2.82)
Xn P rsm TSM 2 24 gSM (Tn;f ) TnS]M

n;f n;f

We can then translate (2.77) into a bound on the number of additional e ective degrees of

freedom atT 1 MeV, parameterized in terms of number of neutrino species [40]:

j Nj. 05 (2.83)

2.6 The Cosmic Microwave Background radiation

The primordial universe was dominated by radiation, a hot plasma of charged particles and
photons that are tightly coupled by Compton scattering [73, 74]. We assume that due to a
preceding in ationary epoch, the plasma was almost completely homogeneous and isotropic,
except for small variations in density that were seeded by in ationary enhanced quantum uc-
tuations of the in aton eld [75, 76], which we will discuss in detail in chapter 3. Baryonic
density perturbations of wavelengths smaller than the causal horizon oscillated, as matter was
attracted into the gravitational potential wells created in higher density regions, whilst radia-
tion pressure, exerted by photons scattering o charged particles, acted to push baryonic matter
into lower density regions [77, 78]. DM, which does not interact electromagnetically, collected

in gravitational wells unimpeded by radiation pressure. The compression and rarefaction of
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the baryonic matter density is known as the Baryonic Acoustic Oscillations (BAO).

Once the plasma temperature had dropped t&

Trec =(1+ Zec) To 0:3 eV (2.84)

at redshift z.. 1100, which corresponds to the matter-dominated epoch, it was cool enough
for protons to capture electrons and form neutral hydrogen in a process called recombination
[79, 80]. The universe then became transparent to photons, thus ceasing radiation pressure and
freezing the BAO in time. The decoupled relic photons free-streamed through the universe,
their wavelength redshifting with the expansion. Those travelling from regions of compression
are hotter whilst those travelling from regions of rarefaction are cooler. We observe them today

as the CMB radiation, as shown in Figure 2.3.

Figure 2.3: Anisotropies of the CMB

The Planck satellite's map of the small temperature uctuations in the CMB radiation,
T =2:72548 0:00057 K [81]. These correspond to small uctuations in matter density at
the time of recombination, which seed the formation of large scale structure in the universe.

The CMB was rst observed in 2003 by the Wilkinson Microwave Anisotropy Probe (WMAP)
[34] and later in more detail by Planck in 2013 [35], which has provided us with an incredible
insight into the composition and spatial curvature of the universe [82, 83]. This information
is extracted from the positions and heights of the peaks in the CMB angular power spectrum
[36] in Figure 2.4. The series of peaks show the variations in temperature at angular scales
that have reached maximum compression (odd peaks) or maximum rarefaction (even peaks)
at the time of recombination. Perturbations at angular scales larger than the sound horizon at
recombination ( 1) are causally disconnected, and so we don't observe peaks in the power
spectrum here [83].

The position of the rst peak is sensitive to the spatial curvature of the universe, as it

distorts the apparent angular size. Increasingly positive spatial curvature shifts the peaks to

6Comparing the radiation energy density's dependence on scale factor and temperature, given by equations
(2.26) and (2.33), we can see that the radiation temperature decreases like T/ a I
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the left and increasingly negative spatial curvature shifts the peaks to the right. The CMB
power spectrum is shown to be consistent with a at universe. Since the matter and radiation
components do not make up the total critical energy density, we therefore infer that there is
an additional missing component in the form of vacuum or “dark' energy that explains the
observed accelerated expansion [84, 85].

The second and third peaks of the CMB power spectrum provide evidence of DM and its
relative energy density. Increasing the abundance of DM leads to the formation of deeper grav-
itational potential wells and so a larger radiation pressure is required to reverse the direction of
the BAO at maximum compression [74]. This process is called baryon loading, and we observe
its e ects by the enhancement of compression amplitudes (odd peaks) relative to rarefaction
amplitudes (even peaks). In particular, we can see an enhancement of the third peak relative
to the second peak in Figure 2.4. Additionally, perturbations with small enough wavelengths
to enter the horizon during the radiation dominated period are impacted by a process called
radiation driving [74, 86]. During the matter-dominated period the dominant DM component
creates xed potential wells. However during the radiation-dominated period, radiation creates
potential wells that decay with the expansion of the universe at the time of maximum com-
pression, thus driving up the amplitude of the BAO [74]. The horizon scale at matter-radiation
equality is determined by the scale that uctuations are ampli ed by radiation driving, which
then allows us to nd the relative energy densities of matter and radiation in the universe
[74]. Whilst the impact of baryon loading increases with the DM energy density, radiation
driving decreases. From these two competing e ects, we can conclude from the enhanced third
peak that DM dominated at the time of recombination [74, 83]. Peaks at smaller scales are
damped by radiative di usion, as the wavelength of the density perturbations are smaller than
the distance photons random walk at recombination [87, 88].

In Figure 2.4 the red dots plot the Planck results and the green curve plots the results of
a dark energy and cold dark matter ( CDM) model that has around 5 times more cold dark
matter than baryonic matter [36]. The two plots match with an incredible accuracy, and so the
CMB provides us with a strong motivation for the CDM model, which we will be discussed

in detail in the following section.
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Figure 2.4: CMB angular power spectrum

Angular power spectrum of CMB temperature uctuations plotted at di erent angular scales,
taken from [36]. The temperature uctuations are not sign sensitive. The red points mark
the Planck 2013 data and the green curve marks the expected power spectrum from a CDM
model.

2.7 CDM model

Planck's 2018 parameter t of the relative energy densities as measured today for a at

CDM model is [33]:

0=0:685 0007 .o=(5:38 0:15) 10 5;
8

2 b:o = 0:0493 0:0006
mo= bot co= 0:315 0:007 (2.85)

co=0:265 0:007

where .0 and o are the baryon and cold DM energy densities respectively. Although
cold DM provides us with a very good t for the CMB, there is a suppression of small-scale
structures relative to the model's predictions [89, 90]. We discuss DM and structure formation
in detail in chapter 4, and show that this suppression may be an indication that DM is warm
rather than cold [91{93].

We can use today's relative energy densities (2.85) to nd an expression for the Hubble

expansion rate at some previous timet. Substituting equation (2.14) and (2.17) into the
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Friedmann equation (2.11), we nd

PO (9 I
HA(1) = 3M2

i(t): (2.86)

Then, using (2.24) and (2.26), we can relate the relative energy densities measured at tinte
to today's:

0 X 3(1+ 1)
ag
H2(t) = %9 o — :
© CVEN "0 3
3 4
= Hg m;0 %\O + .0 %lo + 0 s (2.87)

we will always assume the standard normalization of the scale factoray = 1. The critical
energy density measured today is [33]

c0=3MZHZ =1:054 10 °h?( GeVic?)cm 3; (2.88)

where the Hubble expansion rate isHo = 100 h kms *Mpc * with h =0:674 0:005. We can

now use parameters (2.85) and equation (2.87) to nd the time of matter-radiation equality

and when the universe transitioned from decelerating to accelerating expansion.

Matter-radiation equality

Neglecting the vacuum energy component, matter-radiation equality approximately occurred
when

a 3 a 4
0 — = .o — 2.89
mo o (2.:89)
which corresponds to a redshift and temperature of
Zeg= ™2 1 6 10% Teq 1eV: (2.90)
;0

Transition from decelerating to accelerating expansion

During the radiation and matter dominated epochs the universe had a decelerating expan-

sion rate, however once the vacuum energy dominated, the expansion rate transitioned to an
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accelerating rate:

t 5: matter dom.

al t %: radiation dom. (2.91)

TV ARKKRY 00

elt:  vacuum energy dom.

By the time the vacuum energy density dominated the radiation energy density was negligible
as it redshifts the fastest. To nd when the universe transitions from a decelerating to an

accelerating expansion rate, we take the time derivative of the Friedmann equation (2.87):

1

3

at a = Hgdt 08+  modga
% (2.92)

a
L a=H{Z 2 0 mo

Then by setting & = 0, we nd the transition to an accelerating expansion rate occurred

relatively recently, at a redshift and temperature of

N
5
wlk

1 06 Tace 4K: (2.93)

Zacc

2.8 Summary and discussion

The theory in this chapter provides us with the essential framework to build and constrain
our cosmological models in chapters 6, 7 and 8. Below we will summarise the main points from
this chapter and discuss how they will be used later in our analysis.

Preceding the Hot Big Bang epoch, our cosmological models include a period of positively
accelerating expansion called in ation, which is well approximated by the de Sitter universe
(a universe dominated by vacuum energy). The conditions of in ation gives rise to a spatially

at ( =0), homogeneous and isotropic universe, which is described by FLRW metric,
ds? = dt? a%(t) j dx'dx : (2.94)

After in ation there is a process called reheating, during which the in ationary energy is
e ciently transferred into the SM.

The in ationary and reheating epochs are fully described by a closed set of di erential
equations that relate the Hubble expansion rate H  a=a) and macroscopic properties of the

universe (; p) to the dynamics of the in aton and SM particles. These are the Friedmann
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and Raychaudhuri equations,

N

a
= = ; 2.95
a 3M 2 (2.95)
2
a a p
27 + = = — 296
a a M3 (2.96)
the covariant conservation of the energy momentum tensor,
_t3H( +p=0; (2.97)

and the Boltzmann collision integral equations de ned in section 7.3, which describe the dy-
namics of the system of particles. Since the universe reheats to very high temperatures, all SM
particles are relativistic and in thermal equilibrium in the early universe. As SM interactions
are very fast relative to the Hubble expansion rate, we make the approximation that SM parti-
cles instantaneously thermalize on production. We can then use thermodynamics to track the

evolution of the SM temperature:
2 4
sM = Osm %TSM; (2.98)

where gsy is the number of relativistic degrees of freedom in the SM associated with energy
density. Our in ationary model will be constrained by the requirement that the reheating
temperature exceeds the EW symmetry breaking scaleTeywy = 160 GeV [68], so that EW

sphaleron processes can generate the BAU [11],
Yz O(10 19: (2.99)

In chapter 7 we will introduce a DM candidate to our model, which is produced via in aton
decay in the early universe at timetpoq. The relic abundance after production is related to

the known present day abundance by [33]

a(tprod )

3
c0= cltproa) =0:265 0:007 (2.100)

Given that we can solve forTgy and we know the present day entropy density,

Sp=2:838 10° cm 3; (2.101)
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we will use the conservation of entropy,

sa® = const. (2.102)

3
t
o Aood) o % __ (2.103)
8o 45 Osm (tprod )TSM (tprod )

to constrain the DM parameters of the model.
The nal important constraint from this chapter is the limit on the number of additional
relativistic degrees of freedom to the SM at BBN, which is equivalent to less than half a neutrino

species [40],

N . 05 (2.104)

We must therefore ensure that any additional particles in our model are either heavy enough to
be non-relativistic by the time of BBN, m & 0:1 MeV, or have decayed prior to BBN [94{96],
L . 0(0:1)s.

decay
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Chapter 3

In ation and cosmological pertur-

bations

The CMB has provided cosmologists with a complex problem: the observable universe is
at and almost completely homogeneous and isotropic on scale& 60 Mpc [97]. Whilst the
Hot Big Bang (HBB) model is successful in describing the evolution of the expanding universe
from an initial state of hot dense gas moments before BBN, there is no explanation for these
observations without the input of nely-tuned initial conditions. A possible solution is an
initial period of positively accelerating expansion, namely in ation, which attens curved space
and ensures the observable universe has previously come into causal contact. Additionally,
in ationary enhanced quantum uctuations of the in aton eld generate the primordial scalar
perturbations that seed structure formation.

In section 3.2 we adopt the slow roll formalism to de ne the conditions for in ation, and
discuss a particular set of large- eld in ationary models, which will provide the reader with
the foundational knowledge for our in aton model in chapter 6. Other types of in ationary
models that are not discussed here are: small- eld models, as they have an initial condition
problem; and hybrid models, as they may generate isocurvature modes, which there is currently
no evidence of in the CMB. Note that in this chapter, we only discuss purely in ationary
models, however a realistic cosmological model must also provide mechanisms for reheating (SM
production) and DM production. This will be discussed in detail in chapter 6, where we extend
a minimal in ationary model with a scalar-Higgs portal coupling to provide a mechanism for
reheating; and in chapter 7, where we couple the scalar eld to a modi ed Neutrino Minimal
Standard Model ( MSM) to provide a mechanism for DM production.

Whilst the background in aton eld governs the in ationary dynamics, in ationary en-
hanced quantum uctuations of the in aton eld generate cosmological perturbations through
perturbing the metric. This gives rise to scalar and tensor perturbations, which we observe as
density inhomogeneities and gravitational waves in the universe. The aim of section 3.3 is to

determine the relationship between the amplitude of in aton and metric perturbations, which
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we will use to constrain our in ationary model. We proceed by quantizing the canonically
normalized in aton uctuations with a conformally at FLRW metric, following the same pro-
cedure as that of the harmonic oscillator. We nd that the solution of the eld uctuation is

a Gaussian random eld, thus allowing us to de ne its amplitude and power spectrum, which
contains all the information of the properties of the eld. On evaluating the power spectrum, we
discover that single- eld in aton models produce adiabatic and scale-invariant perturbations,
which is in agreement with CMB observations. The measurement of the CMB's amplitude of
primordial scalar perturbations allows us to constrain the self-coupling of the in aton eld for
a given model.

This chapter nishes by analysing the growth of density perturbations that evolve to form
the large-scale structures in the universe. We choose to study the simpli ed case of a static uni-
verse, which provides us with reasonable estimates of the mass and scale of baryonic structures
that begin to form after recombination.

The general logic of this chapter roughly follows the textbooks: “Introduction to the theory
of the early universe: cosmological perturbations and in ationary theory' by D. S. Gorbunov
and V. A. Rubakov [78] and "Cosmological In ation and Large-Scale Structure' by A. R. Liddle

and D. H. Lyth [98]; and lecture notes: "TASI Lectures on In ation' by Daniel Baumann [99].

3.1 Problems with the Hot Big Bang Model

3.1.1 Horizon problem

The measurement of the CMB temperature anisoptropies has revealed that the observable
universe is almost completely homogeneous and isotropic, and so we would expect all parts of
the region to have previously come into causal contact. The size of a causally connected region
is de ned by the cosmological horizon,ly : the maximum distance light has travelled since the
beginning of the universe. The size of a causally connected region & measured today attg
is given by the co-moving distance travelled by a photon att;, multiplied by the scale factor
today:

Zy, Z,,

1 1
_ 0 _ 0
IH,l (to) = 4o . dt a(to) go o da Ha® (31)

-

2 aga? matter dom.
/ (3.2)

-3 apa; radiation dom.;
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where the Hubble expansion rate is proportional to

8

5 a matter dom.
H(t)/ (3.3)

2 a 2 radiation dom.

Njw

As the expansion rate is a rapidly decreasing function of the scale factor, we are able to see
more regions that have not previously been in causal contact as time advances during periods of
matter and radiation domination. In order to make comparisons with the CMB, we calculate!

the angular size of a region in causal contact at recombination as measured today:
1
_ IH,r (tO) _ a

= = X -+ T 1T 3.4
CMB l-o(to) - ( z;) 2 ) (3.4)

where z, = 1100. The HBB model therefore predicts that the CMB is made up of

lno(to) °
e (t0) 10° (3.5)

causally disconnected regions, however CMB temperature anisoptropies have been measured
to be as smallas T=T 10 * [81]. As density perturbations grow during the radiation and
matter dominated epochs, it would therefore require remarkable homogeneity between regions

that haven't been in causal contact.

3.1.2 Flatness problem

At the Planckian epoch it is natural to expect the spatial curvature of the universe to be
(tpr)  O(1), and at present we know the universe to be extremely at, with . o <O (10 3).
However, during the radiation and matter domination epochs, the curvature relative energy

density is an increasing function of time:

8
2 a(tt)/ t5; matter dom.

(t) H (D) Za(t)? / S (3.6)

a(t)?2/ t; radiation dom.

and so the HBB model requires an exceedingly small initial curvature in order to produce a
at universe today. At recombination, we estimate that the curvature is nely tuned to

ty

10 15, (3.7)
to

(tr)

wheret, 1sandt, 107 s.

INote that we have ignored the recent period of dark energy domination in our estimation.
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3.1.3 Primordial perturbation problem

Finally, and perhaps most importantly, the HBB model provides no mechanism to generate
the primordial scalar perturbations observed in the CMB, shown in Figure 2.3, which seed the

formation of large-scale structure in the universe.

3.2 Ination

The problems of the HBB model may be solved with the addition of an initial nite period
of positively accelerating expansion called in ation. Here, we will evaluate the in ationary
conditions that would allow the entire observable universe to have been in causal contact and
become spatially at, using the slow roll formalism. Speci cally we study a generic large- eld
in ationary model with a single scalar eld serving as our “in aton'; the analysis will then be

applicable to our quartic scalar model in chapter 6.

3.2.1 Slow roll formalism

In ation is de ned as a nite period of positively accelerating expansion, which is achieved

when the universe has an equation of state similar to that of dark energy,

P (3.8)

As a result, the Hubble expansion rate is approximately constant, and we have the following

solution to the Friedmann equation (2.11),

Z
a(t) = ajexp tdtOH 9 (3.9)
ti

where we have assumed a at universe (= 0). The period when (3.8) is satis ed is de ned

by the “slow roll conditions', which we discuss below.

The action of the simplest in ationary model consists of a single scalar in aton eld, (x;1),

that is minimally coupled to gravity 2, and has potential V( ) is®

z

s=  d*%’

g %g @@ V() ; (3.11)

2A non-minimally coupled eld is directly coupled to gravity, i.e. we have the following additional term in
the Lagrangian:

(3.10)

where R is the Ricci scalar. A minimally coupled eld is not directly coupled to gravity, i.e. =0.
3We use the notation @

@
@x *
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whereg det(g ). As the universe is almost completely homogeneous with small inhomo-

geneities, we can split our in aton eld into two component parts:
(x;t) = p(t)+ " (x;1); (3.12)

a homogeneous classical background eld, y(t), overlaid with quantum uctuations, ' (x;t).
The quantum uctuations of the in aton eld source cosmological perturbations and will be
the subject of the following section. In this section we will focus on studying the homogeneous
background eld, which governs the in ationary dynamics.
The equation of motion of a eld is derived from the Euler-Lagrange equation:
e 5 8 . 619
where the Lagrangian density is related to the action byS = Rd“xL. The equation of motion

of the background in aton eld is then
%+3H 5+ V ( p)=0; (3.14)

where we use the FLRW metric for a homogeneous, isotropic and at universe (for which
g= ab), and assume the notationvV ~ @V=@ Its energy density and pressure are evaluated

using the energy-momentum tensor:
T =@@5b 9 L:B (3.15)

thus giving a Hubble expansion rate of

Lo laivey (3.16)

2 _
H T 3MZ 2

The equation of state (3.8) is therefore satis ed when the kinetic energy of the eld is much
smaller than its potential, 2 j V( )j, hence in ation happens in the “slow roll' regime. This
period is then de ned by the following two slow roll conditions, using equations (3.16) and
(3.14) respectively:

1. The in aton's kinetic energy is much smaller than its potential energy:

2
ﬁ 1; (3.17)
S
, v
I H M2 (3.18)
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2. The in aton's kinetic term is much smaller than its friction term:

1; (3.19)

Lo o (3.20)

Then by substituting equations (3.18) and (3.20) into equations (3.17) and (3.19) respectively,

we derive the slow roll parameters:

MZ Vv 2 , V
=" — =M5 — ; 3.21
2 V 1 P V 1 ( )
where ; 1, and in ation ends when ; 1

3.2.2 Large- eld in ation
The simplest example of a large eld in ationary model has a potential of the form

n

V()= —: (3.22)

As the name suggests, the slow-roll conditions are satis ed when the eld values are very large,
Mp; (3.23)

during which time the eld rolls slowly down its potential untii * o Mp, when the slow roll
conditions are violated and in ation ends. The eld then rapidly rolls to the minimum of its
potential, where it oscillates, and preheating/reheating® proceeds.
We will now evaluate the slow-roll parameters in terms of the number of e-foldings of
expansion prior to the end of in ation:
8
Ne In a) (3.24)

To nd an expression for the eld value in terms of N¢, we rst substitute equation (3.18) into
(3.9):

Zy

Ne= p—— at V(): (3.25)

MZ

4We use the notation X to de ne the quantity X evaluated at the end of in ation.
5Preheating and reheating are periods of non-perturbative and perturbative particle production, which we
will discuss in detail in sections 6.7, 6.8 and 6.9.
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then make a change of variables front ! using equation (3.20):

4

1 \Y, 2

Ne= — d — ; 3.26

M2 TV 2aMmp’ (3.26)
where we have evaluated the integral in the limit e. The slow-roll parameters (3.21)

evaluated in terms of N are then given by
n (n 1)
= — = : 3.27
4N, 2Ng ( )

In chapter 6 we present our multi- eld in ationary model that couples a scalar in aton eld
(X)) to the SM Higgs doublet (), in order to provide a mechanism for reheating (SM particle
production). In our model the universe does not therefore necessarily in ate along =0 in
eld space, but along a non-zero angle of rotation in theX plane. We assume the in aton
eld has a very large initial eld value that converges to the in ationary attractor solution long
before perturbations within our comsological horizon today were generated. The parameters
of our model are tuned so that the angle of the in ationary attractor solution is small, and the
in aton-Higgs quartic coupling gives rise to a large e ective Higgs mass during in ation. As
a result, uctuations in the Higgs direction are suppressed and thus our in ationary dynamics

can be well approximated by that of a single- eld model.

3.2.3 Ination as a solution to the horizon and atness problems

To solve the horizon problem we require the size of the causally connected region at the end

of in ation, as measured today, to be greater than the size of the observable universe:

Z
lhe(to) _ @ ted o 1 apHo

loto)  Tmo(to) 1 — Ha®  H(te)alter)

(3.28)

The integral here is saturated at the lower bound, and we have approximatedy: o(to)  Hg *.
To solve the atness problem, we additionally require in ation to have attened out a large

spatial curvature at the Planckian epoch:

(tpr) agH§ S
(to)  H(tp)?a(tp)?

(3.29)

Both the horizon and atness problems are therefore solved with the same condition, which we
will use to nd the minimum amount of in ationary expansion. We can re-express conditions

(3.28) and (3.29) by the following:

_3% &  Ho
a(tp) @  H(tp)

> 1 (3.30)
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then substituting in for the total number of e-foldings of in ationary expansion,

de
Nt =n ; 3.31
e =M o) (3:31)

we obtain a condition for the minimum number of e-foldings:

H (tpr) n 0 L Me

H 0 H 0 Treh

NE SN % +In 70 100 (3.32)
whereH (tp))  Mp; and the reheating temperature is in the rangé T,en = O(10° 10'°) GeV.

We have assumed here that the start of reheating is instantaneous with the end of in ation,

1

and so use the approximationae / T, .

However, reheating may proceed much later, in which
case our estimate is too high. We will therefore continue to use a more conservative estimate

of Nn = 60.

3.3 Generation of cosmological perturbations

In addition to explaining the atness and homogeneity of the universe, in ation also provides
a mechanism for generating the primordial scalar perturbations via the in ationary enhance-
ment of quantum uctuations of the in aton eld, ' . The uctuations result in di erent parts
of the universe ending in ation at slightly di erent times, i.e. for large- eld in ation, a patch
with negative ' violates the slow roll conditions sooner than a patch with positive' . This
gives rise to relative density perturbations in the universe, which provide the initial seeds for
large-scale structure formation. Single- eld in ationary models generate perturbations that are
consistent with observations of the CMB anisotropies [100, 101]. The properties of these pertur-
bations (high gaussianity, scale-invariance and adiabaticity) will be de ned and explained later
in this chapter. Multi- eld models are less well motivated, as they can produced non-gaussian
perturbations with isocurvature modes, and so we choose not to discuss them here.

We expand the action of the scalar in aton eld (3.11) with a spatially at FLRW metric
to second order in uctuations to obtain the quadratic action of the quantum eld:

s = dxa b @) 1 '

1 v 2.
57 e SV (WP (3.33)

where we use the notation@ @=@Xi =1;2;3). Then by making a Fourier expansion of the

6The universe reheats to a maximum reheating temperature of ToEX = O(Mp) = 0(1019) GeV if reheating
occurs immediately after ination, H(te) H(ten). We restrict the reheating temperature to a minimum of
[68] Trehmin = Tew = 0(102) GeV so that the baryon asymmetry of the universe can be produced via EW
sphaleron processes.
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quantum eld, representing it as a sum of plane waves:

X .
"(x;t) = " (k;t)e 'kx; (3.34)
k

we obtain a linearised equation of motion of the quantum eld:

kZ
“H3H_+ S+ V (o) ' =0; (3.35)

wherek is the conformal momentum that is related to the physical momentum by
k
= - 3.36
a= _ (3.36)

3.3.1 Subhorizon and superhorizon modes

Quantum uctuations of the in aton eld are created on all k-scales, and due to the very
nature of in ationary expansion, some of these modes may exit the Hubble horizon during
in ation. We are going to show that these modes are of particular cosmological signi cance,
since in ation results in the enhancement of their amplitudes, which gives rise to observable
cosmological perturbations.

In aton uctuations are subhorizon when
k aH; (3.37)

where (@aH) ! is de ned as the comoving Hubble horizon. Here, the second and fourth terms
in equation (3.35) are sub-dominant, as the slow roll conditions (3.21) enforc&/ ( ;) to be

small;
\Y
V = — =3HZ: (3.38)
Mg

The subhorizon modes thereby undergoes simple harmonic motion, unimpeded by the expan-
sion of the universe. However whilst the conformal momentum remains constant, the comoving

Hubble horizon is a decreasing function of time during in ation,
(aH) 1/ e Ht: (3.39)

The uctuations can therefore exit the horizon when k = aH, shown by the rst crossing in

Figure 3.1, and become superhorizon when

k < aH: (3.40)
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Whilst the wavelength and momentum of the mode red-shifts with the expansion of the uni-
verse, we show below that the amplitude is xed at horizon crossingk = a(t )H(t ), as the
mode is outside the region of causality. During this period, the amplitude of superhorizon
modes is therefore enhanced relative to the subhorizon modes, which decay with the expansion
of the universe. The superhorizon modes re-enter the horizon during the radiation or mat-
ter dominated periods, shown by the second crossing in Figure 3.1, as the co-moving Hubble
horizon during these epochs is an increasing function of time:

8
5 a; radiation dom.

2 at: matter dom.

(aH) 1/ (3.41)

Next we are going to formally evaluate the in ationary enhancement of superhorizon modes,

which give rise to cosmological perturbations and ultimately the large scale structure of the

universe.

Figure 3.1: Evolution of cosmological perturbations

Log-log plot of the co-moving horizon @H) 1, in red, and the inverse conformal momentum,
k 1,in blue, against the scale factor; plot is taken from [99]. If we have exponential in aton
(H = const.), the gradient of the red line is equal to 1. During radiation and matter
domination, the gradient of the red line is equal to 1 and E2 respectively, as in (3.41). Note
that we do not show the kink at the transition between radiation and matter domination in
this plot. The red and blue lines crossing represent uctuations exiting and entering the

horizon. Regions wherek * < (aH) !, uctuations are subhorizon, and regions where
k 1> (aH) 1, uctuations are superhorizon.
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3.3.2 Quantum uctuations of the in aton perturbations

In order to evaluate the in ationary enhanced amplitude of the quantum uctuation of
the in aton eld, we will proceed by writing the action (3.33) in conformal time, , and the
canonically normalised eld, = a( )' . From the action, we then derive the equation of motion
of , which during slow roll in ation is analogous to the harmonic oscillator. As a result, the
eld can then be quantized following the standard quantization procedure for the harmonic
oscillator. Thus we can solve for' , and show that the amplitudes of superhorizon modes are
frozen during in ation. The scalar eld is a Gaussian random eld, which by de nition has a
power spectrum that fully determines the properties of the eld. On evaluation of the power
spectrum, we show that it is scale-invariant, which is in agreement with CMB measurements
[100, 101].

Using the metric with conformal time (2.7), the action of the massless scalar eld is

1% h i

s =3 d°xd a%()'® (@ )*; (3.42)
z 00

= % dxd @ (@ )%+ % 2. (3.43)

where we use the notationX?® @X=@ ; X @X=@ ?, and we can neglected the termv
during slow roll in ation (3.38). We decompose the scalar eld into a Fourier expansion of

modes, , and vice versa:

z

3
x; )= (;')‘ (e (3.44)
z d®x :
()= o e

where the Fourier integral is de ned in the limit of an in nite sum,

z
X 3
lim ! d kg: (3.45)
k11 ‘ 2 ):
The equation of motion of the Fourier mode is thereby
a00
904 k2 5 &7 0: (3.46)

We can only numerically solve for  during in ation as a°®a has a complex dependence on the
background eld dynamics. Here, we will instead nd an analytical approximation for ¢ by

taking the limit of a purely de Sitter universe, a spatially at universe dominated by vacuum
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energy, in which

00
% = 2 =2(aH) (3.47)

The equation of motion of  is analogous to the harmonic oscillator, and so we will quantize

the eld following the standard quantization procedure for the harmonic oscillator.

Quantization of the in aton eld in a de Sitter universe

The scalar eld and its fourier components , are promoted to operators with the following

decomposition:
Z 4k . .
Nx; )= L KOAE X+ (HAYe *x (3.48)
M= ok OARH (OA ¢ (3.49)

The creation and annihilation operators, A} and Ay respectively, obey the canonical commu-

tation relation:
h i
ARl = 3k K9; (3.50)
if the modes are normalized as follows:
i 9 L2o=1: (3.51)
The vacuum state of the uctuations jOi is de ned by

AyjOi =0: (3.52)

In the subhorizon limit ( k 1), the solution to the equation of motion of ¢ (3.46) has

the general form:

T IR L (3.53)
“ 2 k K Tk '
The coe cients and are then xed by our normalization condition (3.51):
e k [
== 1 — .54
k > " (3.54)

In the subhorizon limit,  behaves as a simple harmonic oscillator in Minkowski space, os-

cillating with time-independent frequency ! x = k, whilst in the superhorizon limit ( k 1),
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the eld behaves as ¢/ a( ). Next we will show that the in aton eld is a Gaussian random

eld, and thus de ne its power spectrum.

Gaussianity of vacuum uctuations

A eld is a Gaussian random eld if its variables obey Gaussian statistics. If this is true,
its properties can then be completely determined by its 2-point correlation function, i.e. the

vacuum expectation value of the eld operators’:

RO (x; )™ (y; 1)j0i h "(x; )™ (y; t)i; (3.55)

or alternatively by its power spectrum, which we will de ne later. Here we will use the central
limit theorem to show that the vacuum uctuations of the in aton eld are a Gaussian random
eld, which is in agreement with CMB observations.

The Fourier components of the scalar eld, “x, are uncorrelated, i.e. their real and imagi-

nary parts have independent probability distributions equal to

hind?i = «()i% (3.56)

We can decompose the scalar eld into a sum of plane waves with Fourier coe cients, «( ),
that have uniformly distributed random phases, as written in equation (3.48). Then by the
central limit theorem, which states that the normalized sum of independent random variables
tends to a Gaussian distribution, the vacuum uctuations of the scalar eld are by de nition

Gaussian random elds.

Power spectrum and amplitude of the in aton eld

The power spectrum gives us the relative amplitude of each Fourier mode, which we compute

by taking the Fourier transform of the correlation function,

P (k) 3(k k9= e kxg Y HA(x: )My t)i: (3.57)

The right hand side of (3.57) is then by de nition just the 2-point correlation function of the

Fourier modes:

P (k) 3(k + K9 = WA ()" co()i (3.58)

“We will continue to use the notation hXi h 0jX jOi, as we only deal with vacuum uctuations.
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where'’x  ~¢=a. Using the de nition of the vacuum (3.52) and the canonical commutation

relation (3.50), we are able to evaluate (3.58):

e i(k+k9 i i

, s y .
H/\k(t)/\ko(t)l - ﬁ 1 ki 1 kT hl&kl& ko',
— 1 1 3 .
=gz ez KK
H2
= 5@ KT Pk kD) (3.59)

where we have inserted equation (3.54) as our solution for . In the superhorizon limit
(k 1), our in aton eld power spectrum is given by

_ HE
A power spectrum that has the relation P(k) / k 9, whered = 3 is the number of spatial
dimensions, has the special property of being scale-invariant, i.e. the eld uctuations have

the same correlation on every scale:

Zl 3 Zl 3,0 2
d3k d®ko . C oy H
HAC x: 1) ( y;t)i = I kxg Ky _— 3K+ k 3.61
( x;H™(y;t) . 2 1 2)F 2k3( % (3.61)
- ld(k)Hzeik(x y)
1 (2)%(k)

HA(; 1) (y; B

This is a feature observed in the CMB, and thus one of the strong motivations for in ation.
Additionally, as the correlation function only depends on jx yj, it is also invariant under
translations and rotations. The vacuum uctuations are therefore de ned as adiabatic pertur-
bations, as they are homogeneously and isotropically distributed in space.
Due to the scale-invariance of the power spectrum, it is standard to use the following
de nition of the power spectrum that removes the k-dependence:
k3

(k)= 5P (K; (3.62)

and + (k) de nes the amplitude of the eld uctuation. The power spectrum and

amplitude of superhorizon vacuum uctuations of the in aton eld is then given by

2

_H
0= o

; (3.63)

where indicates that the term needs to be evaluated at horizon crossinga(t )H(t ) = k.

Whilst the amplitude of superhorizon modes remains roughly constant during in ation, the
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amplitude of subhorizon modes k 1) decay with the expansion of the universe:
.k
sub — E (3.64)

The amplitudes of superhorizon modes are therefore vastly enhanced relative to subhorizon

modes by a factor of

- _H alte) ..
T oty at) (369)

whereNy¢ is the number e-foldings prior to the end of in ation that the mode exited the horizon.

3.3.3 Metric perturbations

During in ation, the energy density of the universe is dominated by the in aton eld. As a
result, uctations of the in aton eld perturb the stress-energy tensor, T , thus giving rise

to perturbations of the metric, g , through Einstein's equations of motion:
1
R > (g R) =8GT (3.66)

Likewise, metric perturbations backreact on to the in aton perturbations via the perturbed

equation of motion of the in aton eld:
(@@ V())=0; (3.67)

and so perturbations of the metric and in aton eld are tightly coupled.

Metric perturbations are categorised into 3 types based on their spin number: scalar (spin
0), vector (spin 1), and tensor (spin 2). We observe scalar perturbations as density pertur-
bations and tensor perturbations as gravitational waves; vector perturbations decay with the
expansion of the universe and so we will not discuss them here. The aim of sections 3.3.3.1 and
3.3.3.2 are to provide the reader with the observables of the scalar and tensor perturbations (i.e

power spectrums, amplitudes and spectral tilts) that allow us to constrain in ationary models.

3.3.3.1 Scalar perturbations

Generally scalar perturbations are a composition of adiabatic and isocurvature modes. Adi-
abatic perturbations give rise to total density uctuations throughout the universe, but the

relative densities between di erent particle species are the same. For example, matter and
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radiation components must satisfy the condition:

M =0; M= (3.68)

Adiabatic perturbations are sometimes referred to as curvature perturbations, as small over-

dense regions with density ° give rise to local changes in curvature:

0
2 _ .
H wMIT @ (3.69)

Given that the overall curvature of the universe with average density is negligibly small:

H2

WMz® @ 0; (3.70)

the density perturbation is then related to the curvature perturbation by:

_— = — 3.71
On the other hand, isocurvature modes have zero total density uctuations and relative

density perturbations between di erent particle species:

=0; _mg3 . (3.72)
m 4
Next we will show that single- eld in aton models produce adiabatic modes with no admix-
ture of isocurvature modes, which is currently in agreement with CMB measurements [100,
101]. Isocurvature modes may be produced by multi- eld models, however as this is not well
motivated by observations, we will continue to review single- eld in ationary models only.

The in aton eld is homogeneous on constant-time hypersurface$, and so quantum uc-
tuations of the eld can be expressed as a time-shift, t (x;t), along the trajectory of the
homogeneous background eld. Positive (negative) uctuations result in di erent parts of the
universe exiting in ation at later (earlier) times and thus having a greater (lower) density.

For single- eld in ation, the time-shift induces the same relative density uctuation for every
species, as during reheating energy is transferred from the in aton eld into other particles
species via the same mechanism everywhere in the universe. The model therefore produces

adiabatic modes exclusively:

)= (1) (X, (x;t) = _t (x;t): (3.73)

8We study uctuations of gauge-invariant quantities, i.e. the value of the perturbation does not arbitrarily
depend on our choice of gauge.
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The energy density behaves in the same way as the scale factor,
H; (3.74)

and so we can express the relative energy density uctuation in terms of the amplitude of the

in aton uctuation:
H
— =" (3.75)
_b
It is conventional to use the following parameterization for the scalar power spectrum
ns 1

2k)= A (k) k£ ; (3.76)

where ng is the spectral index. The power spectrum and amplitude of superhorizon scalar

perturbations generated by uctuations of the in aton eld is then given by

= ; s = ; (3.77)

with ng 1, which is in agreement with Planck's measurement [33]. The measurement of the

amplitude of the primordial scalar perturbations [33],

CMB (k) 47 10° (3.78)

at k =0:05 Mpc !, allows us to constrain the self-coupling of the in aton eld for a given
model. Using the slow-roll conditions, (3.20) and (3.18), the amplitude can be expressed in

terms of the in ationary potential:

©
<
Njw

_ 31
ST 6 M

v : (3.79)

Tw

Then for a large- eld in ationary models with a potential of the form given in (3.22), the

self-coupling is constrained by

_122mg
= (2No)"*2nn 4 s

(3.80)

We useN¢ = 60, as we are probing modes with a wavelength the size of cosmological horizon,
which exited the horizon 60 e-foldings prior to the end of in ation. Our in ationary model,

to be discussed in chapter 6, has a quartic scalar potentialn( = 4). The CMB measurement
(3.78) then constrains the quartic self-coupling to 15 10 %3, if we assume the in aton

eld is minimally coupled to gravity.
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3.3.3.2 Tensor perturbations

Tensor perturbations, h; , are free excitations of spacetime:
ds?=a%( ) d 2 (4 +hy)dxddx ; (3.81)

that manifest as unsourced gravitational waves, with the action:

YA h i

M2 dxd a2() ()2 (@hy)? (3.82)

ShE g
The action of the tensor perturbations is the same as the action of the massless scalar eld
given in (3.42), except with the addition of an overall factor of M 3=4. We can therefore follow
the same quantization procedure outlined in section 3.3.2, and so will leave out some details
here.
The tensor mode is composed of two transverse polarisationss € + ;x), and their Fourier
transform is given by
z
dk

X .
= oy 2 (K)hg( )e'* (3.83)

S=+ ;X

Given the following properties of the polarization tensors:
i =k =0; 50§ (0=2 5o (3.84)

the canonically normalized Fourier modes &( )hy) obey the same equation of motion of the
massless scalar eld given by (3.46), but have a di erent overall normalization factor:

he = o (3.85)

2,
Mp
The power spectrum of tensor perturbations is parameterized analogous to the scalar per-

turbations:

nr

2= Arlk) & (3.86)

where nt is the tensor spectral index, and the power spectrum sums over both polarization
states 2(k) = 2 ﬁ(k). The superhorizon tensor power spectrum generated by in ation is

then

2
=2 £ = i :
Mp

4 2
2 2
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with nt = 0, in ation also predicts a at power spectrum for tensor modes. We have not
yet been able to detect tensor modes as their amplitude is extremely small; a factor d¥l, 1
smaller than scalar perturbations. The potential to make a measurement in the future is an
exciting prospect as it would provide us with direct evidence of in ation, since we know of
no other way of generating tensor perturbations. The tensor amplitude only depends on the
in ationary potential, as H / P V() during in ation, so it would allow us to determine the
energy scale of in ation and the in ationary model. So far we only have an upper-bound on

the tensor-to-scalar ratio:

2(k) vV 2 4n
r ) _gmz V7o — 3.88
1) "M VTN, (3:89)
where at the 95% con dence limit [33]
r<rcwe =0:13 (3.89)

Given equation (3.88), the tensor-to-scalar ratio of a quartic model 6 = 4) exceeds this bound,
with r  0:27. However by non-minimally coupling the in aton eld to gravity, we can achieve

r<r cme ; this analysis will be carried out in section 6.3.

3.4 Structure formation

We have shown that in ationary enhanced quantum uctuations of the in aton eld generate
density inhomogeneties, which seed the formation of large scale structures. We are now going to
provide the reader with a very simpli ed but intuitive description of how perturbations evolve
and form structures in a static universe, using Newtonian mechanics. Although this treatment
is naive, it does provide us with a good approximation for baryonic structure formation in the
real universe, and the results will be useful in section 4.3 where we study dark matter structure
formation.

Overdense regions of the universe gravitationally attract matter from surrounding regions.

Using our result from equation (3.71), we can see that density perturbations grow like

8

5 t; radiation dom.
= (3.90)

(HMa(t)” 3

t5; matter dom.

during the radiation and matter dominated periods, whilst = < 1. The critical scale at
which perturbations reach hydrostatic equilbrium is de ned as the Jeans length, R;. At
scales beyond the Jeans length the perturbation density grows exponentially, quickly reaching

= 1 where perturbations undergo non-linear gravitational collapse and form compact
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objects such as stars and galaxies. We will derive the Jeans length using the Virial theorem,
which states that for a stable system of particles, the total kinetic energy,K , is equal to half

of the total potential energy, V:
1
K(Rj) = EV(RJ): (3.91)

In the context of star and galaxy formation, the Jeans length is the radius of a spherical cloud
of hydrogen in which the gravitational potential energy is balanced by the pressure of the gas.
When K > V=2, the perturbations undergo acoustic oscillations, and wherK < V=2, the
perturbations gravitationally collapse.

Using Newton's law of gravitation, the gravitational potential energy of a spherical cloud

of gas with massM and radius R is

3GM?
V = TR (3.92)
and assuming classical thermodynamics, the total kinetic energy oN patrticles is
3 3 M
K=_-NkgT=_-—=KkgT: .
>Nke T (3.93)

Next we equate equations (3.92) and (3.93) using the Virial theorem and then substitute in for

mass, assuming constant densityM = %R3 . Then rearranging for the Jeans length gives

_ 15kgT 1

Alternatively, the Jean's length written in terms of the speed of sound within the gas cloud,

kg T
2_ K !.
= 3.95
ui= o (3.95)
where we assume the adiabatic index of an ideal gas, = %:
8
3 U E R <R,; acoustic oscillations
Ry = JP=Pe=i (3.96)

" R>R,: gravitational collapse

Then de ning the Jeans mass as
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substituting in for R; gives

8
9 ud 5 M <M ;; acoustic oscillations
Mj = ?%% 5 (3.97)

"M >M ;: gravitational collapse

We can therefore deduce from (3.96) and (3.97) that cooler and denser clouds are less stable,
so they will gravitationally collapse at smaller masses and form smaller stars. On the other
hand, hotter and less dense clouds are more stable, so they require more mass to gravitationally
collapse and thus form larger stars.

The static universe approximations are applicable to the real universe in the regime when

the time it takes for a perturbation to collapse,
b= (G) f (3.98)

is less than the Hubble time,H * (G 1) Z, as we can ignore the e ects of expansion. This
is the case when the perturbation uid dominates the total energy density of the universe, .
In particular, the Jeans analysis is accurate in predicting the scale that baryonic structures
begin to form at recombination, when radiation pressure has ceased and gravitational forces

can dominate:
M;(T,) 10°M ; (3.99)

where T, is the temperature at recombination andM = 1:2 10°7 GeV is the solar mass;
this result gives the approximate size of the smallest dwarf galaxies in the universe. On the
other hand, the Jeans analysis is not applicable when the perturbation uid is a sub-dominant
component of the total energy density, as whert; > H ! the expansion of the universe can
not be ignored. The Jeans analysis is therefore not applicable to cold (or warm) DM, which
can form structures in the radiation-dominated epoch as it does not feel the e ect of radiation

pressure. We will discuss DM structure formation in detail in section 4.3.

3.5 Summary and discussion

In this chapter we show how an initial period of positively accelerating expansion called
in ation is able to explain the atness, homogeneity and isotropy of our observable universe,
without the need to implement nely tuned initial conditions. We speci cally study a minimal

single large- eld in ationary model, with a potential of the form

n

V()= — (3.100)
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The slow-roll conditions are satis ed for this model whilst the eld values are very large,
Mp, and in ation ends once the slow-roll conditions are violated, when ¢ = O(Mp). If
in ation is to solve the horizon and atness problems, we require a minimum of 60 e-foldings

of expansion,

Ae
a(tpl)

N2 =In & 60 (3.101)

In ation also provides us with a mechanism to generate small inhomogeneities that seed
the large-scale structure of the universe, through in ationary enhanced quantum uctuations
of the in aton eld. Single- eld in ationary models generate highly gaussian, scale-invariant
and adiabatic perturbations, which is in agreement with CMB observations [100, 101]. Multi-
eld models are less well-motivated, as they can lead to non-gaussianity and the generation
of isocurvature modes. Although the models we present in chapters 6, 7 and 8 are multi- eld
in ationary models, we carefully tune our parameters so that the in ationary dynamics can be
approximated by that of a single- eld model.

Quantum uctuations of the in aton eld generate scalar and tensor metric perturbations

with power spectrums that we parameterize in the following form,

ns 1 nr

W=Ak) & 2= Ark) (3.102)

In ation predicts that the power spectrums for both scalar and tensor perturbations are at,
with spectral indexesns 1 andnt O respectively. Planck's measurement of the amplitude

of the primordial scalar perturbations [33],
SMB(k) 47 10° (3.103)
at k =0:05 Mpc !, allows us to constrain the self-coupling of the in aton eld,

12 2M4 n
=p i — 2; (3.104)
(2Ng)"*2nn 4 S

which we evaluate at the relevantN. = 60 e-foldings prior to the end of in ation.

So far we only have an upper-bound on the tensor-to-scalar ratio [33],

(k)
(k)

[N

<rcwe =0:13 (3.105)

[20\8]

at the 95% con dence limit. The large- eld in ationary model predicts a tensor-to-scalar ratio
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of

4an
No

(3.106)

Later we study our in ationary model with a quartic potential ( n = 4), which gives a tensor-to-
scalar ratio that exceeds the CMB bound (3.105). However, we will show that by non-minimally
coupling the in aton eld to gravity, we can achieve r <r ¢yg ; this analysis will be carried

out in section 6.3.
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Chapter 4

Dark matter

We now have a vast amount of evidence to support the existence of DM: from the large
scale structure of the universe [19, 20], the CMB's power spectrum [17, 18] and a catalogue
of observed gravitational e ects [14{16], we infer that DM makes up over 80% of the total
matter density in the universe [21]. DM is fundamentally di erent to baryonic matter as we
can only indirectly observe it from its gravitational e ects. Since we can not see it, we know
that it does not interact much via electromagnetic or strong forces, and as DM has proven to be
extremely di cult to detect, it is not yet known whether it is weakly interacting with the SM
or decoupled entirely. Finally, for DM models to be compatible with structure formation, their
free-streaming length, or "hotness', is constrained by the scale of the smallest old structures in
the universe [92, 102].

Within these constraints lies a rich variety of possible DM models, many of which look to
solve additional problems within the SM. To name a few, there are hidden sector models that
generate baryon asymmetry [22, 23], axion-like particles (ALPs) that may solve the strong
charge-parity (CP) problem [24{26], and the dark Higgs (scalar) DM which is motivated by
the electroweak (EW) hierarchy problem [27, 28]. In chapter 7, we extend our in aton model
with a modi ed Minimal Neutrino Standard Model ( MSM) [43], in which our DM candidate
is a right-handed singlet neutrino, otherwise known as a sterile neutrino. Sterile neutrinos
have historically been a well-motivated addition to the SM as they provide a mechanism for
generating SM neutrino masses via the see-saw mechanism [53, 54], and the baryon asymmetry
of the universe (BAU) via leptogenesis [103{105]. There are many models for sterile neutrino
DM production [106], for example, the Dodelson-Widrow [29] and Shi-Fuller [30] mechanisms
produce DM via active-sterile neutrino oscillations. Both of these models will be discussed
in section 5.2, where we will show that they are very strongly constrained by the active-
sterile neutrino mixing angle and their free-streaming length. We present an alternative model,
whereby DM is produced via scalar in aton decay [43]. The parameter space is less constrained,
as the DM production mechanism does not depend on the coupling strength to the SM neutrino
sector.

The aim of this chapter is to motivate the need for DM and introduce the reader to the
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background theory that is required to constrain our sterile neutrino DM model. First we
present the main pieces of gravitational evidence of DM, followed by the freeze-out and freeze-
in production mechanisms, which are necessary to constrain the relic abundance and thus the
parameters of the DM model. Finally, we will discuss why DM is fundamental to the large
scale structure of the universe, and how small-scale structures, probed by the Lyman-forest,

constrain the DM free-streaming length.

4.1 Gravitational evidence of dark matter

4.1.1 Galactic rotational curves

The baryonic matter within a galaxy is divided between two components: a very dense region
of stars at the centre of the galaxy called the galactic bulge, and surrounding it, a sparsely
populated region of stars and dust called the galactic disc. To approximate the dynamics within
these two regions, we will assume the total mass of the galaxy is contained within the central
bulge of massM, radius ro and constant density. Then using Newton's law of gravitation, the
force acting on a star of masam is

GMom
Fgra\/ = T, (4.1)
and stars inside and outside the central bulge have rotational velocities [107]

8

2 r; r<ro;
Vro[ / (4.2)

1
r z; r>ry:

In 1933 Zwicky measured the average redshift of each member galaxy in the Coma galaxy
cluster. He found that their rotational velocities greatly exceeded the expected value calculated
from the gravitational mass of the luminous matter in the cluster [108]. As a result, he con-
cluded that the majority of the mass in the cluster must be made up of non-luminous matter,
called dark matter [108]. Following Zwicky's discovery, in the 1970s Rubin and Ford inves-
tigated this result further by using a high-resolution spectrograph to measure the rotational
velocities of individual galaxies. Their results revealed that the rotational velocities of galaxies
outside their central bulge remained constant out to very large radii [14, 109], as shown in
Figure 4.1. Without modifying gravity, they concluded that the at rotational curves can only
be explained if the galaxies are embedded within an extended dark matter halo, which makes

up over 80% of the total mass [110{112].
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Figure 4.1: Rotational velocities of galaxies plotted against distance from the centre, taken
from [109].

4.1.2 Gravitational lensing

Gravitational lensing is the bending of light within a gravitational eld, predicted by Ein-
stein's theory of General Relativity. We can use this as a tool to map out the distribution of
DM by observing the light from very distant bright objects, such as quasars and galaxies, that
has been bent by a nearby “lensing' galaxy. This allows us to determine the gravitational eld
produced by the lensing galaxy, and from which we can infer the mass and distribution of DM
within it.

The Sloan Digital Sky Survey (SDSS) has been able to map out the DM distribution within
galaxies at distances up to 200 kpc from the centre, which is far beyond what is achievable
using rotational velocity curves [113, 114]. Since discovering that DM halos are far larger and
more massive than we had rst anticipated, we can now appreciate the extent to which the
formation and evolution of a galaxy's observable structure (the baryonic matter) depends on

the properties of their host DM halo [15].
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