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Abstract

This thesis details studies into soft and collinear radiation dressing QCD hard
process amplitudes. Primarily, we present a formalism which reduces the com-
putation of arbitrary multiplicities of soft and collinear QCD radiation in the
massless limit, dressing any QCD hard process, to a single Markovian evolution
equation. We present the evolution equation at leading logarithmic order, with
complete spin correlations, and notably without approximating the QCD colour
charge; though our formalism can be systematically extended beyond this order.
We investigate the formalism and find that it can be used to study the accu-
racy of modern day parton showers, motivate new parton showers with increased
accuracy, and study the factorisation properties of QCD processes in hadron col-
liders. From our studies, we introduce a new form of dipole shower, constructed
to inherit the accuracy of an angular-ordered shower without losing the benefits
and generalised applicability of a traditional dipole shower. We also study ob-
servables which suffer from coherence violating logarithms in proton evolution
at hadron colliders. We arrive at the conclusion that almost all observables at
hadron colliders will violate coherence to some degree. Only observables entirely

insensitive to wide-angle soft physics remain completely safe.

This thesis consists of five individual publications and supplementary material
providing context and greater detail. This thesis is also supplemented with an
extended discussion of introductory material on quantum chromodynamics and

quantum field theories more broadly.
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I have written this thesis with two goals, other than the thesis being suitable
to attain a PhD. Firstly I have tried to provide a sufficiently detailed summary
of the research, prior to my own, so that someone else working in QCD theory
can read my work with minimal effort. This is the purpose of Chapter 3 and
the prefaces provided before each paper. Secondly, I have covered some of the
relevant foundations of QCD and QFT that underpin my work. In my experience
so far, the people who benefit most from reading theses are those who are new
to the field of research. Perhaps a graduate student near the start of their
studies. My aim is that a graduate student with a mathematical inclination,
some experience of particle physics, QFT, and of group theory (such as I at the
start of my doctoral studies) would also benefit from reading this thesis and
would be able to understand my work (though perhaps with a little more than
minimal effort). To this end, I have also included Chapter 2. This chapter aims
to concisely cover much of the necessary foundations needed to work specifically
on the problems I have studied. Most of Chapter 2 would typically be left out of
a doctoral thesis and instead can be found scattered across some famous hefty
textbooks. My hope is that presenting this information in a concise form is

helpful to somebody (or at least myself in the future).

I would like to give a brief comment on writing style. I recognise that the
ability to write compelling and articulate prose is not a talent of mine - rather
something I must work hard on. To aid me, this thesis is largely written in the
plural first person, such as is common in scientific literature. During my studies
I have become accustomed to writing in this style and it is the style in which
my included publications are written. However, I will also sometimes employ

singular first person when making comments directly to the reader.



Chapter 1

Introduction

“It’s a dangerous business, Frodo, going out your door. You step onto the road,
and if you don’t keep your feet, there’s no knowing where you might be swept off

”

to.
— Bilbo Baggins, J.R.R. Tolkien, The Fellowship of the Ring

In the modern era, the phenomenology of particle physics is predominantly studied by
exploring the properties of quantum fields. However, whilst theories of quantum fields have
provided some of the most accurate predictions physicists have ever made, quantum fields
are notoriously complicated. Quantum chromodynamics (QCD) is simultaneously one of
the most experimentally tested quantum field theories (QFTs) and also one of the most
difficult to use. In this thesis, we aim to address pertinent questions on how to accurately
extract predictions from QCD in collider experiments.

QCD is the mathematical formulation underpinning the currently prevailing theory of
the strong nuclear force. It describes the interaction of fundamental quantum fields for
quarks and gluons, and the particles that emerge from these fields. In principle, QCD
describes a huge range of phenomena: from the internal structure of nuclei within atoms,
to the degeneracy pressure of a neutron star, and to properties of the primordial plasma
less than a second after the big bang. QCD is unified with theories for electromagnetism
and the weak nuclear force (responsible for radiative decay) to give the Standard Model.
The Standard Model, as a QFT, [1] and Einstein’s general relativity [2] together form the
present frontier of experimentally verified fundamental physics. However, it is known that
this picture is incomplete.

The detailed study of data from collider experiments (such as the LHC [3], HERA [4],
LEP [5] and the Tevatron [6]) has provided some of most significant advancements in funda-
mental physics in the last several decades. This thesis aims to help continue this paradigm.

Until recently, relatively few processes with significant contributions from QCD have been
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studied at collider experiments with percent level precision. A large hurdle in achieving pre-
cise predictions from QCD has been accurately describing the large multiplicities of QCD
radiation produced at collider experiments. To this end, this thesis studies QCD radia-
tion. The goal of this thesis is to present a new unified formalism for the computation
of QCD radiation, applicable to any process at a collider experiment where large amounts
of momentum is transferred by particles in an inelastic collision. Studying this formalism
is interesting in its own right, however we also endeavour to use the formalism to derive
improvements to other, currently used, descriptions of QCD radiation.

This thesis is structured as follows. Chapter 2 presents an overview of QFT's with a focus
on deriving many of the elementary properties of QCD. A reasonably complete description
of QFTs and QCD would necessarily be far too extensive for inclusion in a single thesis.
Therefore, Chapter 2 reflects the biases of the author. It consists of only a selection of
the fundamental aspects of QCD that I consider most essential to the study of high energy
radiation in collider experiments, and the elementary building blocks of QFTs underpinning
QCD. Chapter 3 builds further on the foundations in Chapter 2, presenting many of the
foundational results used in the study of QCD radiation. To aid the reader, Chapter 3
starts with a ‘maths toolbox’ presenting mathematical techniques useful to the study of
QCD amplitudes. Chapter 4 presents the formalism we develop for the computation of
QCD radiation. We refer to the formalism as ‘parton branching at amplitude level’. We
study the formalism and from it re-derive several seminal results describing QCD at collider
experiments, most notably we study the collinear factorisation of QCD amplitudes with and
without Coulomb/Glauber gluons. Following this, Chapters 5, 6, and 7 use insight from
our parton branching formalism to highlight errors in and improvements to other widely
used descriptions of QCD radiation. Chapter 8 builds on insight from our study of collinear
factorisation to evaluate the significance of ‘coherence-violating logarithms’ in observables
one might measure at hadron collider experiments. Chapters 4 through 8 are presented in
the journal format. Finally, we conclude our findings in Chapter 9 and discuss prospects

for future research. An Appendix is included covering common and useful definitions.
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Chapter 2

Background

“If there’s any kind of magic in this world it must be in the attempt of under-
standing” ... “I know, it’s almost impossible to succeed .... but who cares really?

The answer must be in the attempt.”

— Celine, Before Sunrise

2.1 Quantum field theory

Quantum field theory is a broad theoretical framework that combines quantum mechanics
and classical field theory. Since its birth, it has seen a great deal of applications over many
fields in physics. It has been successfully applied to solid state physics, where it is used to
imbue the macroscopic properties of a material with quantum phenomena. A quintessential
example is the quantisation of the magnetic field of a ferromagnet. The quantum magnetic
field contains bosonic pseudo-particle excitations known as magnons; the superposition
of their wave functions generating the macroscopic magnetic field. In this situation the
quantum field theory is not fundamental but is an ‘effective field theory’ that describes the
system when viewed at an appropriate scale, the fundamental theory is provided by atomic
theory. However, there are also quantum field theories that are considered fundamental - at
least so far as experimental verification is concerned. These are the quantum field theories
of particle physics and the Standard Model. This chapter will provide an overview of these
theories with a particular focus on the fundamentals of quantum chromodynamics.

The starting point for quantum field theory was the development of the Klein-Gordon

[1, 2] equation describing the dynamics of both free scalar fields and particles;
(0"0, + m?)p(z) =0, (2.1)

where ¢(x) is either a relativistic scalar field or the wave function of a relativistic scalar

particle, and m is the mass of the field /particle. The Klein-Gordon equation is constructed

15



so that in momentum space it gives the Einstein relation
(—E? +p?+m?)p(p) = 0. (2.2)

Quantum field theory connects the relativistic Klein-Gordon scalar field with the rel-
ativistic Klein-Gordon particle by quantising the field: the field quanta are the particles.
We will illustrate this very quickly using canonical quantisation, initially in the Schrodinger
picture.! The Klein-Gordon Lagrangian and Hamiltonian densities for a real scalar field are

oL
8(@5@)’

where 7 is the conjugate field. The canonical quantisation conditions come from promoting

1 1 1 1 1
Lxg = 58’%0&@ - §m2902, Hka = §7r2 + §(V¢)2 + §m2g02, =

(2.3)

the field to being operator valued, ¢ — ¢. On top of this, Poisson brackets of the field and

its conjugate are promoted to commutators of the operators;

[p(x), 7(y)] = i6°(x — y), [6(x), 2(y)] = [#(x), 7(y)] = 0. (2.4)

We can solve the system for ¢(x) by making use of a Fourier decomposition

3 .
200 = [ g™ (o). (25)

By applying the Klein-Gordon equation to ¢(x) and imposing the quantisation commutation

relations, it can be found that

e~ PX

(p) = o a(p) + a' (p),
V2(p2 +m?) V2(p2 +m?)

where a(p) and af(p) are ladder operators obeying the same commutation relations as in

ePXp (2.6)

the quantum harmonic oscillator:

[a(p),a'(q)] = (27)%6%(p — q). (2.7)

The ladder operators therefore act as creation and annihilation operators a(p) [p) = |) and
af(p) |0) = |p).? The state |p) is a particle quantum, in the field ¢(x), with 3-momentum

p and obeys the Klein-Gordon equation in operator form

(=E*+p2+m?) |p) =0. (2.8)

Tn the Schrodinger picture operators are time independent and states are time dependent. Conversely,
Heisenberg picture operators are time dependent and states are time independent.

21t is worth noting that the commutation relation for d(p) and a'(p) does not have a Lorentz invariant
normalisation. Consequently, neither does the bracket (p|q) = (27)%6*(p — q). A Lorentz invariant delta
function is given by (27)*2Ep6°(p — q). Some authors choose to normalise the ladder operators as a(p) —
a(p)/+/2Fp, ensuring brackets and commutators have Lorentz invariant normalisations. In practice the
choice of normalisation is largely aesthetic.

16



In the Schrédinger picture, the time evolution of a state is given by |¢(t)) = U(t) |¢(0))
where U (t) = exp(iHt) and H is the Hamiltonian. Heisenberg picture operators, at a time
t, can be found from Schrédinger picture operators via Oy (t) = U(t)OsU (1)~ 1.

This is the only discussion of canonical quantisation in this thesis. Later we will need
to study quantisation in the context of gauged field theories and gauge fixing. In these
discussions we will employ the more sophisticated approach of path integral quantisation.
However, for each of the theories we discuss the two approaches are equivalent. Remem-

bering the canonical approach can be a helpful to guide intuition.

2.1.1 Dirac fields

The Klein-Gordon equation was a first attempt at relativistically covariant formulation
for quantum mechanics, however it had several limitations. The equation showed promise
in providing a description for the quantum mechanics of bosonic systems but it seemed
incompatible with fermionic systems and spin. Also, the equation was second order making
it difficult to solve. This motivated Dirac to find a linear equation. We will now give an
overview of the equation Dirac found [3, 4], from a modern perspective.?

In the previous section we summarised the quantum field theory of free Lorentz scalar

fields. Under active Lorentz transformations scalar fields transform as

A o(x) = ¢ () = (A z), where A € SO(1,3), (2.9)

4

where the same transformation sends coordinates z — z’ = Axz.* Let us now consider a

general field ¢ in some representation of the Lorentz group. This field must transform as
A p(z) — ¢ () = D(A)G(A™'z), where A € SO(1,3) and D(A) € repSO(1,3), (2.10)

where repSO(1, 3) is some representation of the Lorentz group. In the following section we
will discuss the special case in which D(A) = A, i.e. the field is a vector field. In this section
we will explore the spinor representation.

Continuous transformations can be constructed by the exponentiation of group genera-

tors. A helpful parametrisation of a general transformation in the Lorentz group is

D(A) = e2% S for A= e%QPTMPT, (2.11)

3The following discussion is based on those in [5, 6].

4Passive transformations are equivalent to co-ordinate redefinitions. Active transformations transform the
frame in which an object is defined: i.e. ¢(z) which must be equal to ¢’(z") under an active transformation,
hence it is necessary that ¢ (z) = p(A™1z).

17



where Q,, are the parameters defining the transformation, M*7 are the six SO(1, 3) group
generators and SP7 are the six repSO(1,3) group generators. They are anti-symmetric

matrices that are members of the Lorentz Lie algebra;
[S,o‘r7 SO’I/] — gpI/STO' . go'l/STp + gTO'SpZ/ _ ngSVO'7 (212)

where g = Diag(1,—1,—1,—1) is the Minkowski metric. The question of finding a rep-
resentation effectively reduces to finding a set of matrices {SP7} that satisfy the above
commutation relations. Omne such representation is the spinor representation, for which
SPT can be constructed using a Clifford algebra. The Clifford algebra is defined by the

anti-commutator

{277} =29""1. (2.13)

A useful basis for the algebra is the chiral basis;

0 ot
u:
y (U# . ) (2.14)

where ¢ = 1, 6" = —¢%, and ¢° are the Pauli spin matrices. Using the Clifford algebra we
can define SP7 = ihp ,77]; it can be checked that this satisfies the Lorentz Lie algebra.

Now let us briefly explore the properties of a field that transforms under the spinor
representation of the Lorentz group. First let us look at rotations in space; the SO(3)
subgroup of SO(1,3). Let’s consider rotations by angle # around an axis n; i.e. A =
R(n,0) € SO(3). Three of the SO(1,3) generators form the Lie algebra of the SO(3)
subgroup. These generators generate the rotation by ¢, in doing so fixing £2,-. In turn €2,,
can then be used as input to find D(A). We obtain D(R(n,#)) = R(n,0/2). This is the
transformation rule for the rotation of a fermion.

As with a scalar field, we can insist that our new found fermion field also obeys Einstein’s

relation by setting
(0"0,, +m*)¢(z) = 0. (2.15)
We can use the Clifford algebra to manipulate this expression. Note that
9" 0,0, = %{’y“,w”}%@u =v"470,0,.
Using this we can factorise the Klein-Gordon equation;
(iv"0p + m) (17”0, — m)p(x) = 0. (2.16)

As the second order differential operator on ¢ factorises, the set of solutions to the first order

differential equation (iv”0, — m)¢(z) = 0 necessarily obey Einstein’s relation. Solutions
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to the linear equation are traditionally labelled ¢ (z) and are named Dirac fields. Thus we

arrive at the famous Dirac equation for a Dirac field,
(iv*0y — m)y(z) = 0. (2.17)

The Dirac equation is Lorentz covariant, not invariant like the Klein Gordon equation. To
build Lorentz invariants we must introduce a conjugate field 1 (z) = 9f(2)7°. Using 1(x)

we can write a Lorentz invariant Lagrangian density consistent with the Dirac equation;
Lp = () (id — m)p(z), (2.18)

where @ = Y*0y. The Dirac field can be canonically quantised in the Schrodinger picture
using techniques similar to the quantisation of the Klein-Gordon field; the techniques mod-
ified for fermionic degrees of freedom. Specifically, it’s required for fermionic fields that

commutators get replaced by anti-commutators

{tha(x), T s(y)} = i6%(x — y), {a(x), 95(0)} = {Fpa(x), Typ(y)} =0, (2.19)

where a and g are spinor indices. The quantised free Dirac field in the Schrodinger picture

has the form

N d3p 1 iDX. S/ N\7s —ipx, s A5
500 =3 [ G amr o (7 EEE) P 0 @), 220)

where u®(p) and v*(p) are the spinor solutions of spin s to the Dirac equation in momentum
space. Bs(p) and ¢*T(p) are ladder operators for fermionic and anti-fermionic degrees of

freedom respectively, with spin s.°

2.1.2 The Maxwell Lagrangian

In the previous sections we discussed the construction of relativistically covariant field the-
ories. To build a field theory for fermions we had to employ some quite heavy mathematical
machinery; representation theory and new algebras. By contrast, the classical description
of electromagnetism is a manifestly Lorentz covariant field theory from the outset. In fact
classical electrodynamics motivated the first study of the Lorentz group. In this section we
will review some key features of electromagnetism. However, we will leave the quantisation

of the theory to a later section.

5Tt is important to note that when spinor indices are dropped, it is implicit that (anti-)commutators of
spinor fields refer only to the (anti-)commutation of operators in the field’s definition so that both terms
produced by the (anti-)commutator have the same dimension: i.e. )&, is a rank (1) tensor whilst 7,1 is a
scalar. For instance {u®b®, u®T6°T} = {b%, 0" Jutust.
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A free electromagnetic field is described by the Maxwell Lagrangian density:

1
Loaix = —ZFW,F‘“’7 where F,, =0,A, —0,A,. (2.21)

A, is a vector potential for the electromagnetic field. Maxwell’s equations are obtained

from the equations of motion,

8£Mx o wo_ . v
aopa,) ~ =0 o (900" = 8,8,)47 =0, (2.22)

and the Bianchi identity (a consequence of our definition of F,, ),
3 F o) = 0. (2.23)
The Maxwell Lagrangian is invariant under a gauge transformation
A, — Ay +0ua(x), (2.24)

for all reasonable functions a(z) (functions that are continuous and decay suitably fast as
x — 00). At this stage, the gauge symmetry makes canonical quantisation tricky since it
causes the equations of motion to not be invertible. We will give the symmetry both a

geometric interpretation and tackle quantisation properly later (Sections 2.1.4 and 2.1.5).

2.1.3 Electrodynamics

Let us now put the work of our previous sections together and couple the electromagnetic
field to matter fermionic fields. The Lagrangian density for electrodynamics (EM fields

coupled to a charged current) is given by
1 .
LED = _ZF/WFW —ejl'Ay, (2.25)

where j# is some vector current and e is the coupling strength. There is only one bilinear
of Dirac spinors with the same mass dimension as j* that transforms as a vector; 1y*1).
Putting the Maxwell Lagrangian together with the Dirac Lagrangian, with this coupling

term, we find the bare Lagrangian for quantum electrodynamics
1 - .
LqED = _ZFWFW +ah(x) (i@ — eyt Ay —m)y(x). (2.26)

We can make a few observations. Firstly, the coupling between the vector field and the
Dirac field has broken the individual gauge invariance of the vector field. Secondly, the
Lagrangian is symmetric under a global U(1) symmetry; ¥(x) — e®y(z). If we apply
Noether’s theorem [7] (or see [8] for a more accessible discussion) we find that the global
symmetry ensures that the current j# = 1y#1) is conserved (9,j* = 0). Thirdly, the
Lagrangian does have a gauge symmetry, however it is constructed from the composition
of a local U(1) transformation, 1(z) — e **®)q)(z), and a gauge transformation of the
vector field, A, — A, + dya(x). In the next section, we will argue that this composite

transformation is a local U(1) gauge transformation of the combined theory.
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2.1.4 Gauge theories and Yang-Mills theory

Let us think more about the implications of Lqrp’s gauge symmetry. It is easy to see
that ¢ (z) is transforming locally under the fundamental representation of U(1), but what
is governing how A,, transforms?

Think back to general relativity. The covariant derivative of a field ¢%(z) in an arbitrary

representation of the Lorentz group is given by
V() = 0,9%(x) + I, 0% (2);

u, v are indices in the fundamental representation of the Lorentz group and roman indices
are indices over the representation in which ¢¢(z) transforms. I'{, . is the connection on the
space-time manifold of the theory. This derivative transforms covariantly under co-ordinate

transformations x — J(x)z and ¢%(z) — D§(x; J)¢*(J(z)x); i.e.

V¢ (x) = Di(a; J) T (2) V0" (I (x)z).

a 6

e
to the space-time manifold in which ¢%(x)’s basis exists that acts to compensate for the

This is ensured by the connection, I'? ., which is an object defined in the tangent space

variation of said basis. Dropping the arguments, the connection transforms as
%, — JyDiTh (D~ = J4(D™1)o, Dy

Now consider a situation where J = 1 but our representation of ¢*(x) is degenerate over
some isometries (gauge transformations). We can re-parametrise ¢®(z) by a gauge trans-
formation ¢%(z) — D{(z)¢’(x) where D{(z) € G the isometry group of our representation.
Under this transformation V,¢%(z) — D&(x)V ,¢"(z) and

e = DET, (D™ = (D710, Dy

In the previous section we saw that Lqrp was invariant under a local U(1) transforma-
tion of the Dirac field, ¢(z) — e~ *®)y(z), if the electromagnetic field also transformed
via a gauge transformation as A, — A, + d,a(x). The transformation of the EM field can
be written in an alternative form,

A,u N e—iea(x)Aueiea(x) + Eeiea(m)aue—iea(x)‘
(&

This is exactly how the connection transforms under a U(1) gauge transformation, up to

the factor ¢ which arises from the normalisation pre-factors to A,. This gives us intuition

SStrictly speaking, the connection is defined in the principal fibre bundle of the space-time manifold as
it ‘connects’ the tangent space at a point, x, on the manifold to the tangent spaces at the points in the
infinitesimal neighbourhood of x.
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for what is going on. The fermion field is defined in a representation of the gauge group, in
this case the fundamental representation of U(1) which is trivial - hence why we didn’t have
to consider its gauge group representation when putting Lp together. The vector field is
defined in the tangent space (strictly the tangent bundle) of our gauge group and plays the
role of a connection. Hence, this field is defined in a representation of the Lie algebra of the
group, also trivial for U(1). Therefore the gauge transformations that leave Lqgp invariant
are local U(1) transformations for which +(x) transforms in the fundamental representation
of U(1) and A, transforms in the fundamental representation of the Lie algebra of U(1)
(denoted u(1)). This motivates naming A, a gauge field.

Let us now consider generalising the Maxwell Lagrangian. We can do so by introducing
a gauge field defined in the Lie algebra of a more complicated group. Let us pick SU(N).
Now our gauge field is of the form /T# = AGT* where T are the generators of SU(N) in
the fundamental representation. The generators are N x N matrices, there are N2 — 1
of them, and they are elements of the group Lie algebra su(N). To build a Lagrangian
for ffﬂ first we must generalise F,, to SU(N). F}, is gauge covariant. We can rewrite
its definition in such a way as to make this manifest; F),, = —é[D#, D,] where D,, is the
gauge covariant derivative of a field transforming in the fundamental representation of U(1),
D, = (8, +ieA,).” Written in this form, it is easy to see that a gauge transformation on
F,, gives e~teal®) Hyeiea(w) = F},,,. We can extend this definition to an SU(/N) gauge theory
by defining an appropriate SU(NN) gauge derivative,

D, = (1x0, —igA,). (2.27)

This derivative is gauge covariant when acting on any field, ¢, that transforms in the
fundamental representation of SU(N); ie. if ¢ — U(x)¢ then D,¢ — U(x)D,¢ where
U(x) € SU(N). Now by analogy to the U(1) case we can introduce a field strength tensor

F., = —[D,, D, (2.28)

i
9
where (ﬁw)ij = F;,T;;. By construction the field strength tensor transforms under an
SU(N) gauge transformation as F';W — U(l’)ﬁqu(:E)_l. Now we have F;W we can define
a gauge invariant Lagrangian for the SU(NV) gauge field - the Yang-Mills Lagrangian. The
Lagrangian density is

1 = - 1
Ly = 5 Tr(Fu F") = — Fi, FP°. (2.29)

"Continuing our analogies to general relativity, we can see that F, wv 1s just the curvature tensor in another
guise.
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This Lagrangian now comes equipped with two self interaction terms between the gauge
fields (these terms are given at the head of Section 2.2.1) and a global SU(N) symmetry.
This global symmetry results in a conserved current of gauge fields. We will come back to
the interaction terms and current later in the context of QCD. The Lagrangian has a gauge

symmetry under the transformations

—

A, — U(x)A,U(x)?

- ; 0,U(x))U(z)™}, where U(x) € SU(N). (2.30)
Finally, we have given the definition of a gauge covariant derivative when acting on a field
transforming in a representation of SU(V). However, it is helpful to also define the covariant
derivative of objects which are defined in su(NV), the Lie algebra of SU(V); objects such as
the field tensor and the gauge fields. It can be checked that Dgﬁ = &,ﬁ = ig[/_fg, F ]
transforms as required, DUF;W - U (az)DUﬁWU (x)~1. Using this gauge derivative, the

equations of motion are

D,F" =0, Dy,F,, =0. (2.31)

2.1.5 Path integral quantisation

In this section we will review some of the important features of the path integral for quantum
fields. We will not derive the path integral since a derivation would be both lengthy and
wholly unnecessary for our work.®

When working with a quantum theory, we are interested in (in terms of making predic-
tions) the overlap of a state at a time ¢; with another state at a later time ¢;. An alternative
approach to quantisation is to simply define how to compute this transition. This is the
approach of path integral quantisation. The basic path integral for a transition in a general

quantum field theory from a state 2 at time t; to state Q' at time ¢ has the form

@ i) =N [ Doy ew (i [ faocon). s

The set {¢} is the set of quantum degrees of freedom of the field theory; i.e. the fields.
The measure D[{¢}] integrates over every possible configuration of the degrees of freedom
between times ¢; and t; with the boundary conditions that the configurations correspond-
ing to states at times t; ; are fixed as [{¢(t;)}) = [Q(t;)) and [{o(tf)}) = [V(tf)). N

is a normalisation factor, often compensating for divergences in the path integral itself.

8Furthermore, for some field theories (with non-linear kinetic terms or complicated non-polynomial po-
tentials) the path integral cannot be derived by the usual methods employed by physicists but instead must
be postulated. Moreover, a mathematician might argue that path integrals in quantum field theory cannot
be rigorously derived (except in some special cases). On this we will choose to bury our head in the sand.
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The path integral effectively assigns a phase to each configuration [{¢(t)}), computes their
superposition and then projects the outcome onto the |Q'(tf)) state.

Eq. (2.32) is entirely obtuse as to how path integrals actually work. To help, let us
re-write the equation with all the limits in place in (141)D and with a single field ¢(x),

(@ pl) = i M) [ [ o) e (i X3 Laldlonw)ad ]

Tpo 1! trEltity] allzy

(2.33)

where z, 3 = (tg, xk/)T is a general point in latticed space-time with a lattice spacing a; i.e.

Thgn b/ tm — Tkl = (na,ma)T. Lg is the discretised Lagrangian density; built by making

substitutions of the form ¢(z) — ¢(zx ) and 9p(x) — (d(zp ) — ¢(xk—14))/a.” Notice

that if the Lagrangian depends on derivatives then the phase, eia%(‘b(mk»k’)), assigned to each

field configuration ¢(zy k) is also dependent on adjacent field configurations ¢(xpr pr41)-

This propagates a dependence on the boundary conditions throughout the whole integral.

We will now itemise a few key points in the study of path integrals. Firstly the partition
function of a theory is defined as

Z= lim (QD)Q-T))= lim N bcp{¢} exp</ dt/ddl {¢}>

T—o00(1—1€) T—o0(1—1€)
(2.34)

where |Q(t)) is the ground (or vacuum) state of the theory at a time ¢. From now on we
will treat the T' — oo(1 — de¢) limit as implicit in a d?z measure. Relatedly, the generating

partition functional is defined as

Z[{Js}] = N/b D[{¢}] exp (i/ddw L({9}) +i5gen[{J¢>}a{¢}]>7 (2.35)

so that Z[{0}] = Z and

0 Z[{Js}]

57,5(1) N/ D{p}] ip(x1) exp< /ddx L({$}) + iSgen[{ o} {¢}]> (2.36)

where 2 is a functional derivative;
6Jg(z) ’

8J5(y)
6Jg(x)

=%z —y),

and where Sgen[{Jp}, {¢}] is defined so that Z[{J4}] has the properties given. For example,
if the theory is of a single scalar field, {¢} = ¢, then Sgen[{Js}, {¢}] = [ d%zJ(z)p(x). The

9There can be some ambiguity in defining the discretised Lagrangian. These ambiguities can have con-
sequences whenever one tries to evaluate the path integral at finite a, either with the intention of finding
an approximate solution or with the intention to take the limit at a later stage. This affects research into
lattice QCD and other latticed field theories but it shan’t be discussed further in this thesis.
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generating function can be used to compute correlation functions:

(=) 0" Z[{Js}]
7z 0Jp,(x1)...0Jg, (Tn) |y J¢=0’
(2.37)

lim  (QT) [T{da(1)- o)} A-T) ) =

T—o0(1—1€)

where T{...} time-orders the operators in the braces; i.e.

T{ba(1)P(x2)} = Pal1)dp(w2)],, -, £ do(@2)da(1)],,-,,

where the plus sign is for bosonic fields and the minus for fermionic. Notice that the
normalisation factor cancels between the numerator and denominator, thus it is typical to
ignore the factor and set N = 1. Finally a fermionic degree of freedom, v,(x), appears
in path integrals as a Grassmann field. Grassmann fields can be decomposed as 1), (x) =
> \I'((f)(x)wi where each ¥ (x) is a complex (not Grassmann) field with index a and each
w; is a Grassmann number. We can get a feel for why Grassmann numbers emerge by
looking at one of their properties: Grassmann numbers anti-commute. This means that
{wi,w;} = 0 which can compared with the commutator for ‘normal’ numbers [a,b] = 0.
As the quantisation of fermionic fields is dependent on anti-commutators, the necessity for
Grassmann numbers arises naturally. Algebra with Grassmann numbers is both interesting
and important to quantum field theory but we point the reader to other literature for more

details [8].

2.1.5.1 Gauge fixing with vector fields in SU(N)

Up to now, we have avoided the issue of the quantisation of a gauge field. This was with
good reason. If we tried to apply the approach of canonical quantisation we would quickly
run into a stumbling block. In this approach it is necessary for us to constrain the form
of the field operator by taking the Fourier transform and ensuring that the field solves
the equations of motion for the theory in momentum space. However, the equations of
motion for a gauge field are not invertible: since the equations are covariant under gauge
transformations, they have a spectrum of gauge equivalent solutions. This prevents us from
uniquely specifying a consistent quantisation of the theory via a naive canonical quantisation
approach.'®

Instead, let us consider quantising the theory via the path integral formalism. The

partition function for an SU(N) Yang-Mills theory is given by

Z = / D[A] exp (-i / ddz ingFgV> . (2.38)

9The following discussion is based on that in [9].
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If we tried to evaluate this partition function we would rapidly come across divergences.
Intuitively, divergences emerge because for every physical field configuration we include
we must also integrate over the infinite spectrum of unphysical degenerate configurations,
equivalent up to a gauge transformation. This is the same issue that made our equations of
motion not invertible. However, the partition function itself isn’t what matters to us when
trying to use a theory (under most circumstances). It is just a tool to compute correlators

of operators
Q| T{O(A)}|Q) = /D ) exp <—z‘/dd iF;jVFW> (2.39)

where O(A) is a gauge invariant operator built from the field operators A. If we were to
fix the gauge we work in, it might allow the divergent gauge degrees of freedom to cancel
in the computation of correlators. This is the essence of the Faddeev and Popov trick [10]
for gauge fixing.

Consider a possible gauge fixing condition G(A) = 0. We want to try and ‘sneak’ this
into our Lagrangian in such as way that correlators remain unchanged. As a simple example,
consider trying to evaluate [ dzdyf(z,y) when we know that the condition y = w(z) will
make the integral much simpler. We could try multiplying by

— [ dw st - ).

Here it is important to note that the integrand is actually independent of y as x can always
adjust itself to compensate and that w(z) must be integrated over the same range as y.

Thus we are able to write

/mwﬂmw=/wwmm—mmwﬂmwzy/mwamm—wﬂammx

where Y is the total volume of the y integration, it now acts a global factor. The Faddeev
and Popov trick [10] is essentially the same procedure. It uses a gauge fixing condition,
G(A) = 0, to factorise the integration over degenerate gauge configurations out from the
partition function.

To begin the trick, we make an infinitesimal gauge transformation so that A7, — A} =
A+ %Duaa(w) and use this as input to a generalisation of the Dirac delta function:

- / Dla] 5°°(G(A)) det <5G§QA)> . (2.40)

(07

Applying this to Eq. (2.39), we find

/’D[A} O(A)eiS[Alzfp[a]/D[aA] O(*4)eiS1"Al 5% (G(*4)) det (5(;;%4)) (2.41)

(07
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Where we used that D[*A] = D[4], O (*A) = O(A), and S[*A] = S[A] since they each
are individually invariant under gauge transformations. Now let us assume a form for our
gauge fixing so that G(“A) — G(“A) — w(x) where w(x) has no dependence on a. We can
also multiply Eq. (2.39) by a Gaussian integral over w(z) that is normalised to 1,

/D[A] O(A) e = /D exp <—z/dd )/DO‘A O(“A) 1Al (2.42)

Using this expression in conjunction with Eq. 2.41, we can write

/ DA] O(A) &S
5@(%4)) |

_N 5)/D[w,a’ “A] O(*A) exp < S[*A] — /dd 25) 5°°(G(aA))det( 5

(2.43)

Now we can perform the integral over w(z) using the delta function

/ DA £GSIAD

£) / Dla, “A] O(°A )eXp<S[aA] / Az 0(2?) >det<6G§:A)>. (2.44)

The gauge fixing condition has now been integrated into the same exponent as the action

and could be absorbed into the definition of a quantum action. Finally, noting the following

identity with Grassmann fields, ¢ and ¢,

/ Dlc exp( / d?z ch> = det(B), (2.45)

we remove the determinant and write

/ D[A] O(A) 51

(©) / Dla, “A,2, O (“A) exp [15[%4] i / dly <G(;‘54)2 +5‘5G§;A)c>] (2.46)

As every configuration of “A is integrated over, it is no more than a dummy variable and
we can safely relabel “A — A. Finally, if we pick G(A) so that it is a linear operation on
a(x), then the Grassmann term does not depend on «(z). As such, the integral over «
factorises out as a global prefactor, just as Y did in our toy example. Applying what has

been derived to Eq. (2.39), the matrix element can now be written as

N(¢) [Dla] [DIA, ¢ c] O(A) exp [z‘S[A} —i [z (G(Q@Q Hm(aA)c)]

6
¢) [ Dla] [ DIA,¢, ] exp [ZS Zfddl?( Ci Ly st(aA)C)] |

B | DIA, & ¢] O(A) exp [ZS - 1fdd ( (212) +E§G5£x )Cﬂ ' (2.47)

| DA, ¢, c] exp [zS — i [ddz ( (2£) 4 56G6(04A) )}

(QIT{O(A)}|2) =
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This procedure has fixed the gauge, removing the immediate problems with quantising the
theory. However, the procedure has introduced two new terms that must be incorporated
into the Lagrangian, one of which introduces new unphysical Grassmann fields known as
‘ghosts’.!! We can define a quantum partition function incorporating these new terms;

Z = /D[A,c, c] exp [i/d% (—}LF[},,F;“’ — G(2,2)2 — c‘siéA) c>] . (2.48)

The terms in the parentheses can be identified as a quantum Lagrangian density. If we use
this Lagrangian we can canonically quantise without issue, as we did with scalar and Dirac
fields.

2.2 Quantum chromodynamics
2.2.1 Chromodynamics

Quantum chromodynamics (QCD) is the theory of quarks and the strong nuclear force.
The strong force is carried by the gluon field; an SU(3) Yang-Mills gauge field (with the
properties discussed in Section 2.1.4). Quarks are Dirac fermions; they come in six flavours
and are oscillations in the six quark fields. The quark fields are also gauged and transform in
the fundamental representation of SU(3). As a consequence of the SU(3) gauging each quark
field comes in three ‘colours’; red, green, and blue, one for each dimension of the fundamental
representation. Similarly there are eight components to the gluon field, often indexed by
colour anti-colour pairs, one for each generator of the fundamental representation. The
quark and gluon fields are coupled by a covariant derivative. Without further ado, the

Lagrangian density is given by

1 - .
Lacp = —; G, GoY + > by (i — diymy) ¥, (2.49)
!

where f indexes the six species of quark and where

Dzw] = (5ij8“ — igst%A“a) ¢j7 D,uacAlc/ _ <5acau _ Z‘gsfabcA,ub) AZC”
')

Clatig?s = ;[D”’ Duligs t* € su(3)na and [ € su(B)agj.  (250)
s

More explicitly, the field tensor is equal to

Gl = DAL — D, A% + gy fe AL AS, (2.51)

"Depending on the gauge choice and representation of the gauge fields, the operator %Ef) may actually

require the ghost fields to also be in a rep of SU(3) or its Lie algebra, and therefore the ghost term should
strictly speaking be inside a trace. However, the trace is easily performed for the QCD ghost Lagrangian
and so not usually included.
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Indices i and j are indices over the dimension of su(3)gng, they are in the set {1,2,3} and
are often labelled with colours red, green, and blue. Indices a, b, and ¢ index the eight
generators, or equivalently the dimension of su(3)aqj.
By construction, the QCD Lagrangian is invariant under SU(3) gauge transformations
i

i — Ulx)py, A, — Ux)AU(z) ™ p

(0,U(z))U(x)~", where U(x) € SU(N).
(2.52)

QCD is also subject to many global symmetries, some of which we will now summarise with

their consequences.

e QCD is trivially invariant under a global SU(3) transformation. This gives a conserved

Noether current of j#¢ = @fﬁ“t%lbfj-

e QCD is invariant under transformations in the Poincaré group. This gives the con-

servation of the energy-momentum tensor.

e QCD is invariant under a global U(1) transformation ¢; — eiewf. This gives con-
servation of baryon number, B = %(nq — ng) where n, is the number of quarks in a

process and ng the number of anti-quarks.

e QCD is invariant under each of C (charge conjugation ¢y — 1/1; = i'ygq/);i in the chiral

basis and A4, — —ZM), P (parity inversion x — —x), and T (time inversion ¢t — —t).

e In the limit that n quarks are massless or have the same mass, QCD is invariant
under a global SU(n) rotation between the quarks of ¢y — Uy s1hy where f and f’ are
indices over the flavours of the n quarks. This gives a conserved current and charge

which, when n = 2, is known as isospin.

e In the massless limit there are also chiral and axial symmetries. These involve in-

dependent unitary rotations on chiral right and left states (¢g/, = (1 £ 79)1h where

v = i"v'y*%)

served chiral current is anomalously broken by quantum corrections.

. Both symmetries give rise to conserved currents, though the con-

In reality, each quark has a distinct non-zero mass. As a result the latter two bullet points
describe approximate symmetries of QCD.

The equations of motion and continuity equations for chromodynamics are
DG = —go Y by iy 5, (iD= digmy) ¥y 5 =0,
f

8u1Zfi’y'ut?j@Zij =0, D[uéya] =0. (2.53)
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The QCD Lagrangian can be partitioned into kinetic terms and interaction terms; respec-
tively those that survive as g — 0 and those that don’t. Note that the gluon field has
self interaction terms (in contrast to the photon which does not). A typical approach to
solving problems in QCD is to use perturbation theory, expanding in gs. The perturbative
series for cross-sections/probabilities only depends on even powers of g, and so it is usual

to express the series in terms of oy = g2 /4.

2.2.2 Quantum Lagrangian

The QCD Lagrangian presented in the previous section is not yet suitable for quantum
computations. The gluon fields need gauge fixing and the theory must be quantised. We
can follow the gauge fixing procedure given in Section 2.1.5.1 and define a gauge fixed

quantum Lagrangian density:

- G(A)? 0G(A
‘CQQCD(Avwﬂva’ E) = ﬁQCD - (2§> —C (5(04 )

¢, (2.54)

where G(A) = 0 is our gauge fixing condition, £ is a gauge fixing parameter, and ¢ and ¢
are Grassmann ghost fields.

We can quantise QCD by giving its generating partition functional:
Z[{J}] = /D[A,w,z/},c, ¢| exp (i/ddw Lqqep(A,9,1,¢,¢) + ngen[{J},{¢}]> , (2.55)

where {J} = {J4*, Jy,, Iy Je, Jz} and where

Sgen[{J}, {#}] :/ddx ij/;fﬂﬁfi+Ziﬁf¢J1;fi+jcc+EJg+JgaAZ . (2.56)
f f

Note that jw £ J?Ef’ J., and Jz are Grassmann valued.

2.2.3 The LSZ reduction formula and S-matrix

In this thesis we are interested in the computation of scattering amplitudes in QCD. These
are described by the QCD S-matrix. So far we have introduced QCD and quantised it so
that we can compute correlation functions of operators. We will now introduce S-matrices
and link their computation to the calculation of correlation functions.

S-matrices (scattering matrices) describe the transition by scattering of well separated,
localised in momentum space, particles from the distant past into well separated, localised
in momentum space, particles in the distant future. The S-matrix is defined by

B (p1y ey D tEL, ooy B —t) = (D1, ooy Dl S K1y ooy Ko (2.57)
t—oo(1+i€)
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where states on the left hand side are in the Schrodinger picture (they are time, ¢, depen-
dent)!? and states on the right are both defined at a common time (they can be taken to
be in any picture, Heisenberg, Schrédinger, or interaction picture).'® The S-matrix can
be viewed as a time evolution operator on the space of states that are well separated and
localised in momentum space. It is usual to decompose the S-matrix as S =1+ iT where
T is the transition matrix (the identity term corresponds to the possibility that nothing
happens). As all amplitudes corresponding to physical states necessarily conserve momen-
tum, it is typical to pull out a momentum conserving delta function and define the matrix

element

Mk} = {p}) 6 sz Zk 27) ™ (pry ooy ol T 1 e Ko - (2.58)

The work presented in this thesis contributes to the body of research looking to understand
properties of QCD matrix elements.
The LSZ reduction formula relates S-matrix elements to correlation functions. There-

fore, let us start by providing more detail on 2-point correlation functions,

1 0*Z[{J}]

-z Mh 575, = (O T{ss(@) by 5 (1)} 1) (2.59)

all J3=0

J

Consider inserting an identity operator 1 = [) (2] + >, |A) (A|, where X is an arbitrary
(not necessarily one particle) state, into the correlator. We can use the Lorentz invariance

of the theory to let
dd 1
) (Q |Ap) (A
H—Z/ 27732E,\ p) (Aol

where Mg is a state of zero total momentum and Ay is the same state boosted to have total

momentum p. Inserting this identity and using a little complex analysis we find!*

dy ; Do
QT (g s(x)bp (1)} Q) = Z/ dp (s <pl’fp;§ﬁ’zf‘ffﬂ<y)‘9>. (2.60)

To finish computing the correlator we just need to evaluate (€] @Zf,(x) |Ap). A proper

treatment of this bracket is complicated, we will handle it a little heuristically. To see what

121t is entirely possible to define the S-matrix in a Lorentz covariant fashion using the Heisenberg picture
for states. In this picture operators take on time dependence and unitary operators are inserted to control
for the observation of the particles being ‘free states’ in the distance past and distance future. The two
definitions for the S-matrix are thus related by a unitary transformation [11].

13We have not labelled each particle in the state with its quantum numbers or species, rather just its
momenta. We did this just to save space.

" Note that the time ordering has disappeared from the right hand side of the expression. Summing over
both possible orderings of the left hand side gives the right.
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is going on, we can compute the bracket in the free theory (as = 0). In the free theory, we

can set [Ap) = |p; s), a single particle state of definite momentum and spin.'® Therefore,

(Qgi(z) [pss) |, o = e P u}i(p). (2.61)
This result was found by using the expression for the canonically quantised free Dirac field
Eq. (2.19). u® is a free space spinor solution to the Dirac equation with spin s. In the
free theory, m3 can be identified with the mass of the fermion. If we assume the correlator
is dominated by the single particle limit (we don’t pick up multi-particle resonances so

|Ap) = |p; s)) then, by analogy to the free space solution, we can let
(QPri(x) [Ap) = €PN/ ZouFy(p),
and let m?\ remain the mass of the fermion f.1° /Z plays the role of an unspecified
normalisation that comes from our lack of knowledge of the ‘inner workings’ of |\p) in the
full theory. The sum over A now acts as a sum over the quantum numbers involved, i.e.
spin. We can remove this sum by employing the identity >, uj,;(p)u} ;(p) = (p+m)di;ds s
Hence we find
d?p

TV N0 = [ e

This is the position space quark propagator. This procedure can be repeated to find the

) (p + m)éijéff/
p2—m?+ie

—ip-(z—y)

(2.62)

gluon and ghost propagators which are given in the next section with the rest of the QCD
Feynman rules.'” It should be clear that in the free theory Z» = 1. In the full theory it is
typical to handle Zy perturbatively so that Zo = 1+ O(as). Absorbing the factor v/Z5 into
the fields provides the basis for field renormalisation, which we will summarise in Section
2.2.5.

So far, we have outlined the computation of a 2-point correlator in the full theory.
When working with canonical quantisation, Wick’s theorem can be used to reduce all n-
point correlators to sums over products of 2-point correlators [8]. Alternatively, the same
result can be achieved via applying the chain rule to functional derivatives in the path
integral formalism. 2-point correlators often are represented as lines linking the two points.
The products of 2-point correlators come with various pre-factors found by expanding

(=i)" 0" Z[{}, {J}]
7 8y, 0y,

all J5=0

5For all other [Ap) the bracket (v i(x)|Ap) is either proportional to (QIA,/) = 0, where Aj,, is non-
vacuum state of total momentum p’, or ¢ () |Ap) = 0.

16The entire discussion in this section can be achieved without this assumption, however doing so compli-
cates matters. Chapter 7 of [8] provides a relatively complete and accessible discussion.

7In the case of gluons extra care must be taken since canonical quantisation is muddied by the issue of
gauge fixing. Instead of splitting the 2 point correlator into brackets of single canonically quantised fields,
the gluon propagator is typically found working directly with the partition functional where the propagator
emerges as the Green’s function that inverts the equation of motion.
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perturbatively for small couplings. The pre-factors can be given a diagrammatic interpreta-
tion as coming from vertices linking the 2-point correlators. This interpretation forms the
foundations for Feynman diagrams discussed in the following section.

As we mentioned at the head of this section, the LSZ reduction formula reduces the
computation of S-matrices to that of n-point correlators. We will now outline how this is
achieved. However, the full LSZ formula for QCD is unwieldy. Therefore we will instead
only describe the LSZ formula in momentum space for a theory with a single scalar field.
Whilst being more algebraically lengthy, the QCD formula is not dramatically different. By
inserting an identity (1 = [Q) (] + >, |A) (A|) into an n-point correlator and using the

same manipulations as we used above for the 2-point correlator, we find the relation

/ddfﬁe”l‘“ QI T{p(z1)...o(zn)p(y1)---0(ym) } [2)

= B Tl e (), (263)

x(l’>az? Vi>1

where we have defined that for a scalar field with only single particle resonances,
Q1) [p1) ], o = "*VZ, (2.64)

Just as with Dirac fields, we have introduced v/Z to parametrise our ignorance of the full
theory.'® Equivalent relations can be found for the other possible time orderings. Repeated

application of this identity gives the LSZ reduction formula:

-1

k
ooy D] S |1, ol G 2.65
<p17 7pn| | 1, 7 21_[1])? —mQ—i—ze H 2 _m2 +Z€ n,m» ( )

where

n k
m = H/ddxi e'Piri H/ddyj e~ ®i (Q T{p(z1)...0(xn) (Y1) 0(ym) } Q) . (2.66)

2.2.3.1 Feynman rules in momentum space without renormalisation

In the previous section we illustrated how elements of the QCD S-matrix can be computed
via correlators over operators. In turn, those multi-point correlators can be computed by
re-arranging them into sums over products of 2-point correlators. These sums over products
of 2-point correlators can be computed perturbatively using Feynman diagrams. Ignoring
ghost fields, which are gauge dependent and discussed in the next section, momentum space
Feynman diagrams for QCD (without renormalisation) are constructed with the following

rules:

Z is not the square root of the partition function, despite both sharing the same label. Though this
labelling might be confusing, it is the commonly accepted notation in the literature [8, 9].
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e With vertices time-ordered from left and to right, 2-point correlators in the free theory

(gs = 0) are given by propagators

; ij sff'
fi £i [ d P NG ip(y—a) _ (P T my)87o
A B = [t QT ) 0] 0 = ST
(2.67)
and
7 ; d A% (1) AP iq-(y—) —idy, 0%
foooooeg: — [ ata (@I T{A @A)} ) e = T ()

where d,,,, is a gauge dependent function of ¢ and will be given in the following section.

Anti-quarks have an arrow in the opposite direction (pointing backwards in time).

e Three point vertices are given by

(2.69)

and

where each vertex is implicitly momentum conserving.

e The four point vertex is given by

) feabfe(:dg.guﬂgua - guaguﬁ)
=—gs | +ff®(Guagpr — Guw9pa) | (2.71)
+f€adfebc(guugﬁa - guﬁgua)

where, once again, this vertex is momentum conserving.
e The external leg factors are:

— u(p, s) for an initial state fermion with momentum p and spin s,

— (p, s) for a final state fermion with momentum p and spin s,
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— 0(p, s) for an initial state anti-fermion with momentum p and spin s,
— v(p, s) for a final state anti-fermion with momentum p and spin s,
— €x(p) for an initial state vector boson with momentum p and polarisation A,

— €5(p) for a final state vector boson with momentum p and polarisation A,

where u, v, e are the usual free Dirac spinors and gauge polarisation vectors respec-

tively, functional forms are given in Section 3.1.3.

e An unconstrained momentum p in a loop should be integrated over using the measure
[ G
(2m)*-

e A symmetry factor should be included for the exchange of identical particles. The

symmetry factors cancel for the exchange of fermion lines so only become relevant

when gluon lines are exchanged. However, two diagrams which are equivalent up to

the exchange of two fermion lines will have a relative minus sign between them.

e Include any necessary ghost lines and vertices. These are gauge dependent and are

discussed in the subsequent sections.

The amplitude for a Feynman diagram is built up by following the arrows on fermion lines in
reverse, as you go including the relevant terms from the list above. Terms relating to gluon
lines commute and so can be included in any order provided the indices match up.'® An
n-point correlator is computed by summing over every possible permutation of Feynman di-
agrams with n initial /final state particles of which there are the same number of initial /final
state quarks/gluons as there are quark/gluon fields in the correlator.?’ When computing
a correlator, every line should be treated as internal and no external leg factors should be
included. S-matrices are computed by including external leg factors for initial/final state
particle lines instead of including a propagator; i.e. look at Eq. (2.65), all propagators for
initial or final state lines are divided out and replaced with an external leg factor (which is

unity for scalar fields).

9Note that the colour algebra does not commute, however we have given the Feynman rules in terms of
elements of the colour matrices which do commute.
2ONote that

fe s [ QTG0 ()} 1) £

has one incoming quark and one outgoing (even though they are both the same quark).
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2.2.3.2 Gauge dependent terms and gluon propagators

To complete our set of Feynman rules we must select a gauge. We will discuss two common
gauge choices, both of which will be used in the thesis.

The Lorenz gauge condition is given by G(A) = 8"/_@ = 0. Firstly, let us look at the
effect gauge fixing has on the gauge sector: in this gauge G(A)? = o A0 Aj. This gauge
has several advantages: it is explicitly Lorentz covariant and gives the simplest form of the

gauge boson propagator. In this gauge, the equation of motion for a free gluon field is
(90050° — (1 — £71)9,8,) A = 0. (2.72)

The gluon propagator, A¥7 is the Green’s function for the equation of motion in momentum

space. Thus A7 is the solution to

(_gw/q2 + (1 - fil)qlﬁqy> AZ?(Q) = i5z5ab, (273)
which gives
—i dP*v 6, —1 q*q”
AP (q) = L Sab w_ (1 - . 2.74
0 = et = o (- 09 ) b (2.74)

= 1 is known as the Feynman gauge and letting £ — 0 the Landau gauge (despite the
singularity in the equation of motion, in most situations one can set £ = 0 without need for
extra care). Keeping £ unspecified is known as an R gauge.

Now, let us evaluate the ghost Lagrangian in Lorenz gauge:

S _ 8 (o

da® ool

1
Js

tC
aww) = oD (2.75)

This is an operator on fields defined in the Lie algebra of SU(3), such as the gauge fields.
It’s therefore required that ¢ — ¢ and Lgnost — Trlgnost- Explicitly labelling the gauge
group indices on the ghost fields, this gives the following ghost Lagrangian,

Ll — —c0, (50" — igy freAn?) &, (2.76)

where the extra factor of g5 has been absorbed into the normalisation of the ghost fields.
In the Lorenz gauge the ghost Lagrangian couples the ghost and gluon fields. Ghosts are
unphysical and so can only appear as internal lines in Feynman diagrams. They contribute

to the Feynman rules:

e T'wo point ghost correlators are given by the ghost propagator

iéab
p? + i€’

.............. —— / dle (O T{e(2) (y)} Q) o) — (2.77)
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e A three point ghost vertex is given by
b

g = —gs fp", (2.78)

where the vertex is momentum conserving.

An alternative gauge choice is an axial-like gauge. This gauge is defined by G(A4) =

\n|*1n“glt = 0 where n* is an arbitrary 4-vector. In context, the axial ghost Lagrangian is

0G(4) J (n/‘/fﬂ + 1n Dug) — E@Dum

sa® — sa® \|n|" g, |n| ~gsIn[ 7
. Eaxial _ _—aﬁéaca c (2 79
-« ~ghost — C ’n‘ uC - . )

Thus we see that in the axial gauge the ghost fields are not coupled to the gluon or quark
fields. As a result, the ghost fields factorise out the partition function integrals into the
normalisation pre-factor and therefore cancel in the computation of amplitudes.

Now let us give the form of the gluon propagator, AZZ (¢); found by solving the equations

of motion. The propagator is given by

A (g) = —id" Sy, —i ( R i L (n® + &q%)qtq”
a

@ +ic @ ie nq (- ) ) 6, (280)
where we have assumed 7 is normalised so that n? = &1 or 0. It is usual to choose n* to be
light-like and to set £ = 0 in order to kill the last term. This is known as a light-cone gauge
choice. In a light-cone gauge d"’(q) = >, , €p(q)€, (¢) where ¢, is a physical polarisation
vector with polarisation p. This property makes the light-cone gauge particularly useful
for our purposes later on in this thesis as it allows amplitudes with virtual gluons to be
expressed in terms the same functions and kinematics as on-shell gluons.

The discussion of gauge fixing in QCD that we just provided is entirely sufficient for
our purposes in this thesis. However, there are subtleties that we glossed over (for instance
Gribov ambiguities and gauge orbits [12]). One such subtly we hid behind some choice
wording, “In context, the axial ghost Lagrangian is...” Let us elucidate this statement a bit
further by recalculating the axial Lagrangian,

6G(A) e
da gs |n|

. H
, £ax1al _ _Eai (6(166# _ igsfabcAZ> cC. (281)

ghost — ’ n ’

In order to arrive at the Lagrangian given in Eq. (2.79) we employed the gauge fixing
condition n“ffu = 0, removing the second term. However, readers paying close attention

might be troubled by this step. In order to exponentiate the gauge fixing condition we
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set n - A(z) = w(x) and convoluted the w(x) dependence with a Gaussian. Therefore the
gauge fixing condition does not simply remove the second term, rather we integrate over
every field configuration for the second term weighted by a Gaussian. So let us analyse the
ghost Lagrangian with this term intact. First an observation, n*Djc® = 0 is not a wave
equation. Therefore the ghost fields do not propagate and so, if they contribute anything to
the Feynman rules, they must contribute a contact term. Now, let us return to the Faddeev

Popov trick. We showed that

/ DI[A] O(A) 514 = / Dla] / DIA] O(A)eSA 6°°(G(A))det<5i(aA)>. (2.82)

As it stands, the °°(G(A)) dependence does enforce the n“gu = 0 gauge fixing condition.
Let us exponentiate the gauge fixing condition via an alternate means such that we preserve
the delta function, 6°°(G(A)). For this we can use the following analytic continuation of a

delta function

e 2
o(z) = 51_1)15(}_ Nir=ia (2.83)
Thus we find
; (5G A i —q dIGiA2
/D[A] O(A) e = Jim N(§)/D[a] det (551)) /D[A] O(A)eSIAI=i ] d'e S
(2.84)

Where the front factor and gauge integral cancel as usual in the computation of correlators.
The £ — 10~ limit seems subtle but it is simple for all amplitudes that are holomorphic
functions of £, in which case we can set ¢ = 0 and ghosts decouple. Let us now compare the
computation of amplitudes in QCD in the axial gauge using Eq. (2.84) with the computation
of amplitudes in QCD in the axial gauge using Eq. (2.48),

G(A)* dG(A
Z[{.J}] E/D[A,E,c] exp [iS[{J},{QS}]—i/ddx( (25) +e 55} )c>]
G(A)?
i
where S[{J},{¢}] = Sqcpl{¢}] + Seenl{J},{¢}]. The equivalence sign is used as short-
hand for Z[{J}]/Z[{0}] is the same when computed with each expression. As the ghost

= lim [ D[A]exp [iS[{J},{qﬁ}]—z’ / diz (2.85)

£—i10—

Lagrangian is independent of £ and the equivalence holds for all values of £ in the first
line, the two lines are only consistent if ghosts decouple and cancel in the computation
of amplitudes. Thus, in the axial gauge ghosts decouple from the computation of QCD
amplitudes. This is what we meant by “In context, the axial ghost Lagrangian is...” The

argument in this section implicitly assumes that amplitudes are holomorphic in &, however
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it can be argued that ghost fields decouple more generally. This can be achieved through
the Slavnov-Taylor identities, discussed in Section 2.2.4, or by studying gauge orbits in the
partition function and noting that the partition function must be independent of w(x) for
a fixed w(z) [12].

2.2.4 BRST symmetries and Ward identities

Gauge fixing removes the explicit SU(3) gauge symmetry of the QCD quantum action.
However, the action does still have symmetries.?! In particular, the BRST (Becchi, Rouet,
Stora [15], and Tyutin [16]) symmetry. The BRST symmetry is a ‘tuned’ infinitesimal
SU(3) gauge symmetry and so let us start by recapping how each field transforms under an
infinitesimal SU(3) gauge transformation. To begin, we can re-write the gauge fixing term

using an auxiliary field, B(z),

Tr B2 — Tr BG(A). (2.86)

2
Lor = — Gl4) g

2¢
When B¢ is integrated out of the path integral the standard gauge fixing term is recovered
(B* can be thought of as a Lagrange multiplier). An infinitesimal gauge transformation

acts as,

U:¢p— ¢+0¢ for U= exp(iegs@), where U € SU(3) and € — 0,
§A, = eD,d, 0p; =iegsdipy, 0pp = —igsired,
5¢=i[¢ed], 6c=i[¢ed], 6B =i[B,edl. (2.87)

As B is an auxiliary field we are free to define B = [¢, @], and following this definition the
Jacobi identity can be employed so that 6B = 0. Lqcp is invariant under this transformation
for arbitrary €, however generally Lgr + Lghost is not. The important observation by BRST
is that Lgr + Lghost is invariant under the transformation if € is a Grassman number and
if @ obeys fermionic statistics. The combination ea® commutes with the fields (despite €
and a® individually anti-commuting) meaning this is still a SU(3) transformation. BRST

set gs@ = i¢, thus ensuring that & is fermionic. The BRST transformations are

BRST: ¢ ¢+ ¢(Q0) where Q:6 (Q,0) =66,
671514’# = [QHLTM] = ;Dua
e toy ={Q,¢s} = — &y, € 'ohy ={Q, ¥y} = — Uy,

elod={Q, e} = QL{C*, &}, e1i={Q,}=-_B, §B=0, (2.88)
Js Js

2!The discussion in this section is based on [8, 13, 14].
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where @ is a fermionic generator that generates the transformations of the BRST symmetry,
and (Q, ¢) ={Q, ¢} for ¢ a fermionic field and (Q, ¢) = [@, @] for ¢ a bosonic field.

Let us now consider applying a BRST transformation twice, i.e. (@, (Q,¢)). It can be
checked that this gives

(@, {Q, fermionic field }] = {Q, [@, bosonic field] } = 0. (2.89)

By the Jacobi identity we see that the BRST symmetry is nilpotent, i.e. %{Q, Q}p = Q%p =
0. We can use the nilpotency of () to show that Lgr + Lghost is invariant under the BRST
symmetry. We can write Lgr + Lghost = {Q, ¥ } where

U =2iTr <E<g§ - G(A))) , (2.90)

hence??

Q : 'CGF + [’ghOSt = [Qa {Qa v }] = Q2\I’ = 0.

Thus, as we stated at the head of this section, Lqqcp (Eq. (2.54)) is invariant under BRST
transformations. Similarly it can be checked that the path integral measure is invariant
under BRST transformations (i.e. the symmetry is not anomalously broken by quantum
corrections).

Let us now introduce Ward identities. If a theory has a symmetry ({¢} — {¢'}) that
preserves the partition function, i.e. both the quantum action (as discussed in Section
2.2.2) and the integration measure over all fields are invariant under the symmetry, then
necessarily

(=0)" 0"Z[{¢},{J}] _ (=) 0"Z[{¢'} ()]
ZHON 80, g |y sme ZHON) a0 |y

(2.91)

where ¢;, ¢; € {¢}. In terms of expectation values of operators, this means that

(QT{01({¢(z1)}) -+ On({p(zn) N} Q) = (AU T{O1({¢(z1)}) - On({'(wn) )} 12) ,
(2.92)
where O1({¢}),- -+ ,O0n({¢}) are operators built from the fields {¢}. This is a Ward iden-
tity and these relations constrain the form of all non-zero correlators in a theory. For a
simple example, let us consider the Poincaré symmetries of a theory. Firstly, translational
invariance {¢(z)} = {¢(z + a)}. Dropping the field dependencies in favour of just position
dependencies, the Ward identity gives

(QT{O1(x1) -+ On(2n)} [Q) = (QT{O1(21 + @) - -- On(2n + a) } Q) , (2.93)

22This argument assumes that G(A) is a linear function of A.
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from which we can deduce that correlators are only functions of relative distances, i.e.
x; —xj. Looking to the Lorentz subgroup, if we have the symmetry {¢(x)} = {Jo(Ax)} for
A € 5S0(1,3) and J € repSO(1, 3), the Ward identities require that

(QT{O1(21) - - - On(2n)} [Q) = (Q T{O1 (A1) - - - On(Azn) } [2) (2.94)

where we have assumed the operators O1({¢}), - ,0n({¢}) are Lorentz scalars. Conse-
quently, correlators of Lorentz scalar operators can only be functions of Lorentz invariants.
Between this constraint and the previous, we know these operators must only be functions
of squares of relative distances, i.e. (z; — x;)2.

The insight gained from the Ward identities of the Poincaré symmetry may seem almost
trivial. However, Ward identities are found for every symmetry of the partition function
and can give powerful insight into the structure of correlators. Let us now look the Slavnov-
Taylor identities, which are the Ward identities from the BRST symmetry. The Slavnov-
Taylor identities are the non-Abelian generalisations of the Takahashi-Ward identities which
ensure that in QED unphysical modes (photons with longitudinal polarisations) always

cancel in observable states. The Slavnov-Taylor identities are given by
(QT{O{ Wy, A E}Q) = (Q T{O{s + 005, Ay + 64,8+ 561} Q) (2.95)

where O({9y, ffm ¢}) is any operator in QCD. The identities are typically re-arranged into

the form

(QUT{O{Wy + 00y, Ay + 64, ¢+ 681} Q) — (Q T{O{Wy, A 21} Q)
= (9 T{0BrsTO({tbs, 4,1, €1} Q) = 0. (2.96)

This is the so called “master equation” for the Slavnov-Taylor identities. Let us see an

implication of this identity. Consider the correlator
(Q T{Ey) Ay (1) Ay (w2) - - Ay ()} [2) = 0, (2.97)

where the dots represent n — 3 more gluon fields. This correlator is zero as there is no vertex

in the theory which can produce a single ghost field. Using the “master equation” we have

(U T{0prst () Ay (21) A (2) -+ Ay, (2) ) } 1)
= (| T{(Q, &y)) Apy (31) Ay (w2) -+ Ay, ()} )
+ € (U T{E)(Q, Ay (1)) Ay (w2) -+ - Ay ()} Q) + -
=0, (2.98)

where the dots indicate summing over the application of ) to each successive gluon field.

Let us look only at terms with the same pole structure as the second line and contract the
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expression with e#! - . e#m where each e is a physical transverse polarisation state. Only
the first term is non-zero: the other terms with the same pole structure either vanish for
the same reason as Eq. (2.97) (they contain a vertex with an odd number of ghosts) or are

proportional to 9, which contracts with € to give zero. Therefore

et -.6“" (Q7{(Q, 5(?/))£u1 (fl)guz (x2) -+ A'un (zn)} 1)

= —giﬁm et (9 T{E(y)ju1(xl)guz (z2) - Eun (zn)}82) = 0. (2.99)

S

Looking back to the definition of B in Eq. (2.86), we can remove the auxiliary field from
the theory by setting®?

B =" (2.100)
Thus we find that
e e (Q T{G(A(y)) Ay (21) Ay (2) -+ Ay, (20) }|Q) = 0. (2.101)
In the Lorenz gauge, and in momentum space, this gives
g'e e ( QI T{A () Ay (1) As (2) - Ay ()} 19) = 0. (2.102)

Thus the Slavnov-Taylor identities require that amplitudes with ‘unphysical’ longitudinally
polarised gluons in the final or initial state go to zero. Although we have only demonstrated
this for purely gluonic amplitudes, it is not too difficult to generalise the procedure to

including quarks and more ghost fields. Using an axial gauge, one also finds that
nYelt ... el (Q] T{A'V(Q)A'm (pl)/_fm (p2) -~ 'gun (pn)}1€2) =0, (2.103)

where n” is the axial gauge vector.

The Slavnov-Taylor identities have a lot of applications. From them it can also be shown
that: QCD amplitudes are fully gauge invariant under SU(3). despite that Lyqcp is not,
amplitudes with initial/final state ghosts always cancel to zero, amplitudes computed via
perturbative QCD obey unitarity (to all orders 2-point correlators never diverge faster than
p~2 and cross-sections obey the Froissart bound [17] so that o < In®s for a centre of mass

energy s), and the theory is renormalisable.

23Handling the field B more carefully and integrating it out of theory achieves exactly this result.
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2.2.5 Renormalised quantum action

So far we have introduced the quantum action for QCD and we have set up the computation
of QCD S-matrix elements via Feynman rules. However, there is a problem lurking in our
discussion so far. When computing S-matrix elements beyond tree-level (or zeroth order),
the Feynman amplitudes diverge. Ultra-violet divergences (divergences due to arbitrarily
large momenta) are caused by unconstrained momenta in loops. For instance, consider the

gluon self energy diagram,

2 4 . .
95 racd gbed d*k -1 —1 v

_ N# 2.104
A /(27r)4k2+ie(/~:+q)2+z'e o (2104)

where N*¥ is the numerator coming from the two triple gluon vertices

N =[g'(q — k)7 + g (2k + ¢)* — g"*(k + 2¢)”]
< [65(k — @) — gpo(2k + )" + 65 (k + 2q) ). (2.105)

Simple power counting lets us see that this integral has parts which diverge logarithmically
and parts which diverge quadratically as E,% + k? — oo, though it transpires that the
quadratic divergences cancel.

Divergences are unphysical. In reality we expect there to be something, as yet unknown,
limiting the loop integrals so that infinite energy/momentum modes are not included. If
our theory is to be usable in its current form, divergences should cancel in the computation
of any physically observable quantity, when expressed entirely in terms of other observable
quantities. We could attempt to cancel divergences term by term in every computation
that we undertake. However, this would be laborious and perhaps a better approach can
be found. This motivates us to consider renormalisation.?*

Renormalisation is the process of substituting the ‘bare’ fields and parameters defining
the quantum action with ‘physical’ ones. The basic idea is that, at a given energy density
(or some other relevant scale), quantum fields will always come with an associated amount
of quantum noise. If we were to measure a quark, really we would be measuring the quark
plus the characteristic amount of QCD noise (in the form of real and virtual particles)
dressing the quark at the given scale. This will shift our measurement of its mass (or
charge) away from the ‘bare’ parameter in our Lagrangian. Similarly, the quantum noise

overlaying each quantum field will shift its value at each point in space-time away from the

24The following discussion is based on that found in [9] and uses results from [8].

43



‘bare’ field in the Lagrangian. Every time we use the bare fields and parameters to compute
something physical, we are required to recompute the quantum noise. The computation
of the noise requires us to integrate over all possible modes, introducing dependence on
the unphysical infinite energy modes into each of our calculations. By substituting ‘bare’
parameters and fields for ‘physical’ ones, we aim to only compute the noise once - when doing
the substitution. If the theory is renormalisable, the UV diveregnces should all be absorbed
into this computation and no more should appear. Fortunately, QCD is renormalisable [18,
19].

The renormalisation procedure is necessarily not unique. Firstly we must define what
‘physical’ is. This will be a choice known as the renormalisation scheme. This is par-
ticularly hard for QCD, where confinement ensures the physically observable objects are
hadrons, not the quarks and gluons present in the Lagrangian. On top of this, we are
absorbing divergences into redefinitions of the ‘bare’ parameters and so this will depend on
the regularisation scheme we have used for these divergences. We will be using dimensional
regularisation (see Appendix A.4). Fortunately, upon the completion of a computation, the
differences between renormalisation schemes will always appear as a correction one order
higher than the accuracy of the computation (this is shown in Chapter 1 of [9]).

In our discussion of the LSZ reduction formula (Section 2.2.3), we have already come
across a parameter for our lack of knowledge of the quantum noise surrounding the propa-

gation of a fermion, Z):

QT Wy @)y W)} Q) = Zo QAT (@)D |, e (2106)
A similar parameter emerges when one looks at the propagation of a gluon, Zé:
(Q T{AS ()AL (y)} Q) = Z4 (Q T{AL(2) AL (y)} Q) om0 (2.107)

25 Inspired by

As does a parameter, Z~§, when we look at the propagation of ghost fields.
this, we can introduce parameters Zs, Zg, and Z3 to define our renormalised fields. It is
typical to give bare (not renormalised) fields a 0 subscript. We define the renormalised

fields as

V2o =, \Zec=co, and \/Z3Aj, = Aj,. (2.108)

If we let Z; = Z] we have effectively made the choice that a ‘physical’ quark/gluon is one
which, between interactions, propagates like a free particle — this is known as an on-shell
scheme. Other schemes can be be introduced by letting each Z/, which multiply correlators

in Egs. (2.106) and (2.107), differ from the Z; renormalising the field. The difference can

Z5We have added primes to each Z to avoid confusion later.
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be computed perturbatively. A common alternative choice is to let each Z; equal one plus
the divergent part of Z/: this is a minimal subtraction (MS) scheme and is equivalent to
saying a ‘physical’ parameter is just the ‘bare’ one with divergences removed. We must also
define a renormalised quark mass and strong coupling. Akin to how we handled fields?®, we

introduce

gs = ngl/fegso, and m = Z, 'my. (2.109)

€

The factor p=¢ is included so that the Lagrangian is consistently defined in d = 4 — 2¢
dimensions with a dimensionless coupling. u is the renormalisation scale. The gauge fixing

parameter also needs renormalising. It is usual to choose
&= 73", (2.110)

so that the gauge fixing term is independent of the renormalisation when one uses a covari-
ant gauge.?” The renormalised quantum Lagrangian in the Lorenz gauge, and at a fixed

renormalisation scale p, is

1 2
cigpom = = 2 75 (9, A% — 0,47 + ZsZy g, AL AT )

1
+ Y Zo gy (i (050" — iZ3 Zgp gst$ A" ) — 81 Zn pig)
7
mA N2 L
_ (‘92;) — 2500y (070" — iZy Zypigef AR ¢ (2.111)

In Section 2.2.3, we have already argued that Z, = 1 + O(as), corresponding to the
free theory plus perturbations. This is true for all Z! and Z;. Therefore it is typical
to expand each Z; as Z; = 1 + AZ; where each AZ; is computable from perturbation
theory. As mentioned earlier, the form of AZ; will be dependent on the renormalisation

and regularisation scheme. In an MS scheme AZ; absorbs only the divergent pieces from

26The following relations can be tied back to 3-point correlators, such as

(QUT{y (@) (x)Ap ()} 19),

just as Z2 and Z3 were tied to 2-point correlators.

2"Not covariant gauges require the components of A, to be renormalised with more care due to the
presence of external reference vectors. This forces the gauge fixing term to depend on the renormalisation
procedure.
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the 2-point and 3-point correlators. For instance, at order ag,
[ et QT o) solw) 1)
= [ dtactt 0 (Q Ty iola )by 50} ),

(¢ +myo) . (66%

(q2 - m?ﬂo + i€)2
i(g +myo)dsff 92,Cr 1
_ L+ (4;)52(3mf0*§(¢*mf0))

q? —m%o—{—ie

(ﬂ + me))

+mgq
(¢% — m3( + ie)

(2.112)
where Cp = (N2 — 1)/2N.. This can be compared against the same 2-point correlator
computed with renormalised fields, expanded to first order in AZ;,

. ) .
/ (gﬂ;)l V=) Q) T{\ Zotb s i(2) Zoiby (y) } 1)

i(1+AZyy) (¢ 4+ myo) — iAmemfong;ﬁ

=007 2.113
i0ff £ =iyt ie ( )
Hence, in the MS scheme,
2 2
g;Cr€ 1 39:Cr 1
AZyr = — - d AZ,,r=-— —. 2.114
2f (4m)? € an mf (4m)? € ( )
By considering other 2- and 3-point correlators, it can also be found that
2 2
~ gzCx 1 g: 1 3¢ —-13  2ng
AZy = 23 —&-, AZ3=—"F_-—|(C —
2 4(477)2( e s (477)26< AT T )
2
gs 1 11 ny
28

where Cy = N¢ and ny is the total number of fermions.

2.2.6 The running coupling

As we discussed in the previous section, there was a lot of arbitrariness in our choice of
renormalisation and regularisation schemes. Furthering the arbitrariness, the scheme we
specified for regularisation introduced a new, seemingly unconstrained, scale to the QCD

Lagrangian, u, with the dimensions of an energy/momentum.?? Some of the arbitrariness

28Note that Z; are functions of gs not gso. At tree level the bare and renormalised couplings are equal
and so they appear interchangeable at the level of analysis we have discussed. However, at higher orders
they differ. The MS scheme is defined around removing divergences from the renormalised Lagrangian; these
divergences are multiplied by factors of the renormalised coupling, hence Z; are functions of the renormalised
coupling.

29Whilst this may seem like a consequence of our decision to use dimensional regularisation, a new scale
would have been introduced regardless of the scheme used. For instance an ultra-violet cut-off would intro-
duce the UV cut-off scale into each Z;.
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is removed by noting that the renormalisation scheme dependence cancels from calculations
order-by-order. However, the dependence on the new, currently unconstrained, scale re-
mains.?’ To address this, it is of interest to understand how the theory changes as we vary
the scale. Changing the scale from one value to another can be achieved by renormalising
the theory a second time at the new value. The action of repeated renormalisations of the
theory forms a group (where the elements of the group are the functions/functors specifying
the renormalisation procedure). Thus studying the variation of a theory under a change in
scale is known as studying the renormalisation group. The effect of an infinitesimal change
in scale p is computable from the renormalisation group equations. Here we will only in-
troduce the renormalisation group equation for the variation of the strong coupling with
scale.

In the previous section we renormalised the strong coupling (with dimensional regular-

isation) as
9s(1) = Z; 1 gso. (2.116)

We now wish to find how g varies with 4 and eliminate its dependence on gsg. Note that

gso is independent of p. Therefore

dgs(p) _ 242y

dp 79 du

B gs0 — €2y 1 gso, (2.117)

which can be re-arranged to give

dl dnZ,d1
B9 _ g S ZeCNGs (2.118)
dlnp dg dlnp
which is equal to
d1n gs —
N9 N (2.119)

dlnpg 1 +9sd1;gSZg

In the minimal subtraction scheme, AZ, only absorbs terms with poles. Consequently Z,

has the expansion
0 Z(n) 00 (n)
g n) 2k
Zg=1+ Zl Ten where Zé”) = kz e 95 (2.120)
n= =n

Now note that %ﬂgs is finite and therefore all pole terms must cancel as ¢ — 0. We can

expand it in gg,

dlng, Ldzgt)
=—€c|1-— —_— . 2.121
T = e ( e ST+ O(a?) (2:121)

39Though, as we will see in Eq. (2.125), varying the scale also appears as a correction one order higher
than the accuracy of the computation.
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Importantly, all terms O(g2) have poles and so must cancel to zero. Therefore, as € — 0,

dlng,  dzV

. = B(gy). 2.122
dln d. B(gs) (2.122)
Finally, we can expand f(gs) in powers of gs,
Blgs) = — i B (&)n (2.123)
= )
and [y can be read off from Eq. (2.115),
11 2
= —N.— -ny. 2.124

Thus we can solve for gs(u) with the lowest order /5 function, although the solution is more

elegantly expressed in terms of as,

as (ko)

L ol g1 (2]

as(p) = (2.125)
where as(10) is a boundary condition.

There are a couple of things to note about ag(p). Most importantly, as

/’[/2 — M%e_4ﬂ'/o‘s(ﬂ0)60

the coupling diverges and as p?/ u% — oo the coupling goes to zero. The latter property
is called asymptotic freedom [20, 21], when p is large (corresponding to short distances)
the coupling is small. In an MS scheme in d = 4 — 2¢ dimensions, for each order in ay the
dependence on p can typically be written in a form similar to

/oo M26p—26dp2 /oo MQEp_QedPQ M2
Qg — 5 — Og —_—
0 H

~ agln —-,
P2 + M?2 ) P2 SR

where the first term represents a contribution from a divergent loop and the second term a
contribution from a AZ; (cancelling the p?> — oo pole). M is a physical mass/energy scale
which is characteristic of the process being computed. Generally, the perturbative series
will converge fastest for M? ~ 2, minimising the logarithm. This motivates choosing u
to be a scale which characterises the phenomenon being studied (see Section 1.11 of [9]
for an extended discussion and [22] for an example of choosing u for processes dominated
by IR QCD radiation). Therefore, asymptotic freedom implies QCD becomes increasingly
perturbative as we study processes which probe smaller and smaller distances. Conversely,

the coupling becoming large at large scales in position space implies that the theory becomes
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non-perturbative.?! There are two key scales in the discussion of ag(y): the scale where
as(p) ~ 1, at which the theory is becoming non-perturbative; and the scale at which ag(p)
diverges, signalling complete break down of our perturbative approach, defined to be at
i = Aqcp. Hadrons are non-perturbative bound states, therefore we expect them to have

masses near Aqcp. We can solve (2.122) a second time to express as(u) in terms of Aqcep,

p > dgs
In =_ / , 2.126
(AQCD> gs(p) 9s83(9s) ( )

which at lowest order gives

a7
as(p) = ———
_pm
e

From this we find that ag(p) ~ 1 for p ~ AQCD62”/60 ~ 4Aqcp, assuming 3 active light

(2.127)

quarks at scales of order Aqcp. Aqep must be found by fitting to experimental data. Such
fits vary depending on the renormalisation schemes used and the assumptions used to obtain

the fits. Typically Aqcp is in the range of 200MeV to 300MeV [23].

2.3 Current frontiers of particle phenomenology

2.3.1 The Standard Model

There are four known fundamental forces of nature: the electromagnetic force (mediated by
photons), the strong interaction (mediated by gluons), the weak interaction (mediated by W
and Z bosons) and gravitation (perhaps mediated by gravitons). Quantum electrodynamics
is the theory of electromagnetism and quantum chromodynamics is the theory of the strong
interaction. The Standard Model (SM) [24] unifies QED and the weak interaction to form
the electroweak interaction. It also describes how all matter fields (including quarks) inter-
act with the unified electroweak force. As a part of the unification process, the SM includes
the Higgs mechanism [25-28] which describes how W and Z bosons become massive, and
how matter fields (including quarks) gain mass through the Yukawa couplings. It is not
currently known how to correctly unify the SM and gravity.

The Standard Model is a SU(3) x SU(2) x U(1) gauge theory of fermions and bosons.
The SU(3) sub-group is that of QCD. The SU(2) x U(1) subgroup is that of the unified

electroweak interaction. Without the Higgs mechanism, the electroweak interaction has four

31The diverging coupling also hints at QCD confinement, where viewed at large distances quarks and
gluons are bound into non-perturbative colour singlet states known as baryons. Quarks and gluons are never
seen individually. The growing coupling gives an intuitive explanation for this property. As quarks/gluons
are pulled part, it becomes increasing likely that a new particle/anti-particle pair will appear from the
vacuum forming bound states from the separated coloured particles.
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massless bosons for the four group generators, an SU(2) field W# and a U(1) field B,,. The
Higgs mechanism causes spontaneous symmetry breaking to occur around the electroweak
scale (in the range of 0.1 — 1TeV). This breaks the SU(2) x U(1) group to SU(2). The
component of the SU(2) x U(1) fields which has the broken generator becomes a Goldstone
boson [29, 30]. Superpositions of the Wu and B, fields with unbroken generators form the
W, Z and photon fields. The W and Z fields absorb the Goldstone field and in doing
so become massive. The Yukawa couplings couple the Higgs field and the matter fields.
Spontaneous symmetry breaking causes the Yukawa couplings to generate a mass term for
each fermion, proportional to the strength of their Yukawa coupling and the Higgs vacuum
expectation value. Consequently the Higgs field couples to matter fields proportionally to
their mass. The Yukawa couplings and the gauge couplings do not share the same eigenbasis
for the quark fields. The two are related by a unitary transformation mapping the mass basis
(from the Yukawa couplings) to the flavour basis (from the electroweak gauge couplings),
parametrised by the CKM mixing matrix [31, 32]. Pure QCD is usually only expressed in
the mass basis, as it is otherwise symmetrical under the exchange of flavour, and so the
CKM matrix is irrelevant (furthermore massless QCD does not distinguish between the two
bases). The CKM matrix only becomes of important when considering the weak interaction,
which couples to the flavour basis.

As we mentioned above, the SM does not include gravity, this alone would be motivation
for looking at theories which go beyond the Standard Model (BSM). However, there are
yet more known problems with the Standard Model. Chief amongst these problems, the
SM does not contain good candidates for explaining dark matter or dark energy. BSM
model-building tends to centre on finding dark matter candidates, as more is known about
the properties of any prospective dark matter candidate particle (i.e. the ranges of allowed
masses and relative coupling strengths to SM fields [33]). Popular models include, minimally
supersymmetric standard models (MSSMs) [34], axions [35], and sterile neutrinos [36, 37]
(often via a seesaw model), amongst others [38]. Models which are popular tend to be so
because they address multiple problems at the same time. Other known problems with the
SM include

1. Neutrino mixing: it has been experimentally verified that the neutrino mass and
flavour bases differ in a fashion similar to that described by the CKM matrix. However,
the relative weakness of the neutrino Yukawa couplings (due to the small, possibly
even zero, neutrino masses), and the absence of mixing between electrons, muons, and
taus (beyond small corrections due to the weak interaction), precludes the SM from
naturally explaining the mixing. Currently nuetrino mixing is introduced in the SM

by the ad hoc inclusion of the PMNS mixing matrix [39, 40].
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2. The hierarchy and naturalness problems: the Higgs mass is unstable due to quantum
corrections originating from the Higgs quartic self coupling. Consequently, if one tries
to imagine the SM interacting with gravity, it is hard to see how the Higgs mass
would remain stable at the electroweak scale and not cascade 19 orders of magnitude
towards the Planck mass. This is the hierarchy problem and it is closely related to the
naturalness problem. The naturalness problem is simply that it is hard to explain,
without fine tuning, why the fundamental constants of nature present in the SM and
gravity span such a large range of magnitudes, from meV (or less) for the lightest

neutrino to 1012GeV for the Planck mass.

3. The strong CP problem: the strong CP problem relates to the fine tuning of the
QCD vacuum. A careful study of the QCD vacuum leads to finding that topological
particles (instantons) are present, which require the addition of a new term to the
quantum action (the 6 term) [41]. A similarly careful study of quantum corrections to
the QCD action finds that the axial symmetry is anomalously broken, also resulting
in a new term being added to the quantum Lagrangian [42]. The two terms cancel
each other when a parameter (6) describing the QCD vacuum is fine tuned, however
without fine tuning they persist. The new terms are CP violating, and therefore can
be constrained experimentally by looking for CP violation in the strong interaction.
Experimental measurements of the neutron magnetic moment find no CP violation,

requiring 6 to be fine tuned to the order 1079 [43].

Sterile neutrinos are typically introduced as a dark matter candidate whilst also explaining
neutrino mixing [36, 37]. Axions were originally motivated to solve the strong CP problem
whilst also giving a dark matter candidate [35, 41, 42]. MSSMs have many attractive fea-
tures to theorists and have been used in attempts to solve all three of the above problems
[34] (though they are becoming highly constrained experimentally [38]). Supersymmetry
is often also used as a framework through which quantum fields and gravity can be uni-
fied (whether by supersymmetric string theories [44] or other theories of everything [38]).
However, these theories all lack experimental validation. Further constraining the SM and
theories BSM requires increasingly precise and high energy experiments. With these exper-
iments, more precise predictions from theory are needed. It is here where studying QCD

plays a vital role.

2.3.2 Phenomenology at the Large Hadron Collider

The Large Hadron Collider (LHC) is the most powerful particle accelerator built to date.

After the first long shutdown, the collider accelerated bunches of protons (and separately
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ions) to 6.5TeV (2.56TeV /u for ions) inducing collisions at 4 detector sites [45]. These col-
lisions were produced and recorded between June 2015 and October 2018, a period referred
to as ‘run 2’. At full operation, during run 2, there were approximately 1 billion 13TeV
proton collisions per second. Since it first began operation in 2008, the LHC has been the
source of many of major experimental discoveries in particle physics: the discovery of the
Higgs boson [46, 47], precision measurements of the top quark [48, 49], measurement of the
Yukawa couplings [50], observations of exotic hadrons [51], precision measurements of rare
decays [52-54], and more [38]. On top of this, the LHC has been the source of many new
constraints on BSM models.

At the time of writing this thesis, the LHC is being further upgraded to the ‘high-
luminosity LHC’. Run 3 of data taking with the LHC is set to begin in March 2022 and the
high-luminosity LHC is to begin operation by the end of 2027 [55]. The goal of the upgrade
is to greatly increase the amount of data taken, increasing the precision of measurements
made. To match this, theoretical predictions must also become more precise. QCD is an
inescapable background to physics at the LHC, even when not being measured directly since
protons provide the initial state to every process. Furthering the importance of QCD, the
LHC produces huge amounts of QCD radiation. The non-perturbatively bound hadrons
observed in detectors are typically produced at scales near Aqcp, three to four orders of
magnitude lower than the energy of proton collisions. Consequently, the particles produced
in the proton collisions continually radiate, losing energy and momentum until they reach
the scale of hadronisation. A detailed account of QCD radiation is crucial to producing
precise predictions from theory. Starting from the following chapter, this thesis is dedicated

to the study of QCD radiation within the context of high energy particle colliders.
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Chapter 3

Quantum chromodynamics in the
infra-red limit

“How do you go on, when in your heart you begin to understand... there is no

going back?”
—Frodo Baggins, J.R.R. Tolkien, The Return of the King

In the previous chapter we gave an introduction to QCD and its place in modern the-
oretical physics. By considering experiments at the LHC, we motivated the importance of
studying large multiplicities of QCD radiation in detail. This chapter builds on the previ-
ous by delving further into the details of QCD amplitudes. QCD radiation is dominated
by radiation emitted into and around points in phase-space where the amplitudes for QCD
particles diverge or become large. Ultra-violet divergences, such as we renormalised in the
previous chapter, are generally screened by phase-space boundaries (a proton of finite en-
ergy cannot emit a real infinite energy gluon) and so are less relevant for the computation
of real radiation. The divergences of interest to us are infra-red divergences. We will partic-
ularly be studying amplitudes in the neighbourhood of divergences due to particles emitted
at arbitrarily low energies or small angles. To aid us, we will first devote two sections to
introducing some mathematical methods that are useful to the study of amplitudes. Fol-
lowing these sections, we will derive many of the elementary results in the study of infra-red
QCD radiation.

3.1 A maths toolbox for kinematic factors in amplitudes

3.1.1 The method of regions

The method of regions is an approach to systematically expanding integrals around various

limits.! These limits are usually associated with poles in the integrand or boundary condi-

!The discussion in this section is based around those in [1, 2].
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tions on the integration. One can use the method of regions to expand either amplitudes
or the QCD partition function. When approached systematically, both applications are
in correspondence with each other. The expanded partition function constructs an effec-
tive field theory [3, 4], the Feynman diagrams from which reconstruct the expanded QCD
amplitudes. We will largely focus on the expansion of amplitudes directly.

To illustrate the fundamentals of the method of regions, let us do a toy example. Con-
sider the integral
/ o0 Ak k _ In(m/M)
0 (k2 +m?)(k2+ M2)  m?—M?*

I= (3.1)

in the limit m < M. As m/M — 0, I diverges. Around this limit, I has the expansion
In(m/M) m?

The first term is completely dominant in this limit, as it goes to infinity whilst the other

terms go to zero. Thus computing only this term would serve as a good approximation. We

could have more easily computed the expansion by dividing the integral into two regions

00 k A k
M /A (k2 + m?) (k2 + M?)’ /0 (k2 + m?) (k2 + M?)

where we impose that m < A < M. In I; the domain of integration is always such that

(3.3)

k > m and so we can use such an expansion

00 k m2
Iy ~ dbk——————+(1——+...]. 3.4
w= | g (1 ) 4
Similarly, in I,,, the domain is such that k£ < M. Thus
A 2
k k
I, ~ dk———(1—-—5+..]. .
s (1) (39

At this point we can make an important observation: A regulates divergences in both I,
and I,,,. Had we applied either the £ > m or k <« M limits without partitioning the integral
domain we would have been faced with a need to introduce a regulator. We can integrate

both our expressions for I, and I, and find

2 2
1 ln(1+M>N In(A/M) A

20?2 A2 Mz oMt
M? +m? A? A? In(m/A) A2
I, =~ In{l14+— ~— — . .
oMt ( - m2> DM MZ T 2M® (3.6)
Thus
In(m/M) m?2In(m/M)
I=In+Iy~——25 0( e (3.7)



This is in agreement with the first term in the correct expansion we previously computed
in Eq. (3.2).

Our toy example illustrates the basic technique of the method of regions: identify all
useful expansions of an integrand and partition the domain of the integral so that the
expansions are always well defined. Though the method of regions seems a little laborious
in this example, as integrals become more complicated the method becomes very powerful.
Our toy model highlights a key feature, if the scale A is well chosen the complete answer
can be found from either I, or Ij; individually (by letting A ~ M or m respectively).
With QCD, it is often the case that we can only compute one of the two complimentary
expansion regions, thus A will remain as a parameter in our calculation for which we will
need to choose an appropriate scale. Sometimes it is possible to find the correct value for
A by matching to other calculations, other times the variation due to A will remain as an
error on the theoretical prediction.

Now let us examine a generic QCD amplitude and identify the regions we will be expand-
ing in QCD. We will be working with QCD in the massless limit, for which all amplitudes

have the form

d4(12 {q} {p} {e()})
Aabc *Cabc H/ {q} {p})—i—ze] (38)

are colour indices, Cgp... is a colour factor, N({q}, {p},{e(p)}) is a numer-

b

where “abc- - -
ator, {¢} is a set of loop momenta, {p} is a set of initial/final state momenta, {e(p)} is a
set of polarisation vectors, and each [; is a linear combination of momenta in the sets {q}
and {p}. The ultraviolet divergences, renormalised in the previous chapter, occur when
N({q},{p},{e(p)}) diverges faster than the denominator for large momenta. Infra-red di-
vergences are pinched singularities found when the denominator vanishes faster than the
numerator.? It is in the regions of phase-spaces around these pinched divergences where
amplitudes for QCD radiation can become arbitrarily large, dominating the distribution
of the radiation. Therefore we wish to apply the method of regions to expand around the
pinched divergences.

The denominator only vanishes if at least one of lj2» goes to zero. We can analyse the
routes lj2- has to zero by power counting. From this analysis we will be able to apply the
method of regions to expand in the neighbourhood of these routes to zero. Let lj2 = )\2L§

where sz is finite whilst A2 — 0 and let us express l; in a light-cone basis,

l? = ljn“ + 1"+ 1t (3.9)

2‘Pinched’ meaning that a suitable complex contour cannot be deformed in such a way as to avoid the
singularities.
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where n, 7, n | are auxiliary vectors which obey: n? =72 =0,n-n=2,n-n; =n-n, =0,

and where both n,7n are normalised against their zeroth component. Thus

17 =201 + (1 1)*n] . (3.10)
Following this, one usually defines a positive scalar kﬁ_ = —(l; L)Qni to help simplfy expres-

sions. In order for l? = )\QL?, one of the following must be the case:

[l =NL7Ly and L1 =Ly, (3.11)
or ljl; = LjL;O()ﬁ) whilst ;| = AL;j |, (3.12)
or ljl; = )\2L;FL; whilst [; | = LjL(Q()\Q)’ (3.13)

where each of the light-cone components of L; are finite. If /; is constrained to be a near
on-shell momentum, both l;rlj_ and ki must go to zero at the same rate. This constrains
the scalings of the components of [; to being of the first form. There are three scalings of

the components of /; consistent with this

(5050 10) = (L, ALy ALy 1), (3.14)
(505 00) = WLF, Ly ALy 1), (3.15)
(705, ) = MLS Ly Ly 1) (3.16)

Regions of phase-space with these scalings are typically known as the collinear, anti-
collinear, and soft regions respectively. If ; can be off-shell a fourth region becomes relevant:

(LF 05, 0) = (WL, N2L5 ALy 1), or (WL, AL ALy 1), or (LT, A2 L5 ALy 1), (3.17)

Jjovio

This is of the form shown in Eq. (3.12) and is known as the Coulomb (or Glauber) region.
Scalings of the form Eq. (3.13) are ultra-collinear and tend not to be relevant.® Sometimes
it is necessary to distinguish between two [; and [;; that are both going to zero but at

differing rates: ljz = /\QL? and l?, = /\4L§,. This gives rise to three further regions

(53U 1) = MLS, A2 Ly, ALy 1), (3.18)
(Ul 1) = /\(/\QL;F,, Ly, ALy 1), (3.19)
(L Gl ) = N (L, Ly, Ly 1). (3.20)

These are the soft-collinear, soft-anti-collinear, and ultra-soft regions respectively.
In order to use the method of regions we must relate A\ back to physical quantities in

the problem we are trying to solve. Usually this is achieved by letting A = /@ where pu is

3Their scaling ensures that they would only be present in self-energy-like diagrams where the infra-red
safety of QCD ensures ultra-collinear poles are not present (at least at the accuracy considered in this thesis).
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some low scale, it could be taken to zero or some physical observable dependent value, and
where @ is the ‘hard’ scale, typically the transverse momentum or centre of mass energy of
the QCD process the radiation is originating from (for instance the transverse momentum
of a jet). The correct scales (1 and @) can either be found by matching to complete fixed
order calculations or our lack of knowledge of the correct scales remains as an uncertainty

on our calculations.

3.1.2 The KLN theorem

The QCD S-matrix has infra-red divergences, as we highlighted in Section 3.1.1. So far we
have taken it for granted that these divergences will cancel. Understanding the mechanism
behind the cancellation of IR divergences is important to the study of QCD radiation, for
which we have argued the distribution of radiation is dominated by regions of phase-space
near the divergences. In this section we review the KLN (Kinoshita [5], Lee and Nauenberg
[6]) theorem, which proves that all logarithmic IR divergences in QCD and Standard Model
cross-sections do cancel. We take the approach of Lee and Nauenberg [6].

Let us start by recapping the QCD S-matrix

Bm  (p1,.o, Pus tlkt, oo B —t) = (D1, .., Dal §|k:1, s k)
t—o0o(1+i€)

where  lim S = U(to, t)UT(—t, o), (3.21)

t—o00(1+ic)
where U (to, t) is the time evolution operator of the theory from a common time ¢y to ¢. For
what follows we assume the states |k, ..., kp,) and |p1, ..., pp) are in the Heisenberg picture.
Consider diagonalising the theory. To do so we introduce two unitary transformations
U, and U_ which diagonalise the Hamiltonian H (t) at times t = oo + ie and —o0 — i€

respectively. By definition, and dropping the explicit time dependence,
UL(Hy + gsH,)Us = E, (3.22)

where f]o + gsﬁl - H. f]o is the free theory Hamiltonian and is diagonal (we assume
|k1, ..., km) and |p1,...,pn) are eigenstates of the free theory). E is the diagonalised full
theory Hamiltonian, it projects out the energy of eigenstates states in the full theory. With

these we can write

B (p1y o, o ety ooy Ko —1) = <p1, | UTO ST U |y, km> (3.23)
t—o0(1+ie€)

UL SUT = limy_y o0 pic exp(—i fft dt’ E(')) is diagonal and acting on U_ |ky, ..., km) becomes
a phase which cancels, thus S = UIL U_. Now let us look at perturbatively expanding Us.

We can re-arrange its defining relation to give

(gsfjﬁ + fAI() — E)Ui = [ﬁi, E], (3.24)
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from which we can derive a perturbative expansion for the elements of Uy:

Bl = () — g 951 = 8) ()i
<Z|U:i: |.7> - (U:i:)m —51]+ Ej " E, T ic

+0(g2), (3.25)

where 7 and j index states in the theory and E;; = 5ijEj.4 We assume the theory has
an infra-red regulator which ensures that no states are degenerate with each other: i.e.
an IR cut-off or equivalent which regulates the soft and collinear divergences discussed in
the previous section, including gluon and quark masses would achieve this. If the theory
contains states that become degenerate as the infra-red regulator goes to zero® (some E; —
E;) the theory will have diverging S-matrix elements proportional to negative powers of
(Ej — E; F te).

The key observation by Lee and Nauenberg (LN) is that as the IR regulator goes to

zero, despite the S-matrix diverging, the following sum is finite for arbitrary fixed a, b:

> (U)ar (U)o

i/ €i+degen.
9s(1 = 0ya) (H1 ) a gs(1 = ) (H1) iy 2
= 0ir 01 Oy — 0y O 3.26
. Z (2(1 i'b 1+ 0irp Ea—Ei/:Fié ia EZ‘/—Eb:F’lf + (gs) ) ( )
i’ €i+degen.

where the sum over “i’ € i + degen.” is over all states degenerate to i (including ). We can

quickly check this case by case: if i is degenerate with a but not b,

Z (Ut )air (UL )i :51'ng(1 — 8ia) ()b

i’ €i+degen. Ea n Eb T 1€
gs(l — 5ab)(ﬁ1)ab 2
Oab — O 3.27
+ Oab Ea — Eb T ic + (gs)7 ( )

which is explicitly finite (there is no E, — E; denominator). Here the first line came from
7 = i and the second from 7’ = a. A similar result is found when i and b are degenerate but
a is not. Next if 4, a, and b are degenerate,

(1 - 6ab)(f{1)ab 4 gs(l - 5ab>(ﬁ1)ab

2
. (32
E, — E, T ic BB xic O (328

Y (UL)ar (UL = 200 — =
i/ €i+degen.

Finally, when i = a = b the sum is equal to 1 + O(g?). Including more states degenerate to

1 does not change matters. The probability for a transition from j to ¢ is given by

~ ~

Py = (1 S15) P =D (U0 ai(U)6i(U-)aj (U2 )y (3.29)
a,b

4The ie comes from defining U+ at a complexified time. E; are energies of the system and so also become
complexified.

SEach of the routes to zero for I; discussed in the previous section describe a way through which a
linear combination of momenta can become degenerate. For instance a state with no zero-energy-gluons is
equivalent to a state with an infinite number of zero-energy-gluons. The presence of a zero energy gluon in
a loop gives rise to propagators which have a soft scaling in the denominator. Regulating the [; divergence
removes the degeneracy, for instance by removing zero-energy-gluons.
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Using the finite sum above, we can recognise that a finite probability, P, if returned by

summing over the states degenerate to ¢ and j:

pP= Z Z PW:Z Z (U2) air (U4 )i Z (U-)ajr (U* )y

i’ €it-degen. j'€j+degen. a,b i/ €i+degen. j'€j+degen.

(3.30)
Note that this is an incoherent sum. It only makes sense to sum over degenerate states at
the level of computing probabilities not amplitudes. Amplitudes of degenerate states cannot
be made IR finite. This result, that P is finite, is the KLN theorem. Though we have only
demonstrated the KLN theorem to first order in the coupling, LN showed inductively that
it applies to all orders in perturbation theory. Kinoshita found this result independently by

directly studying the divergences of Feynman diagrams.
To all orders, the precise statement of the KLN theorem is: if we can introduce an infra-
red regulator, p, (either a IR cut-off or mass scale) to the theory, which completely removes
IR degeneracies by introducing logarithmic dependence on the regulator (i.e. (E; — E'j)_1 ~

In? p for some power p), then LN probabilities

Puy= Y > Py, (3.31)

i’ €i+degen. j' €j+degen.

do not depend logarithmically on p and so are finite in the limit pu — 0.

Practically speaking, there are two main sources of IR divergences, loops and the in-
tegration over the phase-space of external particles. The KLN theorem tells us that if we
sum inclusively over the IR divergences that appear at each order in perturbation theory,
all logarithmic divergences will cancel. To illustrate this, consider the computation of an n
particle QCD matrix element, M,. At tree level, this matrix element (M%O)) is finite, as
are the n particle differential cross-sections we can compute from it. If we were to compute
the first order correction to M,, due to one loop, which we label MS), the matrix element

o

will diverge. This is because M;,’ is degenerate with the tree level matrix element in the

limit that the loop transfers no momentum (i.e. the loop momenta has a soft or collinear

(1)

scaling). Therefore, when computing a cross-section we must add to M any other O(a)
corrections to M, which are also degenerate with MS’). There is only one other O(asg)
degenerate correction to M,, which is MS)J)FI where one of the n + 1 particles has a soft or
collinear scaling relative to another of the m + 1 particles. The KLN theorem states that

the LN probability, P, is finite

P oc (MO MmO 4 / Al M Myt + (MDY MO 1 (MO) m(D, (3.32)
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where dIl,,+; is the phase-space measure of the soft or collinear particle. We will make

substantial use of this relation, mostly re-written into the form
Pole { / Al M Mg + (MDY MO 4 (M;@)*Mg})} =0, (3.33)

where ‘Pole’ is the operation to extract the pole terms from the bracketed expression. Note
that, for first order corrections, soft and collinear divergences can be independently regu-
larised with separate IR cut-offs®. Therefore the KLN theorem requires that soft divergences

cancel independently of collinear divergences and vice versa.

3.1.3 Spinor-helicity methods

The computation of Feynman diagrams is often complicated and algebraically tedious. How-
ever, in stark contrast, cross-sections and ‘bottom-line answers’ tend to appear surprisingly
simple. This leads to the common speculation that perhaps the Feynman diagram approach,
in its generality, is obscuring the potential simplicity of amplitudes. One particularly fruitful
approach to solving this dichotomy is the spinor-helicity formalism [7, 8].”

The spinor-helicity formalism aims to make manifest the Poincaré symmetries of a scat-
tering amplitude so that they can be better exploited. Transformations in the Poincaré
group can be crudely divided into two separate sub-groups: the group of transformations
that map a given momentum, k, on to another, p; and the ‘little group’ of transforms which
map a given momentum, k, onto itself. Transformations which rotate one spin or polarisa-
tion state into another, whilst preserving individual momenta, necessarily must be in the
little group. The representation of the little group for a particle state with momentum, k,

and spin, s, depends on its spin statistics:
Ulk;s) = ‘k; s'> , U € rep. of little group. (3.34)

If the particle transforms as a vector in the Lorentz group, finding the little group and its

representation reduces to finding the set of transformations for which
UMEY = E". (3.35)

If k£ is massive then U € SO(3), and if k is massless U € Eu(2) (the group of 2D Euclidean
isometries). In practice we focus on the SO(2) subgroup of Eu(2) for massless particles as
these transformations have a physical interpretation of rotating the spin of a definite helic-

ity state within the plane orthogonal to its polarisation. In the computation of amplitudes

5For instance a cut-off on the loop energy regularises the soft divergences but not the collinear divergences.
"The discussion in this section is based on those in [7, 9-11].
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for the scattering of vector particles, the internal properties of each particle are well rep-
resented by the SO(1,3) Lorentz indices on the particle’s momenta. However, for fermions
the situation is more complex. Just as fermions transform under a different representation
of the Lorentz group compared to vector particles, fermions also transform under different
representations of the massive and massless little groups. The little group for massive Dirac
fermions is SU(2) @ SU(2) ~ SO(3)%, since these transformations map a Dirac spinor of
a space-like momentum k onto another Dirac spinor also of momentum k. Little group
transformations for massless Dirac fermions are elements of U(1) @ U(1) ~ SO(2). Typical
approaches to the calculation Feynman diagrams of fermionic amplitudes involve spin av-
eraging, or otherwise extracting 4-vectors from the Dirac spinors, reducing the amplitude
to products of 4-vectors with SO(1,3) Lorentz indices. This can obscure information on
spin and the internal symmetries of particles in the amplitude since 4-vectors do not trans-
formation in the same representation of the little group as the fermions themselves. The
spinor-helicity formalism is a set of techniques to elegantly re-write amplitudes directly in
terms of spinors which do transform in the fermionic little group. We will now introduce
the formalism, beginning quite generally then focusing on developing these methods for
massless particles.

There are two starting observations from which spinor-helicity methods are derived.
Firstly a Dirac spinor can be decomposed into two ‘chiral spinors’. Each chiral spinor

transforms individually in the spinor rep of SO(1,3). The decomposition is as follows:

1 .
ve=o(Ew),  v=vp+yo,  where 27 =i’y (3.36)

This decomposition is particularly insightful in the chiral basis where,

) )

Here x, x are two component spinors known as a Weyl spinors. Working more abstractly,
we can write the Dirac spinor as ¥ = x @ x. In this notation it is perhaps clear that
we can partition the little group so that x transforms under SU(2) (or U(1) if massless)
and Y under the conjugate group SU(2) (or U(1) if massless). To make their independent
transformation properties explicit the spinors are given indices as yo and ¥¢. Undotted
indices index the space on the left of the direct sum, dotted the space on the right. Note that

undotted covariant indices represent vectors whereas dotted contravariant indices represent

8Here the SU(2) transformations are conjugate to the SU(2) transformations in the fundamental repre-
sentation and don’t represent individual degrees of freedom.
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vectors.” The two Weyl spinor representations are related by xa = x5 = (eagxﬁ )*, note
that e, = —eB,

We can introduce a helicity operator which is the operator for the projection of angular
momentum (due to spin) along the direction of momentum: h = %eijkﬁiij where Jj;, €
50(3) and P is the 3-momentum operator. In the massless limit [ys,h] = 0 and so each
chiral state is also a state of definite helicity. Thus we can label each massless Weyl spinor
with a definite spin state projected onto the direction of motion; x(p) = xa(p, —) and
()¢ = ¥(p, +)%, respectively referred to as left and right handed. In the free massless
case, 14 and 1 both independently solve the Dirac equation g+ = 0. Written in terms of
the spinors this gives pto,x = 0 and p*a,x = 0. Therefore we can deduce that det(p,o*) =
det(p,a*) = 0 for p?> = 0. The degeneracy includes the U(1) little group phase that can
be given to each Weyl spinor. These phases can be independently fixed as the two spinors
independently satisfy the Dirac equation. The complete free Dirac equation has the solutions

u(p, s) = (% 33) E>0,  ops)= (;g gg) E <0, (3.38)

given that x and x are positive energy Weyl spinors satisfying p#o,x = 0, p#5,x = 0, and
Xa(p, +) = X(p, —)* = 0. If we take p#o,x = 0, and act on it with a parity transformation,
we find that

P:(ploy,x=0)— (p''c,Px =0).

Therefore Py = x up to transformations in the little group. In other words, we can freely
set u(p, s) = v(p, —s). This sets Y(p)* = x(p)? for free massless Weyl spinors. Solutions to
p'o,x = 0 can be expressed in many ways, one of the most common is
e~ gin @

x =V2E < e = 2) : (3.39)

cos 5

for momentum p = E(1, cos ¢ sin ), sin ¢ sin 6, cos §) ™.
The second observation is that a null 4-vector k can be uniquely expressed as kog =
ot k,.'° The null condition is encoded by k* = det(k,o") = 0. Thus kqs must be
degenerate and so can be expressed as the tensor product of two equal momentum free

massless Weyl spinors, kog = X(k)aX(k)a-'' The basic tenet of the spinor-helicity formalism

9The Clifford algebra can be interpreted as linking the left and right spaces. If we look to the Dirac
equation in terms of Weyl spinors, p*o,x = mx and p"5,X = mx, we can see that necessarily o, receives
indices as o4 and similarly 6/ as 5" .

'9The relationship kaa = 0%k, can be inverted as k* oc 3x(k)*o%,X(k)®. The final relation is propor-
tional up to the little group phase that can be chosen to be unity.

" This follows since a 2 x 2 degenerate matrix has 3 degrees of freedom. Each Weyl spinor has 2 degrees
of freedom but the pair are constrained to be of equal momentum, removing 1 degree of freedom. Now we
can check det(x(k)aX(k)a) = €**x(k)aX(k)a = x(k)aX(k)® o k - k, which is zero. Hence we see the equal
momentum constraint enforces degeneracy on the matrix.
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is that amplitudes of fermions can be better expressed in terms of products of Weyl spinors of
the fermion momenta rather than momentum vectors, since the transformation properties
of spinors better encapsulates the symmetries of a fermionic system. To aid us, let us

introduce some further notation:

)Y = X(K)%, Ky = x(K)as  (kls = 5X(K)° = XK [k]™ = ePx(k)s = x (k).

from which we define the brackets

(qk) = X(Q)aX(K)*,  [ak] = x(a)*Xx(k)a- (3.41)

Using the representation given in Eq. (3.39) we can compute these brackets for momenta
k = Ex(1,cos ¢sinf,sin ¢sinf, cos )T and ¢ = E,(1,0,0,1)T. We find

(gk) = \/2q - ke, [qk] = \/2q - ke ®Tm, (3.42)

Here we see these U(1) little group phases due to rotations in the plane perpendicular to
the spin axis emerge, parametrised by ¢. We can also readily see that (gk) = — (kq) and
[qk] = — [kq], a consequence of Weyl spinors anti-commuting. Finally (¢gk)* = [kq|, which
means that (gk) [kq] = 2¢ - k. Further spinor identities are given in Appendix A.2.

As previously stated, our goal in employing this formalism is to completely express
amplitudes of fermions in terms of spinors. However, fermions in the Standard Model in-
teract via gauge bosons. These introduce polarisation vectors to our amplitudes. Therefore
we must now introduce a decompoistion for the polarisation vectors in terms of spinors.

Physical polarisation vectors must satisfy:

pex() =0, q-ex(p) =0, ex(p) ex(p) =, (3.43)

where ¢ is an arbitrary auxiliary vector chosen to fix the gauge. The following two ansatz

satisfy these requirements,

. L {q| " |p] 6‘1(29) _ _LM. (3.44)

GO =5 5 )

We can check that, given this representation for polarisation vectors, a shift in the reference
vector, ¢ — ¢', is equivalent to a gauge transformation:

1 (¢'|o" |p] 1 {d|o"p,c”]q) 1 (d|ppo”a"lq) 1 (d]2pvg"" |q)

V2 (dp) V2 (ap(dp) V2 (e ldp) V2 (ap) (dp)
1 (dp)Ipla*la)  V2(ap" 1 (glo"|p] o).

V2 @) ) an V3 ()

Here we have made use of identities given in Appendix A.2. Terms linear in p* are gauge

(3.45)

transformations that vanish thanks to the BRST symmetry, see Section 2.2.4.
We will make extensive use of the spinor-helicity formalism throughout this and later

chapters. As such we will withhold giving an example until Section 3.3.
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3.2 A maths toolbox for colour factors in amplitudes
3.2.1 Basis independent colour charge operators

Matrix elements in SU(N.) gauge theories are typically defined to carry the SU(N.) group

structure of the particles involved as colour indices; i.e.

M

i1 bm

where 47...1,, are indices in the fundamental representation of SU(IV.), corresponding to m
external quarks, and a;...a,, are indices in the adjoint representation of SU(N,), correspond-
ing to n external gluons. In the QCD amplitudes we have looked at so far, colour matrices
have always been implicitly given in the SU(3) Gell-Mann basis — the most commonly used
basis for su(3)gng. However, it can be helpful to compute matrix elements using other

representations of SU(3). To aid us changing basis let us define

MO = (g 81 i [ Mapem) (3.46)

21 ...t

where |[M,,1,,) is a state vector for an amplitude involving m external (anti-)quarks and n
external gluons. |aj...ap;i1...ip,) is a basis vector in an n 4+ m dimensional product space of
vectors in the Gell-Mann basis. It projects out the Gell-Mann basis representation of the
amplitude | M,,4.,). There are many different bases which could be used to represent the
SU(3) product space in which |M,,;,,) resides. We will now look to generalise the colour
charge so that it is an operator acting on |M,,). This will prove useful in its own right,
as well as making it easier to change basis.'?

To begin, let us define a colour charge in the Gell-Mann basis for the emission of a gauge

boson with colour a:

de 1 = ’EL,
5. 1=17,
—t¢ i=u
(Tac={ ot 2" (3.47)
dc -
Zfdac i =e,
7;fcaLd i = ¢*

\

Here the index i indexes the particle line which the colour charge is associated with - the
line of the ‘emitter’. For example an incoming fermion emitting a gauge boson would have
a colour charge (T}})4. = —t%;. In a general Feynman amplitude there is an ambiguity as to
what exactly is meant for one particle to emit another - which is the emitter, which is the
emitted? The answer one chooses does not matter provided it can be consistently applied

throughout the calculation. We will be using the colour charge for the computation of soft

'2This thesis follows the definitions used in [12-14], though alternative definitions can be found [15].
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and collinear limits of amplitudes where the emitter is unambiguous. Usually the lower
indexes on the colour charge can be dropped, instead assuming matrix multiplication along
a given particle line. Finally 1}“1}“ =T, -T; = C;14 is the Casimir matrix in the same
representation as particle 7 (i.e. d =3 and C; = Cp if i is a quark, whilst d = 8 and C; = Ca
if 7 is a gluon).

We can use the Gell-Mann basis colour charge to define a colour charge operator:

<di‘ T? ‘Cl> = (Tia)dicw
<d1, ceny di, veny dn‘ Tg ‘01, ceey Ciyanny Cn> = 5d101"‘(ﬂa)dici"'édncnﬂ (348)

where |¢;) and |d;) are basis vectors for the Gell-Mann basis.'®> This colour operator has

the familiar properties,

a by __ ifabch 22])

T; - T; = C;1. (3.50)

T¢ is a ‘rectangular operator’, increasing the dimension of the colour product-space in which
an amplitude resides by adding the index a. Often we will drop the upper index on the
colour operator, in which case it should be understood that it is an operator that increases
the dimension of the SU(3) product space of an amplitude by 1 (i.e. in the Gell-Mann
basis (d;, a| T; |¢;) = (T)a,c,;)- Finally, we know from the Slavnov-Taylor identities (Section

2.2.4) that a physical amplitude | M) is invariant under SU(3) gauge transformations:
¢ LT M) = (M), (3.51)

which is a gauge transformation applied consistently across each of the ith SU(3) sub-spaces.

Expanding to first order we find a final identity,
> T¢ |n) =0. (3.52)
i

This is known as colour conservation (by analogy to charge conservation in QED for which
the sum over all charges in a process is an invariant). When discussing soft-currents we
will see that colour conservation is related to the cancellation of unphysical longitudinal
polarisations of gluons. This should not be surprising as the SU(3) gauge symmetry of an
amplitude and the cancellation of longitudinal gluons are both consequences of the BRST

symmetry and its Ward identities.

13Sometimes we will write the colour charge operator as T¢. Generally speaking an amplitude has both a
colour and spin structure. We give operators that act individually on either the colour space or spin space
in the O style, whilst composite operators acting in both spaces we give in the O style. Spin averaged
amplitudes have a trivial spin space and so we can use T interchangeably with T5.
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(a) Some topologies contributing to the ampli- (b) Topolgies contributing to the compuation of v* —

tude for of v* — ¢ggg and their representation qdgg at cross-section level, their representation in

in terms of colour flows. terms of colour flows and corresponding colour factors
in terms of the number of colours N. The amplitude
is drawn to the left of the dashed line, the conjugate
amplitude is drawn to the right. Final state particles
are represented by lines bisceted by the dashed line.

Figure 3.1: Colour factors for v* — gggg computed using colour flow diagrams derived from
the Fierz identity. The virtual photon has no colour charge and so has not been included
on the diagrams, it could be attached at any point along the quark/anti-quark lines. These
diagrams were first presented in [16].

3.2.2 The colour flow basis

The colour flow basis is a powerful alternative to the Gell-Mann basis for amplitudes in

SU(N.) gauge theories. It is found by using Fierz identity,

1 1 ¢t ——1 1 i
Ztm = ( itOkj — M5ij5m> =5 e j) ....... < nE

J ek
(3.53)

to decompose the colour structure of an amplitude into (anti-)colour lines which follow the
contraction of indices on Kronecker deltas. Using this approach, we can compute colour
factors diagrammatically by exchanging gluon and quark lines in Feynman diagrams with
colour and anti-colour lines, see Figure 3.1. For a complete set of rules for colour flow
diagrams in QCD see [16]. When computing a cross-section, every colour/anti-colour line
will close to form a loop. Each loop corresponds to a factor of 4;; = N.. Summing over all the
colour topologies gives the colour factor associated with the squared Feynman amplitudes

under consideration.
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With this diagrammatic approach we can think of |M) as being a vector in a product
space V1 ® Vo ® ... ® V,,, for 2n (anti-)colour lines, where each V; is a vector space in a
representation of SU(N.) for each colour line anti-colour line pair'*. The colour flow basis
(CFB) is a spanning set used to parametrise the product space V3 @ Vo ® ... ® V;, of colour
line anti-colour line pairs (or colour flows). It represents a particular permutation of colour
line anti-colour lines pairs by a vector |o,,) where o,, is an element of the permutation group
Sy,. The most common convention for the colour flow basis is to index the colour lines in
an order corresponding to particle indices and relative to that labelling the permutations

of connected anti-colour by o (see Figure 3.2). The complete CFB spanning set is
{low)};  on € S (3.54)
The CFB is defined to have the bracket
(onlra) = Np~Tlonm™): g, 1, € S, (3.55)

where T'(o,7) counts the minimum number of transpositions separating ¢ and 7 in the
permutation group. Note that this bracket means the CFB is not orthonormal. The bracket
encodes the Fierz identity into the colour flow algebra and therefore ensures each element
of the CFB represents a colour flow diagram as one would find using the Fierz identity. The
CFB grows factorially with the number of colour flows (pairs of lines), meaning that it is

over-complete — hence why it is a spanning set.!?

The problem with not orthonormal spanning sets

As previously mentioned, the CFB is not orthonormal. A typical way to approach a non-

orthogonal basis is to construct a dual basis, {|o,]}, defined so that
[0 |07,) = 00, 00 - (3.56)
This is the approach presented in [14]. With such a dual basis an identity operator,

Z lon) [on] = Z lon] (on] =1, (3.57)

On On

and projection operators can be constructed. However there is a problem with employing

this approach naively. It is not possible to construct a dual basis for an over-complete

1YWe employ crossing symmetry to represent incoming colour lines as outgoing anti-colour lines. Conse-
quently, the colour/anti-colour lines of any gauge invariant amplitude can always be grouped into connected
pairs.

153ystematically and efficiently finding complete sets of basis tensors in an arbitrarily large SU(N) product
space is a well studied but still fairly open problem ([17, 18] and references therein). However, it is known
that the number of basis tensors grows slower than the factorial of the product space’s dimension [18].
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=t [ e e
:

L. s s

[123) |213) |312) (123]123) = N3, (123|213) = N2, (123]312) = N..

Figure 3.2: Diagrammatic representation of colour flow basis states and their inner products.
The left half of the figure shows three out of the six basis tensors required for a gggq state,
originating from some process in the grey rectangle. The grey arrows indicate how leg
labels ¢ = 1, ..,4 are mapped onto colour and anti-colour indices. The right hand part of the
figure illustrates how inner products relate to powers of V. depending on how many loops
are formed after contraction, or equivalently the number of permutations between the two
colour-flow basis vectors as per Eq. (3.55). Figure based on the diagrams presented in [14].

spanning set. This is because for a spanning set to be over-complete the following must be

true:
> Ao, low) =0 A, #0. (3.58)
On

However we can see that if a dual basis exists

VO’;I, [U;z| Z )‘o'n |Un> = )\U; =0. (359)

This is contradictory. However, despite this contradiction, a more sophisticated construction

does allow for a dual basis to be used in conjunction with the CFB.

Embedding-space trick

We can express | M,,), where m is the number of colour flows, using the following expansion
in the CFB

M) =D Mo, [0m), Om € Sm. (3.60)

This expansion is not unique, due to the basis being over-complete, however we do not need
the expansion to be unique for the following discussion. Thus we can compute ‘squared

amplitudes’ as

(M M)y = > My Mg, (ohlom) . (3.61)

Tm0m
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Let us introduce a new larger colour flow vector
|Th) = |lom,m+1,m+2,...,n); (3.62)
ie. if o4 =4,2,3,1 then 7' =4,2,3,1,5,6,...,n (we require that n > m). Note that

{Imm)} € {lon)}, (3.63)

and that S,, is a subgroup of S,,. Now, consider the limit n — oco. We denote the over-
complete basis over an uncountably infinite number of colour flows as {|os)}'® and the
complete basis over the countable (finite) subset of colour flows as {|7o°)}. It is the case

that

Tim {7} = {m)} € {lowe)}, (3.64)

spans a subspace equivalent to that of {|o,,)}. Following these observations, we have the
bracket
(ralrn)
(halom) = >t (3.65)
C

As this expression evaluates to being independent of n we can take the limit

m n
(omlom) = lim <Nn’Tm>

(3.66)
We can define a dual basis by embedding our representation of the CFB within the space
spanned by {|7°)}, using this bracket and exploiting the n — oo limit.!” We can find a

representation for such a dual basis:

‘ N’rz mZNT maom)—n _T( msOm) ‘7-,”> (367)

which satisfies

[ty = N6 o+ NET(1 = 5

myTm

YO(n~Tmom)y. (3.68)

We can note that 6,/ ;. =0 .. Thus we can employ a dual basis so that

A
)= lim Il _ 5 3.69
[ m|0- > m Ngl,fm m-om ( )

n—oo

We can use Eq. (3.65) as a new but essentially equivalent definition for a dot-product /bracket

in the CFB (replacing Eq. (3.55)). The outcome of this trick is that we can use a dual basis

Y6The number of basis tensors for an infinite product space of SU(N) is countably infinite [18].

7 Formally this dual basis should be considered a dual set as it does not form a basis over the dual vector
space. Rather than forming a basis, the dual set exploits the structure of the CFB to define an operator
which acts as a dual to a state |0,,). Specifically, we are exploiting that T'(o,,, 0. ) = 0 only when o), = o,
and that terms for which T'(o},,0:m) # 0 can be associated with a suppression.
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/) C; C; A 5\1
quark yes | no | IR
gluon ves | yes | VIR | VIR
anti-quark | no | yes | 0 | VTR

Table 3.1: The colour index specifications for the three types of QCD particle (quark, anti-
quark, and gluons). If the particle has a colour line index ¢; then the column is marked with
yes, likewise for an anti-colour line index ¢;. Tr = 1/2 is the usual normalisation factor of
SU(N) group generators.

quite freely whilst performing computations in the colour flow basis; with the knowledge
that we are relying on the existence of this embedding and that if a representation of the
dual basis is ever explicitly needed then the embedding must be explicitly used.'® For our
purposes, a representation is never necessary as the dual basis mostly plays the roll of pro-
viding formal underpinning to the book-keeping of large colour flow diagrams, as per the

approach in [14].

3.2.3 1/N. expansion

Now we have introduced the colour-flow basis and discussed some formalities associated
with its usage, let us give some direct examples leading us towards the 1/, expansion. We

begin by expressing amplitude density matrices as
M) (M| = A =" Arg|r){o]. (3.70)

Here on we drop the labels on 7 and o and assume they are both elements of the permutation
group S,,. The coefficients A,, are not simply the elements of the amplitude density matrix,
A as one might find in the Gell-Mann basis, since the colour flow basis is not orthonormal.

Rather, the coefficients are related to A through a dual basis for which
[7|Alo] = Arq. (3.71)

In order to work directly with the elements of an amplitude density matrix, a scalar product

matrix S;, = (7]|o) has to be introduced:

Tr[A] = Te[AS] = > [7]Alo] (ol7) . (3.72)

T,0

18Unlike a dual basis, a dual set is in fact not unique. Therefore other constructions will exist and could
also be used.
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By carefully studying the Fierz identity’s application to the QCD Feynman rules, we

can decompose the colour charge operator associated to an external particle ¢ as
TZ' = )\i Tl;ci — 5\1 Eéi — 7(}\2 — /\1) 3, (3.73)

where the factors A\; and \; are defined in Table 3.1, and where the colour-line operators

t,t and s are defined through their action on the basis states, i.e.

B 1 i o o 1 - a - m on+l
talo) = tq o) - ol@) - on) >— o1) - n+l - on) g(a)(3>74’)
and

ta|o) = to-1q)l0) (3.75)

for the inverse permutation ¢! for which 7 = o~ (¢ (7)), and

(3.76)

1 e e n n4+1
o(1) - -+ o(n) n+1>'

sj0) = s 1 n >_

“Plo) o o oon) /T

It can be checked from the above relations that colour charge operators cannot map two
distinct basis tensors |o) and |7) into the same tensor |p).

Colour-line operators and their products, such as t, - tg = tg - t,, are referred to as
‘colour reconnectors’ in [19]. It is helpful to note that $-t, = t, -8 =1 and s - s = N.1.
For more details on expressing colour charges in the colour flow basis see [14].

An important limit for QCD amplitudes is the large-N. (planar) limit, first introduced
by ’t Hooft [20], from which we can define a large-N; expansion (or 1/N. expansion). The
limit is formally defined by letting N. — oo whilst holding g2 N, finite, referred to as the
't Hooft coupling. By considering the possible contractions of colour indices, it should be
clear that the largest powers of N, contributing to QCD cross-sections go as (asN.)" 9,
and so the large N, limit defines an expansion in the colour structures of an amplitude:
leading colour ((asN¢)™), next-to-leading colour ((asN¢)™/N.), NNL colour ((asN.)"/N2),
and so forth. QCD colour structures can become very complicated to compute for large
multiplicities of radiation. However, often the leading colour terms (see dipole showers in
Section 3.5) or terms up to the NNL colour (see angular-ordered showers in Section 3.5)
can be remarkably simple. The colour flow basis provides a natural framework in which the

large- N, expansion can be made. To this end we introduce the operation

!
Leadmg Z
k=

9For a loop to contract non-trivially, a colour line must loop back on itself as an anti-colour line. This
only happens at vertices in Feynman diagrams. Hence every non-trivial colour loop comes with at least one
vertex and so at least one power of as in the cross-section.

o] e Frrrik (3.77)
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where

(3.78)

TO ]_/Néc

indicates to pick terms from A, which are suppressed by a factor of 1 /ch with respect to
the leading power of N, in A;,. As per the previous sections, T'(o, 7) counts the minimum
number of transpositions separating o and 7. Contributions from A;s|;, Nk to the trace of
A all give an enhancement or a suppression by a single global power of N.. Consequently,

if we set the 't Hooft coupling to be unitary (i.e. let ag = N; 1), then
Tr | Leading® [A]} o N7 (3.79)
The leading colour piece is therefore found from

Leading!?) [A] = Ao

TO

e Or (3.80)

This has the property that colour flows 7 and o must equal each other. In other words, only
products of matrix elements with conjugate matrix elements of the same colour structure
contribute to leading colour cross-sections. All quantum mechanical interference between
differing colour flows is sub-leading. This motivates the possibility of using a classical
branching process for the computation of leading colour QCD radiation (again see Section
3.5). In Chapter 6 we do just this and derive a description of leading colour QCD which is
a classical Markov chain. For more details on the colour expansion in the colour flow basis

see [14, 19].

3.3 One diverging emission or loop

In this section we will compute limits of two perturbative QCD amplitudes: |n + 1), the
tree level amplitude for the scattering of n 4+ 1 well separated on-shell massless quarks
and gluons; and ‘n(1)>, the O(as) 1-loop correction to |n).2 We allow for each of the n
external particles in |n) to be either incoming or outgoing, however we always assume that

the external particle of interest in |n + 1) is outgoing. This section is organised as follows:

1. We compute the limit that an internal gluon line which forms a part of a loop becomes
soft. We show that, in this limit, the leading behaviour of |n(1)> factorises as |n(1)> ~
hﬁfj’b |n) where 1nVZ,,, is an operator that dresses the amplitude with a soft loop.

The reason for the log in its definition will become clear in Section 3.4.

20This section is based around an amalgam of the seminal texts [7, 21-26].

75



2. Next we consider the limit that one of the outgoing external particles in |n + 1) is soft.
We show that, in this limit, the leading behaviour of |n + 1) factorises as |n + 1) =
Spn+1|n) where S, 11 is an operator for emitting a soft gluon. This computation is

greatly simplified by the application of the KLN theorem, which necessitates

b
/ Al 1S, Sni1 = —2Re{In'V,,,},

where dlIl,, 11 is the phase-space measure for the soft particle and a, b limit the energy
of the soft particle in the laboratory frame. This relation ensures the cancellation of
logarithmic IR divergences as the energy of the soft particle is allowed to go to zero
(a —0).

3. Following this we show that in the limit that an internal line which forms a part of a
loop becomes collinear to a line joined to it through a vertex, the amplitude factorises
as ’n(1)> ~ In ng |n) where In ng is an operator that dresses the amplitude with a

collinear loop.

4. After this, we show that in the limit that one of the outgoing external particles
in |n + 1) becomes collinear to another particle in |n + 1), the amplitude’s leading
behaviour factorises as |n + 1) = Cj41 |n) where C,,41 is an operator for emitting a
collinear particle. Again, this computation will be simplified by the application of the
KLN theorem.

5. Finally, we study some generalisations: divergences associated with higher powers of
as, combining the emission/loop operators into a single object, and the unitarity of

said object.

We present this discussion assuming a fixed coupling (i.e. without UV renormalisation).

3.3.1 The soft limit of a loop

Let us now compute the leading behaviour of ‘n(1)> in the limit that one of the internal lines
that makes up the loop has momentum k* = Ag* where A — 0 and ¢ is a finite 4-momentum.
This is a soft scaling as discussed in Section 3.1.1. We will perform this computation
using spin-averaged amplitudes since the soft limit is insensitive to spin, which we show in
the following section. There are 3 distinct groups of Feynman diagram topologies we can
consider: the momenta flowing through the vertices at the end of the soft line are distinct
and on-shell, one or both of the momentum flowing through the vertices at the end of the
line are distinct and off-shell, and the loop is self-energy-like. For each group of topologies

we also consider every permutation of the lines involved being gluonic, fermionic, or ghosts.
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Figure 3.3: The Feynman diagrams contributing to ‘n(1)>. We have not separated incoming
lines from outgoing, which means external lines to the left and right can be in either the
initial or final state. External solid lines are allowed to be fermionic or gluonic. The graphs
are in this style so that the loop momentum can be isolated as depicted. The ovals contain
the remaining lines and vertices in the graph. The grey ovals represent connected graphs
whilst the white ovals can be separated into two disconnected sub-graphs. In graphs (a)-(h)
we have singled out the (vertical) line which is becoming soft (or collinear in the subsequent
sections) and the loop closes in the grey oval. We refer to the loops in graphs (i)-(m) as
self-energy-like. In graphs (i)-(m) the grey ovals only depend on on-shell momenta. We
have omitted drawing every asymmetric permutation of gluon/fermion/ghost lines linking
the grey oval and the white oval.

The relevant graphs are shown in Figure 3.3. In this section we will primarily focus on the
calculation of graph 3.3(a), culminating in the factorised form given in Eq. (3.93). Following
this, we will observe that graphs 3.3(b) and 3.3(c) are functionally the same as graph 3.3(a)
due to the universality of the soft gluon limit, and we will argue that all other graphs give
a sub-leading contribution in the soft limit.

We will now compute the soft limit of graph 3.3(a). We can write the amplitude for a

gluon line, in the Feynman gauge, joining two fermion lines (A and B) to form a loop inside
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‘n(1)> as

d*k iua(pA)ﬁB(pA) ) il (pa — k)ud(pa — k)
(1) . — 2 s S Boe 275 5
WV fagfs) = / @mI T P rie T (pa - k)? 4 ic

i (pp)u” \(PB) e TG (pp + k)il (ps + k)
pQB""LE D i (pB + k)2 + i€
jk
k2+ - w2) [z ¥2), n—w—2)k, (3.81)

where the label f4 g fp singles out the topology where a loop gluon is exchanged between
fermion particle lines A and B (see Figure 3.4). |m>j§' is an ‘incomplete’ tree-level
(n —w — z) particle amplitude, it is a function of p4 — k and pp + k. Similarly |w7+2>?
‘mﬁ/ are ‘incomplete’ tree-level w + 2 and z + 2 particle amplitudes; they are functions
of p4 and pp respectively but not k. The ‘incomplete’ amplitudes are related to complete

spin-averaged amplitudes for the scattering of on-shell particles by
n —w — 2) Zu pa — k) (ps + k) n—w—2)s, (3.82)
given py — k and pp + k are on-shell 4-momenta, and
w+2) =Y ulpa) [wF2),, [2+2)=> ul(ps)|z+2),, (3.83)
s ;

given ps and pp are on-shell 4-momenta. We have chosen to express the colour charge
operators for the emission from fermionic legs A and B in the Gell-Mann basis (T4 — T}
and Tp — T};) whilst keeping the rest of the colour structures abstracted. We do this so
that it is easier to see in which SU(N) sub-space each operator acts and apply the Feynman
rules given in Section 2.2.3. «, 3,7, are 4-component spinor indices and summation over
paired indices is implicit. We have assumed all momenta are outgoing, however this was
without loss of generality. To treat p4 as incoming we need only systemically exchange
ug(pa) = v2,(pa) and pa — —pa.

Firstly let us consider the case where p4 and pp are on-shell. In this limit
i lif w =0,
Z P> —l— 1€ W 2>0‘ - {oo if w >0, (3.84)

as momentum conservation requires that if w > 0 then w of those particles must be either

exactly soft or exactly collinear to p4. The same is true for ’z + 2>la,. We wish to study

the limit where exactly one of the particle lines (i.e. the one with momentum k) is soft and
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pa—k  pa

lw + 2)

n—w-—2z) k

|2 +2)

pp+k  pp

Figure 3.4: The topology contributing to !n(1)> considered in Eq. (3.81). The grey boxes
represent incomplete amplitudes defined by the relations below Eq. (3.81). The loop with
momentum k is completed in [n —w — z). Just as in Figure 3.3, incoming lines have not
been separated from outgoing. External lines to the left and right can be in either the initial
or final state.

there are no other IR divergences. Hence, we find

iul(pa — k) _‘E( —k)
pA Uz (PA
n(l) : ngfB> pA_pB_O ng / 4 s (pA)Z’YBPY,I;J = —2]9A : kS_" i€
oy _s
g . iu), (pp + k)ug (pp + k)
X U gr (pB)Z’YE"y’CTﬁﬁ : 2pB -k j_ i€
X e M (385)

Now we can employ the soft limit so that us(pa — k) = us(pa) + O(N\). We can use the
relation @s(p)y uy (p) = 2pHd.e%! so that

d*k i 2p' —ig i 2pY
. _ 2 A v B
’ ngfB> |p?4:p23:0 9s / (2m)% —2pa - k + i€ k% + i€ 2pp - k + i
x Ta-Tg|n)+ O(N), (3.86)

where we have restored the complete colour charge operators. Thus we can see that in the
limit we are considering the 1-loop n particle amplitude factorises into a tree-level n particle
amplitude and a colour space operator acting on that amplitude.

Before further proceeding, let us get a few technical details out the way. Firstly, we are
integrating over k and so in order to correctly approximate around the limit that k* = Ag*
where A\ — 0 we must use the method of regions. This means splitting the domain of
integration into regions defined around some Lorentz invariant ‘hard scale’ Q* ~ (pa +pg)?
so that we can define A = k°/Q. There are 4 relevant regions for us; where k < @ and
k? < Q?, where £k < @ and k? > Q? or vice versa, and where k > Q and k? > Q2. Note
that only the first and last regions listed allow for & to be on-shell and that only the first

region contains an infra-red pole, this is what we have computed. Following the method of

21Useful relations for free Dirac spinors are itemised in Appendix A.1.
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regions carefully, the domain of integration in Eq. (3.86) should be restricted so that k* < Q
and k? < Q2%. As we discussed in Section 3.1.1, computing the other non-pole regions is
needed to know the correct value for Q2. This is not possible in the completely general case
but for specific cases can be found by matching to fixed order computations. We’ll discuss
this more at the end of this section.

Eq. (3.86) was derived assuming both A and B are outgoing. Let us now give the

relations allowing for incoming particles:

d*k i% 2ph —i i 2pY
1. > _ 2 A Iuv Pp
n i fag fs ) == gs/(27r)4—2pA-k+iek2+ie—2p3~k+ie
x Ta-Tgln)+ O, (3.87)

if A is outgoing and B is incoming, and
d*k 22 —i i2 2pY
. > — 2 A Gpv Pp
n a9 B ) =m0 = 9 / (2m)4 2py - k + i€ k? + i€ —2pp - k + i€
x Ta-Tg|n)+ ON), (3.88)

if both A and B are incoming.

Now all that remains is to perform the integration. This is most easily done by decom-
posing the integral measure in the A, B zero-momentum frame as dk* — dk0d2k(LA’B)d9
where k¥ is the energy of k, kT’B) is the transverse momentum of k, and 6 is the angle
between k and p4 (or pg).2? First looking at Eq. (3.87), the k¥ integral can be performed
by the residue theorem: we pick up a pole from the gluon propagator with an accompanying
requirement that k> = 0. The trivial azimuth in the ko(lA’B) integral can also be easily
performed. The final two integrals provide a non-integrable double pole, hence we will leave

them undone. We find that

oo 1.(AB) r
Eq. (3.87) = 9 dk B o148 < )R < Q) T - Tp n) + ON)
T 4m? Jo dk(LA’B) o siné + '

(3.89)

Here the theta functions come from our application of the method of regions. The same
result is found when letting A be incoming and B be outgoing. Turning to Eq. (3.86), the k°
integral can again be performed by the residue theorem. The same gluon propagator pole is
found, and a second pole is also picked up from fermion B’s propagator. The gluon-progator-
pole term integrates to the same form as Eq. (3.89), however the fermion propagator pole

introduces a second term that is purely imaginary, known as the Coulomb/Glauber term?3.

22Useful relations for decomposing phase-space measures are given in Appendix A.3.
#3Technically the gluon loop momentum has a Coulomb/Glauber scaling when we pick up the residue
from the pole.
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All together,

2 oo gkl T ogg
Eq. (3.86) =2 L ok < @Ok < Q) Ta-Tp |n)
0 dki’ ) Jo

472 sin 6
(A,B)
95 dk (A,B)
- L i ok < Q) T4 TyIn) + ON). 3.90
& | i 7O < QT To )+ 0. (90

The same is found when both p4 and pp are incoming. We can combine Eq. (3.89) and
Eq. (3.90) as

sin @

Q kB 1 om g .

Qg .

Vst foY e = [ i ([ g O < @ = imdan ) Ta-Toln),
(3.91)

where & 4B = 1 when A, B are both outgoing or both incoming and 5 4B = 0 otherwise.
Now let us consider what happens when either p4 or pp (or both) are relatively off-shell
(pi/B > pajp - k)2

off-shell. If we expand around the soft limit we find

We can again start from Eq. (3.81) and, to be concrete, let py be

Ak ug(pa)aE (pa) _y e Ul (Pa)ES
. ngfB> zgg/( iug (pa)u (pA)z " TCW

2m)t pY +ie AYii P2 e
i (pp)ay () e 1l (05)53 ()
p2B+ze W5 Tl 2pp - k + i€
ik
< [T FR, Ak (3.92)

This term is linear in A and so vanishes in the exact soft-limit. Therefore, at the accuracy
we are considering, we treat it as sub-leading and so set it to zero. Allowing both p4 and
pp to be relatively off-shell gives a contribution cubic in A and so is even further suppressed
in the soft limit.

Summing Eq. (3.91) and Eq. (3.92) gives the complete soft limit of graph 3.3(a). How-
ever, before we give the final result, let us consider when the soft gluon loop is self-energy-like
and attached to fermion vertices (graph 3.3(1)). We can once again start from Eq. (3.81)
and set p4 = pp. In the case that p, is relatively off-shell the diagram is cubic in A, as
we argued in the previous paragraph, and is therefore negligible. In case where p4 is on-
shell, the diagram is proportional to p2A and so is also equal to zero; see Eq. (3.87). Thus,
we can combine the self-energy-like graph with graph 3.3(a) and find the complete leading
contribution from soft gluon lines forming loops attached to fermion vertices:

s Qak'™P /o ae }
)n(l):fgf>%% > / (/0 Sin9®(k°<Q)—m5AB) Ta-Tg|n),

A ,B)
pairs(A,B) dk

(3.93)

24The case where pi‘/B < payB -k but non-zero reduces to the same form where p4,p is exactly on-shell.

81



where A and B are on-shell fermions in the amplitude |n). The subscripts on fgf have
been dropped since pairs of fermion lines A and B are summed over.

To complete our discussion of the leading behaviour of ‘n(1)>, as a loop momentum
becomes soft, we must do two things. Firstly, compute the other possible loop topologies:
a loop gluon line becoming soft which is attached via vertices to other gluon lines (graphs
3.3(b) and 3.3(j)), a loop gluon line becoming soft which is attached via vertices to another
gluon line and another fermion line (graph 3.3(c)), a loop fermion line becoming soft (graphs
3.3(e), 3.3(f), 3.3(i), 3.3(1)), and graphs with ghost lines in the loop (the remaining graphs
in Figure 3.3). As we will shortly argue, we have already done all the hard work and these
topologies can be easily deduced from }n(l) . fg f>. And secondly, we must complete our
application of the method of regions by discussing the contributions from non-pole regions.

The soft gluon limit is universal, regardless whether the gluon is emitted from a quark
or gluon the factorised soft operator is the same. This can be quickly seen by noting that

the triple vertex in a Feynman diagram with a gluon in the soft limit can be replaced by

= g5/ [g" (p1 — p2)° + ¢"7 (p2 — p3)* + g7 (3 — p1)"],

= 29:T1g"'p7 + O(N) = =29, Tag""'p5 + O(N), (3.94)

where ps is soft. This leads to the numerator for a Feynman diagram with a soft gluon being
independent of whether the gluon is attached to other quarks or gluons; remember that the
soft limit leads to numerators of the form @s(pa + k)gsv*Taus (pa) = 29sTap'ydss + O(N)
when the gluon is connected to a quark. Thus |n(1) cfaf) = ‘n(l) : fgg) ~ ‘n(l) : 999)
to first order in A\.?> Also note that an (anti-)quark becoming soft does not contribute to
the leading behaviour of an amplitude in the IR limit since the diagrams have the same
denominator structure as those of a soft gluon but the fermion propagator numerator scales
linearly in A. Therefore soft fermion amplitudes (graphs 3.3(e), 3.3(f), 3.3(i), 3.3(1)) are
linear in A. All together, the amplitude for topologies in the form of graph 3.3(c) is

. Q akt™® 1 qe 5
’n(l):fgg>%% > / </0 : @(k0<Q)—m5AB> Ta-Tgln),

(A,B)
pairs(A,B) dk sinf

(3.95)

25This is not accidental and can be attributed to an approximate supersymmetry of QCD. At tree-level
and ignoring colour charges, massless QCD amplitudes are equivalent to those of a super-symmetric Yang-
Mills theory with gluinos playing the role of quarks. This supersymmetry constrains the soft gluon limit to
being universal at tree level [25, 27] and therefore by the KLN theorem it must also be universal at one loop.
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where A is an on-shell fermion in |n) and B an on-shell gluon in |n). The amplitude for

topologies in the form of graph 3.3(c) is

QdkAB T 46 8
1) . O = 0 — Ty-T
‘ 999> - E / (/0 0 O(k" < Q) W5AB> 4-Tgln),

pairs(A,B)
(3.96)
where both A and B are on-shell gluons in |n), and the leading behaviour of an amplitude

containing a soft fermion line is

’n(l) : soft f> ~ 0. (3.97)

Finally, ghosts also do not provide a leading contribution. To see this, consider recreating
the generalised Feynman amplitude, Eq. (3.81), however letting either the momenta p4 or
pp (or both) be the momentum of a ghost line. Depending on the diagram topology, the
loop momentum & will either be associated to a gluon or a ghost line. In both cases it
is not possible to place either pa or pp on-shell as this would require the ghosts to be in
either the final or initial state particles. Therefore, p4 and pp must be off-shell, forcing the
diagram to be sub-leading — as was the case when the fermion momenta were off-shell. For
an alternative derivation, we can consider recreating Eq. (3.81) and let both lines associated
with momenta ps — k or pg + k be ghost lines. Again, depending on the diagram topology,
loop momentum k will either be associated to a gluon or a ghost line. The case where k is
associated with a gluon line is sub-leading following the same argument as we provided for
the other ghost diagrams considered in this paragraph. In the case where k is associated
with a ghost line, the diagram obeys the same scaling in A as that of a soft fermion loop

and so is also sub-leading. Hence
’n(l) : ghosts> ~ 0. (3.98)

In total, the leading behaviour of a general one-loop amplitude where one of the loop

lines becomes soft is given by

‘n(1)> = ‘n(l) : fgf> + ‘n(l) : fgg> + ‘n(l) :ggg>

+ |0V s (g NIg = 1) + |nD s ghosts) ~ 0 Vg g [n), (3.99)
where
b (AvB) ™
—n - as dkL dg 0 . <
wVi,=2 Y [ (/0 g O <Q)”5AB) Fac e (3100
pairs(A,B) 1
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and where A and B are on-shell particles in |n). Note that since gauge transformations
cannot alter the scaling properties of an amplitude, and both |n) and ’n(1)> are indepen-
dently gauge invariant, 1nVZ7b must be a gauge invariant operator. Though we derived it
using the Feynman gauge, the same result would be found using any other gauge.

To conclude, let us finish our discussion of the application of the method of regions. As
we mentioned previously, it is not generally possible to compute the other complimentary
regions and cancel the () dependence. This is because the other regions do not factorise from
the amplitude in a process-independent way, as In V’ﬁ;b did. This implies that the scale @
is process-dependent. Complete fixed order calculations of various processes typically find
that @ should be a Lorentz invariant quantity describing the largest momentum transfer
in the process [28]. It is often the centre of mass energy, or the transverse momentum
away from the plane of a collision or interaction, or a characteristic Mandelstam variable.
The majority of the work in this thesis is process independent and so @ is left as a free
parameter. The approximated amplitude varies logarithmically with ) and so when ) can
not be precisely determined our usage of the method of regions has an error proportional to a
power of In Q/Q’ where @' is the correct hard scale. It is usually assumed that Q/Q" ~ O(1)

and so the error will be small.

3.3.2 The soft limit of a real emission

We have computed the soft limit of a single loop and seen that the soft factor factorises
from the amplitude. We know from the KLN theorem that the logarithmic divergences from
a soft loop must cancel against those from the integration over the phase-space of a single
soft external particle. As we mentioned when outlining this section, should soft emissions

factorise as [n + 1) = Sy,41 |n), the KLN theorem leads to the following operator relation

b
/ AL, 418!, Sni1 = —2Re{ln 'V}, (3.101)

where dIl, 41 is the phase-space measure for the soft particle. In the previous section we
showed that only soft loops between external on-shell particles contribute to VZJ,. We also
found that the form of VZJ, was independent of the number of quarks or gluons in |n),
rather only depending on the total number of coloured particles. Therefore, Eq. (3.101)
informs us that to compute S,,+1 we only need to consider a when |n 4 1) contains a soft
gluon, j, emitted from an external on-shell quark, .26 The matrix element for this topology
is

L. i " Z(pz +pj) .
In+ 1584, ) = zgseu(pj, Aj)a(pi, si)Tiry ( In)y, (3.102)

pi +Dpj)? + ie

26We could have chosen i to be a gluon however this would have entailed slightly more algebra.
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where s; is the spin of quark 4, A; is the polarisation of gluon j, and where
u(pi + pjs sij) [7) = |n; si5) - (3.103)

Here s;; is the spin of the quark before emitting the gluon j. Now we take the soft limit,

p? = Ag" where A — 0 and ¢ is a finite 4-momentum, and keep only the leading terms:
. * o ]’j ~ 0
In+ 1555, A) = —gse, (05, A)u(pi, Si)Ti’Y“m ) + O(X7). (3.104)

Now note that in the massless limit we can use the relation (see Appendix A.1),

W(ps, s:)7"P, = Wpi 5" > wlpi + Py 51/ Ui + pjs 5i3) = 204 UDi + Dy i) 05505

(3.105)

where the approximately equal to means to first order in the soft limit. Thus
€ (pj: Aj) - pi
n4 1, \) = —gTy—L 2 2 ip 6.0 6y o+ OND). 3.106
| (3] ]> gS K3 pZ p] + t€ ‘ U> 51,845 + ( ) ( )
This has the important property that the soft limit of the emitted gluon is independent of
the spin of the particle from which it was emitted. Thus, summing over all the possible

particles, ¢, from which j could of been emitted,
In+ 1) = Spi1|n) bs,.,s,, + O(A), (3.107)

where
2 :Z pj7 “Pi
n+1 gsly + i . (3108)

Sn+1 is known as the eikonal current. As per the previous discussion on In ng, the phase-
space for p; should be restricted in accordance with the method of regions (so that E; < E;
or an equivalent boundary). It can be checked that the current is gauge invariant by letting
€" — € + ap;, which we know via the Slavnov-Taylor identities is equivalent to a BRST
gauge transformation:

D R DY U SUEL A

Di p]—|—ze ;

(3.109)

where we used colour conservation so that ) . T;|n) = 0. Finally, we can check the KLN

theorem,

S =t 3 G ST o m A

Dir p]_“ Di - p]+Z€ ’

Dbi pz
=93> To-Tig : 3.110
; pir - pj) (i - pj) (3110
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Noting that

2(p - pj)(pi - pj) _ (pl)2
Pt Pi I

the squared transverse momentum of j in the (i, 7) zero-momentum frame, it can be checked

(3.111)

by re-labelling dummy indices for the summation over external particles that
b
/ I, 1S . 1Snt1 = —2Re{ln'V, , }.
a

3.3.3 The collinear limit of a loop

Having studied the soft limit, we will now study the collinear limit. The procedure is similar
to that of a soft particle but with two key differences: we will be using an axial gauge, which
simplifies the analysis by removing ghosts, and we will be expanding around the collinear
limit with the scaling given in Section 3.1.1.

To begin our analysis, let us consider a gluon loop with loop momentum going collinear
to one of (or both of if the loop is self-energy-like) the momenta flowing through the vertices
to which it is attached. We can start from Eq. (3.85), derived in our discussion of soft gluons.
At this point we had not yet taken the soft limit but had argued that when the loop was
between off-shell momenta it was sub-leading in the IR limit. Eq. (3.85) was for a gluon loop
between two fermion lines in the Feynman gauge: replacing the Feynman gauge propagator
for the axial gauge,

d*k ciul(pa—k)al(pa — k)
n(l) . ngfB> ng / 4 sB(pA)Z’}lﬁ,yT —2pA Tk + ic

v &
B iug, (pp + k)ug (ps + k)
< ) () inf Th
—id"(q) .\ jk

where d"(q) is the axial gauge numerator (Eq. (2.80)) with an auxiliary vector gq.
Now let us consider the limit that & is collinear to p4 and that p4 # pp (graph 3.3(a)).
To help us, we use a Sudakov decomposition (Appendix A.3):

2
= zPM 4 ]j g+ Kl
k’2

where kf ~ O(X), A - 0, and P =k +p+ O()\Q).27 g" is an auxiliary reference vector used

to define the decomposition. We have chosen ¢* to coincide with the auxiliary vector in the

2T Technically before using this decomposition we should have performed one of the k integrals, the residue
of the € pole places k on-shell which the Sudakov decomposition exploits. However this does not effect the
power counting argument.
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numerator of the axial gauge gluon propagator. Power counting lets us see that the integral
measure is cubic in A and denominators are quadratic. Once simplified, the numerator will

necessarily have the form
numerator = (ap’y + Bk*)d,w (q)('p'y + B'K*) (3.114)

where a, 3,a’, 8’ are Lorentz invariant products of momenta. Note that in the axial gauge
ktd,,(q) = 0, and as k is going collinear to p4 it is also the case that p/id,.(q) = O(N\?).
Therefore the configuration from Eq. (3.85) is sub-leading in the collinear limit (it is O())).

In order to get a configuration which is leading in the collinear limit, we require that
pa = pp- In the previous section we have argued that p4 = pp can only occur at our level of
accuracy for self-energy-like topologies, where A and B are the same particle (graphs such
as 3.3(1)). Therefore, in the axial gauge, a collinear gluon loop joined by vertices to quarks
is only leading for self-energy-like topologies. This is a general feature of the axial gauge,
and using a similar approach to the one above it can be shown that only self-energy-like
topologies of loops dressing on-shell particles contribute to the leading collinear limit.

Let us now focus on a self-energy-like gluon loop dressing an on-shell quark (A) in the

amplitude ‘n(1)> (graph 3.3(1) either of the two ovals removed). The amplitude for this is

‘n(” : quqA> ng

iud(pa — k)ul(pa — k)
—2pa - k4 i€

B (pa)infy Ty

iul (pa)ud (pa) —id"(q)
P+ ic k2 + ie

x 7§ T, k. (3.115)

We can re-express this as

d'k iul(pa — k)u(pa — k)
n(!) 3QAQQA> ng/ L f(pA)Wg7 —opak+ic

ZUY/I (pA) id'wj(Q)
X iy — T2 . 3.116
oy 1)21 +ie k2 +ie alm ( )

Performing the residue integral over kY picks up a pole forcing k on-shell. We can use the
Sudakov decomposition so that (after some lengthy algebra which is shown in more detail

in the next section®®) the leading part is given by

dk dzd
n®:gagas) / L / 249 b (2O T n) (3.117)

where Py,(z) is the ¢ — gg splitting function:

1+ 22

28Better yet, the algebra can be quickly performed in a bespoke computer program such as Mathematica.
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©(k) is a theta function, ensuring that k is integrated only over a region consistent with
the method of regions, i.e. k; < @ some hard scale and z < 1 ensuring both p4 and k are
on-shell.

As we previously explained, leading collinear terms come from loops which are self-
energy-like. There are two further self-energy-like diagrams we can consider: g — qq@ — ¢
(graph 3.3(i)), and g — gg — g (graph 3.3(j)). There is no further subtlety in computing
these loops, rather one must just “turn the handle” and get through the algebra. As we go
through the algebra in the next section on collinear external particles, we will just state the

answer for now. For g — ¢¢ — ¢,

n®:grqga) / Ak / 0 ()0 ), (3.119)

where
Pyg(2) = npTr(1 — 22(1 — 2)). (3.120)

Here ny is the number of light quarks (which can be approximated as massless), typically
taken as 3 for QCD. Ty = 1/2 is the usual group theory normalisation constant for SU(3)

generators in the fundamental representation. For g — gg — ¢ ,

dk dzd
n®:gag9a) / L / 249 (2)OR)TA [n), (3.121)

where??

Puole) = (01 + 12+ 157). (3.122)

—Z z

Concluding this section, the collinear limit of a single loop factorises from a one loop

amplitude as

‘ (1>> ~ Vg n), (3.123)
where
dky [dzde
V7, = —22 / =L / (Paa( T8 + Pag(2085 + Py ()T40Y)
(3.124)

and where A is an external particle in |n), and 5%)

(9))_

(vice versa for &

= 1 when A is a quark and zero otherwise

0ften Py, is defined with an additional factor of two. This is in relation to its role in initial state
radiation from hadrons, discussed in Section 3.4.2.2. It is also with relation to initial state radiation that
the splitting functions P are labelled with indices, therefore for final state particles Py 44y = Pyrs.
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3.3.4 The collinear limit of a real emission

We will now compute the leading behaviour of [n + 1) in the limit where one of the external
particles becomes collinear to the momentum of the particle line to which it is connected
by a vertex. We will assume that all particles in |n + 1) are outgoing as this simplifies
matters by removing flux factors and symmetry factors for initial state particles (discussed
in Section 3.4.2.2). The KLN theorem requires that the logarithmic divergences from the
integration over the phase-space of the collinear external particle are exactly equal and

opposite to those from a collinear loop, which factorised as

‘n(1)> ~ VT, [n). (3.125)
Therefore |n + 1) must also factorise in the collinear limit so that

In+1) ~ Cpi1n), (3.126)
where

b ~
/ dIl,41C 1 Cni1 = —2Re{ln V7, }, (3.127)
a

and where dIl,, 41 is the phase-space measure for the collinear particle. a and b limit the
transverse momentum of the collinear particle.? We know that In \72;1 has a colour struc-
ture proportional to a Casimir operator, originating from self-energy-like loops on external
legs. C,4+1 must also have this structure and so we only need look at Feynman diagrams for
collinear particles attached to other external legs and can assume that interference terms

give sub-leading contributions to the overall cross-section.?!

q9— 49

First, let us consider the case that the collinear particle is a gluon and is connected to an
external quark. We can think of this as a 1 — 2 particle transition where the quark splits
into a quark and a collinear gluon, hence this process is labelled as a ¢ — qg splitting. The
matrix element, assuming the quark and gluon are in the final state, is

. iy, +p;)
In+ 1585, Aj) = igse,(pj, Aj)u(pi, Sz‘)Tzﬂ“( !

—|7), 3.128
pi+pj)2+7,e| ) ( )

3%Note that in Eq. (3.101) a and b limited the energy of the emission, whereas here a and b limit the
transverse momentum. This is because an infra-red cut-off on energy regularises soft divergences but not
collinear divergences. Whereas transverse momentum regularises collinear divergences. In fact, transverse
momentum can also be used to regularise soft divergences, however we chose to use energy in the initial
presentation of S, 11 as it gives the intuitive picture that soft radiation comes from low energy gluons.

31These statements rely on the fact we are using the same axial gauge to compute [n+ 1) as we did to

compute ’n(l) > Other gauges are less simple as they allow for Casimir operators to appear from interference

between not-self-energy-like terms.
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where p; is the gluon momentum, p; the quark momentum after splitting to produce the

gluon, and where

—1/2-

u(p; + pj, sij) |0) = 27 2a(pi, si5) [R) = |ns s45) - (3.129)

si; is the spin of the combined ij particle, and T;; the colour charge of the combined ij
particle. Here, and throughout this section, the approximately-equal-to sign means to first
order in the collinear limit where p; goes collinear to p; with collinear scaling given in
Section 3.1.1. We are using the same Sudakov decomposition as in the previous section
and as given in Appendix A.3, note that z ~ E;/(E; + Ej). Looking only at terms with

Lorentz/spin structure in the numerator of Eq. (3.128):

L= e (p)ulpy™ (p; +p,) 7)) = eulpj, Aj)ulpi, sV > wlpig, sig) Wpig, sij) [

sij
. 5 0 ot
= €,(pj, Aj) (Xa(pz',sz')vxi(pusz')) ( .y Oaﬁ >
Xﬁ p 75 ) ~ AN A
X Z( ' ;j ;] ) > <X7(pijaSij)aXT‘y(pijvsij)) 7)), (3.130)
17 Sij
where p;; = p; + p;. Taking the massless limit of the Weyl spinors,
. . i - L ()
€ =6,(pj: )X (i )0t X7 (01 3) (X (i 3),0) [7)., s, 2 (3.131)

* — 5 AN\ (_l)
+1
where (5§ 2) is unity when spin s = :l:% and is zero otherwise. Looking term by term at
each separate combination of spins, labelling £ and |n) appropriately, and using the spinor
helicity notation from Section 3.1.3,

L, =pil"€ (s +) - 0,4 i) (X7 (pigs ), 0) 7)., = ﬂ%ﬁ {apij) |ns +545) » (3.133)

and

o j - . pigq
Sy =il =) 005 10" (X (0ig2 3),0) [2), = vz (pjpi) |n: +3i) - (3.134)

[qp;]
As in Section 3.1.3, ¢ is a reference vector used to specify €*. Changes in ¢ are equivalent
to gauge transformations. By the CP invariance of QCD, £y, = £, 32 we can

immediately find

(pip; >
L., = —/2 lqpij] } n; 2”> (3.135)
[ap;]
32Depending on the sign convention for spinor v, this could also read Lsis; = S*_gl_gj,
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<Pz'€1>
£ Lo~ =22 i
n <qp ) ;]

n; — 2w> (3.136)

Each £, can quickly be expressed as a function of 2 and single spinor bracket of p; and
pj, and the colour algebra can be reduced, by applying the KLN theorem to match our
calculation back to the loop calculation in the previous section. Note the following gauge

invariant ratios,

(n;+3i5] L4, ~ _ZM = —ze'0*i%s
(ni+335] L1iv, pip] |
(i =gul Sy | tvid) loomil am)
(n; +3i5] L4, [pip;] (apij) (ap;)

(n:—gi| &y (oms)
(ni+3u] ey~ [oin]

%

i

= —¢0+i%; | (3.137)

where ¢+iFi is a complex phase that can be found using the representation given in
Eq. (3.39) to compute the spinor products. The squared matrix element for the ¢ — gg
splitting is

g2T; - T;

n+1ln41)y=2""1
(n+1fn+1) L

(G OV L ORI O B
(3.138)

Inserting an identity operator, ZSH |n; +si5) (n; +s4j], between each S}lisjﬂsisj, and using

the ratios just given, we find that

2T - T
gS 5 (1
2(pi - pj)

Applying the KLN theorem to the cross-section, it is required that

n+1n+1)~ 2%) ((n; +345] £+i+j)2, (3.139)

! 2 2pi-pj
({75 +5i5] L4i4;) " = G127 (3.140)
From this we can write the complete spin dependent ¢ — gg splittings:
n+ Ll > +L 1) ~ LiC TR T Y P (3.141)
n » T3 21 T 45) ~ Ys Cr(1+ 22) (p;ps) ’ ’
2
o 1 N 2%Pyq 1
iy o b ) ma g T L T, e
a1 1 ~ 7*Paq !
‘n + 145 = i — 1) A Cr(1 + 22) [pipj]Tij ’n, +3i5) (3.143)
P 1
L1 1 ~ aq
In+1i—5i = —5i — 1j) ® g Cr(1 + 22) [pipj] Tij |15 —3i5) » (3.144)
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where we have labelled the spin/helicity states of each particle involved after the semi-colon.
All other combinations of spins and helicities are 0. This was derived for the case of a quark
emtting a gluon, however the functions § — ¢g functions are easily retrieved by letting

5§ = —s (an application of crossing symmetry and CP invariance).

q9— g9

The ¢ — gq splitting can be evaluated by making the combined transformation (p; <>

pj) A (2 =1 — z) on the ¢ — qg splitting:

P 1
a1 1\ ~ I PASS
n 4+ 1450 = +li+ 35) © \/CF(Q ;Z 122 (pipj>T” |25 +3i5) (3.145)
|n—}—1'—l"—>+1'—l'>"’ (1 —2)*P 1 T;i n'—l-‘> (3.146)
21 ? 27 CF( — 22+ 22) <plp‘7> ) v 22U/ .
y T3ij i 27 s CF(2 22+ 22) [p p] ig |7 T 345/
P 1 1
In+1;—3i = —1; 2]>~gs\/CF( ;’i+22) [pjpi]ﬁrij n;—%ij) - (3.148)

All other combinations of spins and helicities are 0. Antiparticles are handled in the same

fashion as the ¢ — gg splitting functions, by letting § = —s.

g9 —qq

Now let us consider when the collinear particle is a quark and it is connected to an external
anti-quark. This is thought of as a 1 — 2 particle transition where a gluon splits into
an anti-quark and a collinear quark, labelled as a ¢ — ¢q splitting. The matrix element,
assuming the quarks are in the final state, is

0**dy (pi + ;)
Lsi 2y — it 57 0 (s ;) 0w \Pi T Dj) oy
|n+ 7317$j> g u(pjysj)7 U(pusz) (pl_i_pJ)Q_i_/Le | >d7

0 ot X5 (i, 5i) eu(Pij; Nij)
:~ta(~a s ) .,,) Y B\Pi> 5i ZM SYRCE
iget” (X1 87): XalPs> 57) ghas o X" (i, 5:) — 2pi-pj I 2s)
iJ
(3.149)

where d,o(p; + pj) is the numerator of the gluon propagator in the axial gauge with a

light-like reference vector, see Eq. (2.80), and where

€5 (Pijs Aig) [7)" = [n3 Aij) - (3.150)
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Again, looking just at the Lorentz/spin structure of the numerator of Eq. (3.149) in the

massless limit:

£ = Xy, 5)0 X P (01 50) Y €ulpigs Aig) s Agg)”

‘f‘XL(p])S])UHaB pusz ZEM nga ij ’n )\’l]> s
Aij
+3) (+ (—=3) <(=3)
= Z[pj|0 €(pij, Nij) |pi) s Aig)* o sz *70s, +Z (pjl & - €(pijs Aig)[pi] [ns Aij)* bs, 2 ds; %',
Aij Aij
(3.151)
which can be split apart by spin state and simplified as
’2+ij+i ~ 2(1 - z)w ‘n; +1ij> ) (3152)
[Pijd]
[pjpi {api)
L4, mV2 T s - 3.153
1]+1 <pqu> ‘ .7> ( )
£+ij -~ \/7<pjpz> [qu] In ;+1ij> ) (3.154)
[pijq]
(Pja) [pjpi]
L ox/21—2) " n;—1;). 3.155
1) ( ) <pqu> | ]> ( )

By CP symmetry £+, = S*_ij_i and £, = Sii],_i. Again, we can use the KLN

theorem to express these splittings in Sudakov variables:

(1—2)2P, 1

In+1L+1; = +3i +35) ~ g o _qi) o] In;+145) (3.156)
22P, 1

|n + 1; —1ij — +%i + %J> 1 — 2z(lqg_ Z) <pjpi> |n; _1ij> ) (3'157)

2
] 21 9] 9s —22(1—2) [Pz ;] i

1—2)2P 1

In+13—1; = =% — 45) ~ gs U= 2) Py [n; =145) - (3.159)

1= 2:(1-2) (oymi)

Here we derived the g — @q splitting functions. The g — ¢g splitting functions can be

found by the combined transformations (p; < p;) A (z — 1 — 2).

g — 499

Finally we consider when the collinear particle is a gluon and it is connected to an external
gluon. This configuration can either originate from a gluon triple vertex or quadruple

vertex. Quadruple vertices are sub-leading in the collinear limit as they necessarily have



fewer divergent propagators.®® Thus we are looking to compute the matrix element for a
g — gg splitting via a triple gluon vertex. As we have now laid down the foundations for

these calculations several times, we shall skip straight to

£ = ea(pi M) 03, Ny) (9770 — 2i)

—g” (2p; + pi)™ + 97 (2p; + p;) )Zey Pijs Nij) 73 Aij), (3.160)

Aij
= € (pis \i) - € (05, \) D (py — i) - €(pigs Mij) [ Aij) (1)
- 25 pu - Dj Z pj: p’L]7 z]) ‘n )\z]> (2)
+2€"(pj, Aj) 'Pize (Pi, Ai) - €(pigs Aig) 5 Aig) - (3) (3.161)

We can express each line in terms of spinor products,

(1) 1 ((mﬁ“!d (Pj|5u|Q]>* . _
g i — i) - €(pij, £1i5) |n; £145) = 0,
2ot =3B\ g g ) TP P El) L)

1 ([pilo*|q) [pjlowla) \*
el = ( i\op ) e(pii,£1i) s 1) = 0, (3.162
i2]_> i g 2\/§ <p7,q> <p]q> (p] p) (p] ])| .7> ( )

by the Fierz identities (see Appendix A.2). Similarly

(2) _ o2 _ o3 _ a0 _
S‘Fij‘)ii*j - S*ijﬁiﬂrj - S‘Hj*)*iij - 27ij‘>+iij =0.

Consequently, £x,. 4.+, = 0. Continuing with this line-by-line and term-by-term ap-

proach,
L (pi;F| (pj — pi) - 0% |gF)

o) = - TN T n; 1) . 3.163
tii—+i—; \/5 <pij:l:’ Q¢) ’ ]> ( )
2 (gl p; - olpi]

e? o= 2&7 In: —i;) - (3.164)
3) _ slapi-olpy)

SJrij%Jm‘*j - \/QT]] |n7 +ij> ) (3'165)

33We can also argue that quadruple vertices are sub-leading by looking to the KLN theorem,
/dH7L+1Cn+107L+1 = —2Re{an"+1 .

The right-hand-side is O(as) whilst including a quadruple vertex into Cp41 would generate an O(a2) term
on left-hand-side.
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where the first line borrows notation from Appendix A.2. Therefore

| [z ipg) bl 1= 2 (pjpi) [Pid] lgpi] (pipj)
£+z‘j—>+i—j ~ [\/; [Zjijn]] - 9 J[pijn] + ﬁi[qu] J
o\ ) 1)

| [zl (pie) |1 =z lpipil (pia) 5 (aps) [pipi]
S—ij—H-i—j ~ ! 9 <pijQ> 2 <pijq> vz (piq) ]
oV s 1)

Again using CP invariance, £)..sx.x, = £*y . .., and therefore
’ ij iNg )\Z]*} i )\J’

223
S—ij—>—i+j ~ = 1— 2 [pipj] ’TL; _1ij> :
2(1 —z2)3

z

’8+ij_>_i+j ~ <pipj> n; +1ij> :

Finally, by applying the same approach we also find that

2
Srimrtity M| =y sl s +ig)

And so, the full spin dependent g — gg splittings are

1

nA LAl =+ + 1) A gey |
| 9 L R e T

Tij [n; +1ij)

In+1;4+1; - -1, —1;) = 0,

In+1;4+1;; = +1; — 1) = gs é@Tij In; +1i5)
In+ 1415 = —Li + 15) ~ gs u _Zz)g [p;]’ﬂ‘z‘j s +145) 5
In+1; =15 = —1; — 1;) = gs Z(ll_z)[p;ﬂ']rij In; —145)
In+1;-1; = +1;+1;) = 0,

In+1;—1;; = +1; — 15) = gs u —22)3 <m1pi)’]rij In; —1i5) ,
In+1;—1;; = —1; + 1) =~ gs 1z_3z<mlpj>’]hj In; —1;5) .

In; +145)
(3.166)
In; —1i5)

(3.167)

(3.168)

(3.169)

(3.170)

(3.171)
(3.172)

(3.173)

(3.174)

(3.175)
(3.176)

(3.177)

(3.178)

We now have everything we need to provide a complete definition for C, 1. However,

due to the large number of relevant spin states and transitions, the final expression for C, 11

is lengthy. It is given in full in Section 4.7.
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3.3.5 (Generalisations

Higher orders

Thus far we have derived the leading singularity structure for first order corrections to an
n particle tree-level amplitude, |n). We saw that the IR?* singularities factorise from |n)
and can be handled as operators which act on |n) to ‘dress’ the amplitude with the leading
corrections from QCD radiation. The operators are related to each other by the KLN
theorem, ensuring poles cancel once first order corrections are inclusively summed over. It
is now pertinent for us to discuss the generalisation to higher order corrections to |n) from
QCD radiation.

We begin by looking at ’n(2)>, the two loop correction to |n). In our previous discus-
sions on soft and collinear loops we argued that loops between relatively off-shell particles
are sub-leading in the soft and collinear limits since the off-shell momenta screened the
propagator divergences. Consequently, In VZJ, and In Vg’b only recieved contributions from
loops between on-shell external legs. This argument holds regardless of the number of addi-
tional loops included in the internal structure of |n) provided those loops are also relatively
off-shell. Therefore, to analyse ‘n(2)> we must make further use of the method of regions.
Let the two loop-momenta in }n(2)> be k1 and ks. We must divide the regions of the loop
integral as

4 4 4 4 4 4
/m/ ((12:)24 = / ((12:)1 /éf)i@(ku <ky1) +/((;7f)1‘1/((;:)2‘1@(k“ <kii),
(3.179)

where k1, and ko | are transverse momenta which parametrise the divergences from the
propagators in each loop (i.e. placing a IR cut-off on both these transverse momenta
regularises the IR divergences). We use transverse momenta as they have consistent scalings
between both soft and collinear divergences and so the dicussion in this section can be
applied to both limits (see Section 3.1.1 where in both cases transverse momenta are linear
in \)). ©(ke 1 < ky1) is step function.

There are three sets of topologies we must consider when analysing ’n(2)>: when both
loops k1 and k9 are attached with vertices to relatively off-shell particles, when only one of k;
and ko are attached to vertices to on-shell particles, and when both ki and ko are attached
to on-shell particles. The first case, when all loop vertices involve off-shell momenta, is
sub-leading following our previous arguments. The second case is most interesting. Assume

ki is attached to on-shell momenta and ko is not. Only the ©(ky | < ko 1) term is leading

31Some authors refer to the class of singularities we have studied thus far as IR and collinear (IRC),
reserving the term IR for just soft singularities. As all IRC singularities can be regulated with a shared IR
cut-off (i.e. gluon and quark masses or a transverse momentum cut-off), we are not so careful and will use
the terms IR and IRC somewhat interchangeably.
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as when ko, < k1, the IR divergences are regularised for finite ko . If both ko | and kq |
go to zero at the same rate then the loop integrand in the ko | < ki, region can diverge
(as Ky is allowed to go to zero) but the region of phase-space where this can happen is
infinitely smaller than the region where ko | and k; | go to zero individually.?> This combats
the divergence forcing the ky | < k1 | term to be sub-leading, for example

Y dk Yy
/ “/ dka) =yl ? + 2 -y, (3.180)
T le kq 1 X

diverges logarithmically as x — 0, whilst

Yy v dk
/ dm/ L (y—2)lny+(y—a) +oln—, (3.181)
x le li— yy/ac

does not diverge as z — 0.3 Finally, in the third case where both loop momenta ki and ks
flow through vertices of on-shell particles both regions are leading. In this case our labelling
of k1 and ko was arbitary and so if we sum with the contribution where the two loops were
oppositely labelled a factor of 1/2 must be included. We can additionally note that when

the integrand is symmetrical under the exchange of labels 1 and 2,

1 [ d*% d*k d*k d*k
2 ] o ] e = [ e | et <t .

In all, summing over all the possible topologies for the loops (of which only loops from

on-shell particles are leading), applying the method of regions between the two loops, and
consistently re-labelling the most divergent loop momentum as ks; and the less divergent
loop momentum ky, (i.e. so that ks < kp, 1), we find that in the soft loop limit the leading

divergences are given by
‘n(2)> ~ IV (ks 1)O(ks 1 < kn 1) )n<l>> , (3.183)

where In V&Q(ks 1) is found by substituting k for ks in In V&Q. Similarly, in the collinear

limit,
’n(2)> ~ In Vi o (ks 1)O(ks 1 < kn 1) ‘n(1)>. (3.184)
Applying the results of the previous sections, in the limit that both loops are soft,

‘n(2)> ~ lnvng(kSJ_) lnvng(khL)@(ksL < khj_) |TL> = lnan(k‘sL) IHVZSL,Q(khJ-) \n),
(3.185)

35In fact the region is one dimension lower, k2 ;| and ki1 going to zero at the same rate defines a line
through phase-space whilst each going individually is a plane (of which the line is just one path across).

36In QCD amplitudes it is often the case that terms equivalent to ko < ki1 do diverge, however they
never contribute to the leading divergence because of the argument we have given.
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and in the collinear limit,

[n®) % 10 Vi g (ks 1) I Vi g (kn 1)k 1 < kn 1) [0) =0 Vi (ks ) VE, | o(kn 1) n)
(3.186)

This is known as ‘strong ordering’. Here a transverse momentum is used an ‘ordering
variable’ (i.e. it appears in the step function because of our application of regional methods),
however at leading-order any kinematic quantity which parametrises the divergence and
scales with A could be used. Strong ordering extends simply to higher orders, i.e. the

leading soft divergences from |n(m)> are given by
‘n<m>> ~InVio(kn )IVy  o(kmo11)...In V| olka ) IV, | o(k11)|n). (3.187)
Strong ordering also extends naturally to consecutive soft or collinear external particles.

Combining soft and collinear operators

We have derived operators for dressing an amplitude |n) with the soft and collinear pole
structures from higher order QCD corrections. It is natural to ask if we can combine these
operators into a single operator. The definition of such an operator is a central part of the
discussion in Chapter 4 and so here we will only outline a key feature of the procedure:
double counting. We have introduced two operators for 1-loop IR divergences: IDVSL’Q
which handles soft poles, and In {/_3@ which handles collinear divergences. However, it is
possible for a loop to become simultaneously soft and collinear. This limit gives the double
pole in both In VSL,Q and In V&Q. A combined operator In Vg  for both soft and collinear

divergences should have three parts:
In Vi o ~ soft not collinear + collinear not soft + soft and collinear. (3.188)

Therefore, to avoid double counting,
InVi o =InVjg+InVi, — soft and collinear. (3.189)

The ‘soft and collinear’ piece can be found by either expanding In \78’@ to leading order in
the soft limit or by expanding In ngQ to leading order in the collinear limit. Subtracting
off the ‘soft and collinear’ piece is sometimes referred to as a zero-bin subtraction since
the ‘soft and collinear’ piece integrates to zero when one uses an analytic continuation in
dimensional regulation where UV poles are cancelled against IR poles [1]. However, more
generally the ‘soft and collinear’ piece does not vanish and is the most divergent part of
the amplitude, thus providing the leading contribution to many processes one might wish

to compute.
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Unitarity

Let us consider an operator E which dresses an amplitude |n) with all the leading IR poles

from radiative corrections to the amplitude. Necessarily E'E has the o expansion

E'E =1+ /Hn+1 (CL+1Cn+1 + SL+1Sn+1>

+ lnv&g + lnvg,Q +1In \7822 +1In V&Q +O(a?). (3.190)

where we have ignored the double counting of soft and collinear poles which does not effect
this discussion. The O(a2) piece can be constructed by summing over every O(a2) strongly

ordered permutation of the O(as) operators: i.e. it will contain terms such as
/ M1 Gy Crpt Vg

and 1nV3,g(k2) In VZM,Q' Applying the KLN theorem to E'E we find that it is required
that ETE = 1. This is expected since (n|E'E|n) sums over all states degenerate with
|n), thus it is a physical LN probability, and we defined E to only contain terms with the
leading poles and therefore it only depends logarithmically on a cut-off scale regulating
the divergences. Consequently, if we integrate inclusively over all IR radiation dressing an
amplitude, the operator E must be unitary. Therefore the application of the KLN theorem
to QCD radiation is often referred to as using unitarity. Some approaches to QCD radiation
take the unitarity of operators as a guiding principle and use it to help ‘booststrap’ (reverse
engineer) a description of QCD radiation [29, 30]. It is important to note that unitarity
is an operator level relationship. By making further approximations (which we summarise
in Section 3.5 and discuss in detail in Chapter 5) similar relationships, often referred to as

parton shower unitarity, can be found between the traces of the operators.

3.4 Resummation

The core methodology explored by this thesis, for the computation of QCD amplitudes, is
perturbation theory. However, perturbation theory comes with an inherent problem: the
strong coupling is not particularly small and so the convergence of the perturbative series
is often slow at best.3”

at low scales. At the high scales of the large hadron collider as(100GeV to1TeV) ~ 0.138

Furthering this problem, the strong coupling runs, becoming large

implying each order in the perturbation series gives a correction at least 10% of the previous,

3"Here we ignore that formally the radius of convergence is zero and that a QCD perturbation series
actually forms an asymptotic series [31]. The point still stands as corrections to the asymptotic series can
remain large at high powers in the coupling.

s (Mz ~ 91.1GeV) = 0.117 & 0.002 [32].
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and at the scale of the hadrons seen in a detector ag ~ 1. Also, as we have demonstrated,
the matrix elements for QCD radiation diverge in the IR limit, with higher order terms in
the perturbation series diverging faster than lower order terms. Though poles cancel from
physical quantities by the KLN theorem, matrix elements and cross-sections can remain
large in the regions of phase-space around poles. The relative size of the matrix elements in
the neighbourhoods of poles, and the lack of a small expansion parameter, is such that higher
order terms in the perturbation series can become as dominant as lower order terms. We will
formalise this statement in Section 3.4.2 when we introduce the logarithmic expansion of an
observable. However, for now we will just take it as motivation to resum the perturbative
series we have studied so far.

The basic resummation procedure is as follows:

1. Study an nth order correction to a matrix element, M, (or cross-section, o) due QCD
radiation and, at that order, isolate the most dominant part of the matrix element by

using various approximations in limits relevant to the process being studied.

2. Write the dominant nth order correction in a closed form, factorised from the rest of

the matrix element (or cross-section), so that we can sum the radiative corrections as

Z (nth order correction).

n

3. Find a special function, F', whose expansion gives the sum over the dominant nth

order corrections and for which the expansion converges for ag < 1.

4. ‘Resum’ the radiative corrections to M (or o) by defining the resummed matrix
element (or cross-section) as FM (or Fo). This resummed matrix element (cross-

section) will now have an extended radius of convergence as as approaches unity.>’

This recipe is somewhat of an oversimplification, and there can be a tremendous amount
of work required between each step. However, it does illustrate the basic approach to

resummation in perturbative QCD.

3.4.1 Sudakov factors

The first step we will take towards the resummation of QCD radiative corrections is the
resummation of soft and collinear loops. In Section 3.3 we showed that m soft loops factorise

at leading order as

() % VG Ui VIV g1 1) Vi | gk )V, o(k11) In). (3.191)

39 As we mentioned in the previous footnote, formally the radius of convergence is still zero but FM is a
term in a new assympotic series for which higher order corrections are smaller over a larger domain.
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This achieves point one of our recipe for resummation. In this case, point two is simple.

We can sum over the corrections to all orders by defining an operator
o
Voo=>_ WVionm )V | o(kmo11)... 0V o(ke ) In Vi, | o(k11). (3.192)

We have chosen notation which is suggestive of the corresponding special function. The

series expansion for a path ordered exponential is given by

Pexp (/ab datA(a;)) :zl—i—/ dzA(z / dxl/ dzoA(x1)A(xs)

+ / da, / dr, / A A Al o (3199

where A (z) is matrix (operator) valued. It can be checked that in the limit [A(x), A(y)] =0
the path ordered exponential is equivalent to the usual definition for matrix (operator)
exponentiation. Comparing Eq. (3.192) and Eq. (3.193) we see that strongly ordered soft

loops can be resummed as
szb = Pexp (mVZ’b) . (3.194)

In Eq. (3.193) the integral over the operator and the operator are factorised. To express

VZJ, in the same factorised fashion we define

b T

—n Qg dk dé L=

InV,,= — T | E </ g 0(k,pa,pB) — Z7T5AB> Ty -Tg
@ pairs(A,B) 0

= — 1
/ T (3.195)

where 0(k,pa,pp) = O(pa - — pa - k)O(pa - pB — P - k), which is a Lorentz invariant
phase-space boundary equivalent at our accuracy to requiring k° < E4, Ep (the boundary
we inherited from the application of the method of regions). T (ki) is known as the
soft anomalous dimension matrix. Therefore, soft loops dressing an amplitude |n) can be
resummed as

o0

> [0 = Vo pny = Pexp< o / ¢ d’“r(z@) In), (3.196)

= ™ Jo dkL
where we have dropped the n superscript on operators as is usual in the literature. Va,b is
an amplitude level soft Sudakov factor.

By following the same procedure, collinear loops can be resummed into an amplitude

level collinear Sudakov factor
b
. . S dk . -
Vb = Pexp (ln Vg,b) = Pexp (—O‘/ Lr(m)) , (3.197)
where I'(k_ ) is the collinear anomalous dimension matrix.
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3.4.1.1 Anomalous dimension matrices

Anomalous dimension matrices arise naturally when we resum loops in the IR limit. How-
ever, they also appear in the renormalisation of amplitudes, affording them two comple-
mentary interpretations. Consider an n particle amplitude, dimensionally regularised at a
scale Q,

N @)=Y [n"( Q).

m

We know from the KLN theorem that IR e poles must cancel in the computation of a
physical cross-section. Just like UV poles, the IR poles have the interpretation of coming
from a universal background of quantum noise, only this time it is the low frequency modes
causing the amplitudes themselves to diverge. In Section 2.2.5 we renormalised QCD to
remove the diverging UV modes from our calculations.’ Now we consider renormalising
|N(e,Q)) at a renormalisation scale p < @ in a minimal subtraction scheme so that the

renormalised amplitude has no IR diveregences. We define the renormalised amplitude*! as

IN(e, Q. 1)) = Z7 (e, 1) IN(€,Q)) (3.198)

where we know that Z will cancel from any LN probability which is fully inclusive over

radiation up to the scale ). Z has a perturbative expansion
S
Zie,w) =1+ (%) 20 (e, ), (3.199)
0
n=1

which can be computed Feynman diagrammatically. For instance, it is clear from our prior
discussions that Z(1 (e, 1) can be read off from dimensionally regularising In szb and In ng.
Let us compute the variation in the renormalised amplitude as we vary the renormali-

sation scale,

d[N(e,Q,p)) _ dInZ(e,p)
ding  dng [N (e, Q, ) - (3.200)

This leads to the defining relation for an anomalous dimension matrix

~dInZ(e, p)

I'(p,e) = dlng (3.201)

Note that I'(u, €) is necessarily finite in the limit e — 0. Expanding to first order in the

coupling

AN, Q) 1daZ0(e,p)
T dlnp 1 dg IN(e,Q, 1)) - (3.202)

“ORemember that in a renormalisable theory the UV modes can be fully absorbed into diverging bare
parameters in the Lagrangian to leave all amplitudes finite.
4IThe following discussion is based off that which is presented in [33].
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From which it can be shown that if Z renormalises only soft divergences then at one loop
T(u,e) = %f(,u), and if Z renormalises only collinear divergences then at one loop I'(u, €) =

%f‘(u) Assuming the following boundary conditions,

p<Q, and [N(e,Q,n=Q)) =|n(eQ)), (3.203)

Eq. (3.200) has the solution

Q /
NG} = Pep (- [ ) ) @), (3.204)
I

where the € dependence has been dropped since each term is finite without a regulator
and the dependence on the hard scale prior to renormalisation has also been dropped from
|N(12)). This affords a new interpretation to V, o (and V, ). It renormalises an n par-
ticle amplitude from a hard scale Q to a lower scale p by dressing the amplitude with
the quantum noise from soft (collinear) modes that span the two scales. The anomalous
dimension matrices are interpreted as generators for the evolution of amplitudes through
the renormalisation group along paths that preserve particle number. In the preface to
Chapter 4 we give a generalisation of Eq. (3.200) to include generators for the evolution
of amplitudes along renormalisation group flows which do not preserve particle number.

Chapter 4 explores the properties of this generalisation.

3.4.2 Computing observables

Up to this point, this thesis has concerned itself with the computation of QCD matrix ele-
ments using perturbation theory. Now we will make the connection to observables: quan-
tities measurable in experiments. At a collider experiment, an integrated observable is

computed from the cross-section o for a process X — Y as
da X — Y)
2(tuh =] [ aw, u({u). {u)) (3.205)

where X is the cross-section for the observable, w; are functions of the kinematics, v; are
parameters defining the observable, and u is a function enforcing the observable on the
phase-space. The simplest observable is the total integrated cross-section, for which u =1
and ¥ = 0. Another simple observable is a weighted cross-section known as the energy-

energy correlation [34-36]:

X Y) EE;
= / ag,; 0 X = Y) 206 > ). (3.206)
i,jeY @

Here 7 and j index hadrons measured in the final state, Y, and 0;; is the angle between

them in the laboratory frame. ¥(«) is the cross-section for seeing an event in the detector
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with hadrons in the final state separated by an angle greater than a, weighted by the energy
of the separated hadrons, i.e. this observable is large for an event containing high energy
hadrons separated by angles greater than «, it is small for an event containing low energy
hadrons separated by angles greater than «, and zero for an event containing only hadrons
separated by angles less than a.

Broadly speaking, observables fall into three categories:

1. Event shape observables: these have the general form u({w;},{vi}) = O(F({w;:},{vi}))
for some function F'. Event shapes tend to be some of the most simple and best studied

observables [37-41] and will be the most discussed in this thesis.

2. Weighted cross-sections: these have the general form
u({wi}, {vi}) = ) Gr({wi})O(FL({wi}, {vi})),
k

for some functions Fy and Gi. Energy-energy correlations between various multiplic-

ities of particles are an example. [36]

3. Jet observables: these are algorithmically applied cuts to the phase-space of a dif-
ferential cross-section and sometimes re-weightings of the cross-section. They can be
challenging to express as single functions u({w;}, {v;}) but are widely used in collider

phenomenology and experiments. [42]

In this chapter, we have extensively discussed the KLN theorem, which necessitates that
whenever we compute a physically measurable quantity we must sum over all contributing
degenerate states. If we do not, cross-sections and probabilities will unphysically diverge.
The requirement to sum over degenerate states puts constraints on which observables are
‘valid’. Chief amongst these constraints is infra-red and collinear safety (IRC safety), which
requires that an observable is inclusive over exactly collinear and zero energy particles,
ensuring the cancellation of IR poles. Let us re-express u({w;},{vi}) = u({p1,p2, ... },{vi})
where {p1,p2, ...} is the set of particle momenta on which the fully differential cross-section

do depends. IRC safety requires that

u({p17p27 vy Piy e 7pj7 cee }7 {vl}) — U({p17p27 B 23 +p]7 ce. 7pj—17pj+17' .. }7 {Ui})7
(3.207)

in the collinear limit where p; + p; — EZEZE] p;, and that

u({pr,p2s- -5 pis- - H{vid) = u{p1,p2; - Di—1 Dit1s - {id), (3.208)

104



in the soft limit where p/" — 0. For example, consider the energy-energy correlation:

u({p1,p2.... },a Z ]9 (65 > ). (3.209)
i,jeY

In the limit that particle & is soft, £y — 0, we find that

E; E EE;
U({---,pk,... y & Z k 1k>04)+ Z Qj@(01]>a)
i€y i,JEY |ij#k
E;E;
5 Y S0l > @) = ulle pierpier ) (3210)
Similarly, in the collinear limit px + p; — E’“TJ;Elpk,

u({...,pk,...,pl,...} Q)
_Ekz Q2 (O, > @) +EIZQ2 Oq > o) + Z EQL;]@(QW > «)

194 19 1,J€Y |i,j#k,l
Ei(Ep + E) E;FE;
Sy B o, s Y Bl s
i€y i,jEY i,k
= U({ - Dk +pla <5 DI-1,Pl+1,5 - - - }7 a)' (3211)

IRC safety ensures that IR poles from QCD radiation cancel and that amplitudes are
finite. However, it does not prevent QCD radiation from having a big effect. As we have
discussed previously, divergences from QCD radiation are logarithmic, consequently even
after cancelling they can leave large logarithms. To illustrate this, consider a process with
a hard scale @ to which we apply an IRC safe observable defined so that u is zero if the
total energy of the particles in the final state is greater than Fjy and unity otherwise. When

computing the observable’s cross-section we will find integrals of the form,

Q4F Eo 4F ( Q )
a — - a — = o5 ln (3.212)
*Jo E *Jo FE "\ Ey

from asoftloop  from asoft external particle

As FEj is reduced the logarithm gets larger and so the soft radiation generates an increasing
contribution to the amplitude. By looking at the structure of the anomalous dimension
matrices, I'(u), in the limit x4 — 0, it is easy to convince yourself that each order in ay sees
two new logarithmic IR divergences emerge (one soft and one collinear). Therefore, the nth
order perturbative correction to a simple one-parameter (v) observable, which diverges in

the limit that v — 0, will have the form,

2™ (@) = 2O (v Z C" (v)(Inv)?> ™, (3.213)
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where C' (v) ~ O(1) or 0 in the limit v — 1. Provided that every C}(v) is finite, the
leading term in the limit that v — 1 is the a?Cg(v)(Inv)?" piece, which originates from
n simultaneously soft and collinear (soft-collinear) gluons dressing the zeroth order cross-
section.®2 For small v, where v ~ e~ | a?CP(v)(Inw)? and a2 CH (v)(Inw)? 2 give
comparable contributions to the cross-section and therefore need resumming. To this end,

we re-organise the perturbative series to the observable as

(v e o . 00 . . o o .
2(0()(2)): HZ:OO‘SCO(”)(IHU)z +n§:10456'1(v)(1nv)2 1_|_n§:1a502(v)(lnv)2 2|,

leading expansion NL expansion NNL expansion

(3.214)

where NL standards for next-leading, NNL next-to-next-to-leading, and C’g = 1. Often
this organising of the perturbative series is referred to as the logarithmic accuracy in the
expansion of the observable [40] and is abbreviated as leading log in the expansion (LLy),
next-to-leading log in the expansion (NLLy), and so forth.

The goal of resummation is to resum as much of the logarithmic expansion as possible
into a special function which converges over the full range of as < 1. However, we have a
hurdle to cross before we can do this. Throughout this thesis we have deferred off dealing
with an important part of the physics. QCD is non-perturbative at lower scales and the
particles we observe in detectors are low-scale non-perturbative hadrons. Just as resumma-
tion becomes important when accurately computing an observable with low scale particles,
so does non-perturbative physics become important at even lower scales. Along with the
resummation of QCD radiation, dealing with the non-perturbative aspects of QCD is a
substantial hurdle in the complete computation of an observable. In the following section
we discuss the factorisation of non-perturbative physics from perturbative physics. This
key feature of QCD cross-sections will allow us to compute observables using the resummed

perturbative physics that we have been developing so far.

3.4.2.1 Factorisation theorems

There are many factorisation theorems useful to the study of QCD. We have already seen
one example of factorisation when in Section 3.3 we derived the factorisation of soft and
collinear currents at first order. One of the fundamental factorisation theorems in the study

of perturbative QCD is Collins, Soper and Sterman [43-45] (CSS) factorisation. CSS showed

42Some observables are constructed such that they are insensitive to soft radiation [36] or insensitive to
collinear radiation [15]. In which case Cy,(v) — 0 in the limit v — 1 for m < n since the KLN cancellation
of double poles can go ahead without leaving a large logarithm.
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that for eTe™ collisions, deep inelastic scattering, and Drell-Yan processes non-perturbative
physics will factorise into distributions which can be independently evaluated from pertur-
batively computed cross-sections of partons (QCD particles which later hadronise to become
‘parts’ of hadrons).

The proto-typical CSS factorisation formula is that for Drell-Yan,

dopy
dyd@?
1 L dofy (8488, Q5 G as(p) 2
%b:/“ déa /xB dép < dydQ? )fa/A(éA,M)fb/B(ﬁB,u) +0 ( 3(;13) |
(3.215)

where dopy is the complete differential Drell-Yan cross-section for two protons A, B and
dc}%by is the partonic Drell-Yan cross-section for two partons a,b. fo, A(€4, 1) is a parton
distribution function (PDF) and can be interpreted as the probability density for a parton
a to be found inside a hadron A carrying a fraction of the total hadron’s momentum &4
(we make this more precise in the following section). @ is the hard scale, here the observed

invariant mass of the leptonic final state.

y:11n<q.PA>
2 q-Pg)’

where ¢ is the total momentum of the final state (i.e. ¢> = Q%) and P, p are the momenta
of hadrons A, B, and

_ y — Y
AT Pat Pp)? PA+PB ~C N\ @Par Py PA+PB

Finally p is a renormalisation scale at which the factorisation is defined (i.e. the scale of

the PDFs).
The factorisation formula for deep-inelastic scattering shares the same basic structure
dUDIS € Q dO'DIS J:A/g Q ) A(ZQCD
—ded0® Z g e O =5 | (3:216)

where dopis is the differential deep inelastic scattering cross-section a proton A and dafg
is the partonic deep inelastic scattering differential cross-section for an incoming parton a.
The similarity between these formulas (and other known factorisation formulas [45, 46])

leads to two of the core assumptions in perturbative QCD:

1. Non-perturbative physics factorises from perturbative physics as

do(X ) = do(e =) © sy () + 0 (FE2), 3
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where X is hadronic initial state and Y a hadronic final state. [46] 6(x — y) is a
partonic cross-section for an initial ensemble of partons x and final state ensemble
y (i.e. quarks and gluons). f are probability distributions for finding the parton
ensemble z (y) in the hadronic state X (Y'). Typically fx is a product of PDFs and
fy a product of fragmentation functions (PDFs but defined for outgoing particles).
The ‘®’ represents a convolution over parameters shared between do(x — y) and
Jz/xfy/v, as well as a sum over all relevant partonic states z,y. This relation is
thought to hold up to corrections O (AQ%) which are known as ‘power suppressed
corrections’. Operators suppressed by powers of the scale can correspond to larger

transfers of angular momentum [47] or other non-perturbative effects [48].

. A PDF for a parton a typically appears entirely independent of a PDF for parton b,
this motivates the principle of parton-hadron duality. This principle states that the
process of hadronisation is localised in phase-space space and consequently does not
effect the basic ‘shape’ of the energy flows of a process up to corrections O (AQ%).
This leads to the following: let Y be an operator which, up to power suppressed

corrections, maps a partonic state y onto a hadronic state Y':

5 Aqep

Y ‘y;prpr o > = ’Y;prpYQa te > + @ <CZ> ) (3218)
where py; is the total momenta of the cluster of partons in the region of phase-space
in which hadron Y; € Y is found. It is implicit that the state |y) sums over all y that
could hadronise to produce Y. Summing over all possible states Y forces Y to act as

identity operator on |y; py;, Py,, - - ), hence

. N A
S doyoy ~ S [VS1X) P = 3| (] P15 1) |2+o< ijD)
Y Y

Y
N A A
~ 1S+ 0 (222 ) ~ dox, + 0 (292 (3.219)

Consequently, parton-hadron duality implies that if we sum inclusively over the species
of hadrons in the final state of a process, then an observable computed on the process
can be equivalently computed from the partonic cross-section (using CSS factorisa-

tion).

These statements follow directly from CSS factorisation in ete™ collisions, deep inelastic

scattering, and Drell-Yan processes. CSS have also shown [44] that for suitably inclusive

observables these assumptions are also valid in proton-proton processes, such as at the

LHC. However, beyond these processes there are not currently any general proofs for the

assumptions. In this thesis we go with general consensus (for instance see these prevailing
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approaches to QCD resummation [39, 40]) by assuming the validity of these assumptions to
arbitrary processes with the caveat that p is always less than some, observable dependent,
inclusivity scale*®. This caveat ensures CSS’ work on proton-proton processes applies. In
Section 4.4.3 and later in Chapter 8 we show that if we assume Eq. (3.217) for p less some
inclusivity scale, factorisation of the form in Eq. (3.217) does not follow simply for u greater
than the inclusivity scale.

Another key factorisation theorem is that of hard process factorisation [45, 49]. This is
the factorisation of infra-red** singular terms in dé into a hard process defined without low
scale QCD radiation and an operator containing the IR singularities. In this chapter we
have already done much of the groundwork towards proving this for leading singularities by
deriving the factorised soft and collinear currents at O(«s) and arguing for the generalisation
of these currents to higher orders by using strong ordering. More generally, hard process
factorisation is closely linked to the IR renormalisation, and factorisation, of Wilson loops

in amplitudes (see [1, 33, 50] and references therein for a more detailed accounts).

3.4.2.2 DGLAP evolution of a proton

In the previous section we introduced parton distribution functions (PDFs) to describe the
non-perturbative physics of hadrons at a given scale. Let us now briefly expand on the
definition of the PDFs and summarise how they evolve with changes in scale, following
the approach in [45]. The bare (not renormalised) unpolarised (spin averaged) PDFs are
formally defined as

d(EPy)
¢p

fara(©)dg =" —/_;;‘ / dk L (Pa| bl ((€PF k1 )bas(EPF kL) |Pa), (3.220)

S

where fq/4 (&) is the PDF for finding a parton a inside a hadron A. P4 is the momentum
of hadron A. PX is a light-cone component of P4, and is defined so that P, = mi / QPZ‘r
and P3 = 2PXPX = m?. & is the fraction of momentum PX carried by a. E,Z,s(ng, k) is
a creation operator for parton a with spin s and with momentum in light-cone coordinates

_ k2
(k+7k akl) = (gpj7ﬁa

operator (the continuous spectrum analogue to the harmonic oscillator number operator).

k1). The combined operator l;jl,sl;a,s is the number density

It is implicit that this correlation function is time-ordered with an ‘out state’ on the left
and ‘in state’ on the right.
Though the state |P4) represents a non-perturbative hadron, the operator structure

inside the correlator can be computed perturbatively provided we assume ag < 1 and

43 An inclusivity scale is a scale for which all radiation emitted into regions of phase-space below the scale
is integrated /summed over completely; correspondingly leading terms from the radiation fully cancel, as per
the KLN theorem.

“Sometimes further specified as infra-red and collinear (IRC).
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therefore the scale we renormalise the theory at is 1 > Aqcp. The calculation itself requires
a fair amount of work (see [28, 45, 51], ordered in accessibility), however the bottom line

answer in d = 4 — 2¢ dimensions has the form

Jaya(€) = 0aad(1 = &)

1 o 1 oy

— - CASPaa(©) +-Ch Y [ A Poa(€)dand(1—€) +O(aZ, ). (3.221)
bA€{qq,99,99}

Here A is assumed to be purely partonic*®, P4, is an appropriate collinear splitting function
determined by the colour charge of A (derived in Section 3.3), Cj is the Casimir colour
factor that comes with each splitting function, and S is a symmetry factor that originates
from particles which are considered indistinguishable in the final state being distinguishable
in the initial state®. The zeroth order term corresponds to when hadron A is parton a. The
first order term has two parts, the first part comes from hadron A being identified as a parton
which has emitted another parton into the final state — in doing so A transitions so that it
contains parton a with a momentum fraction £. The second part of the first order correction
(proportional to §(1 — &)) is the one-loop correction to hadron A being parton a. Ultra-
violet divergences have been renormalised and cancelled from the calculation. Importantly,
there is one uncancelled IR divergence of collinear origin (the soft limit is found when
& — 1, and the soft divergences cancel in this limit). The origin of this divergence is a
failure of the KLN theorem, which was perturbatively derived. In the KLN theorem, loop
divergences cancelled divergences from external particles because the external particles were
indistinguishable. However, in this calculation the symmetry factor S has appeared and
Jaja 1s sensitive to the momentum fraction of a even in the exact collinear limit, spoiling
indistinguishability. Both these properties prevent the cancellation of the collinear pole. It

is typical to re-write the first order correction in the form

faya(§) = 6440(1 =€) — %% A (€) + O0(a2, ). (3.222)

where P,4(&) are the Altarelli-Parisi splitting functions [23]:

Put©) = (Y25 ) =o [+ 500 -9).

1-¢ 1-8)+
Po©) =2s (S + 60- 9+ 15 ) 4 116~ angT)s(1 - )
qu(f) = CFqu(§)> qu(f) = qu(@- (3-223)

43je. A is an ensemble of exactly collinear quarks and gluons with a combined colour charge equivalent

to that of either a quark or gluon.
46ie. after a 1 — 2 parton transition it matters which parton is in hadron A or was emitted from hadron
A, whereas in the final state switching the two partons is nothing more than a re-labelling. Hence, for a

transition g — gg, S = 2.
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Here we have used the ‘plus prescription’ which acts as a distribution on a function g defined
by the relation £(¢)+9(¢) = £(€)g(€) — F()g(1).

The single uncancelled IR divergence can be removed by renormalising the PDF's, leading
to the scale dependent PDF's used in the factorisation theorems of the previous section. The
renormalised PDFs obey a renormalisation group equation called the DGLAP equation
(after Dokshitzer [27], Gribov [52], Lipatov, and Altarelli & Parisi [23]). The DGLAP
equation is

dea/2(§7 n o
1

1
> /é % o) Pav(2) foya(§/ 2, 1) (3.224)
b

s

In Section 4.5 we provide a re-derivation of the DGLAP equation (with a fixed coupling con-
stant) from the formalism we develop in the following chapters. We can see from Eq. (3.224),
which only depends on collinear splitting functions, that the DGLAP equation is only re-
summing the collinear radiation surrounding the hadrons. To this end, CSS factorisation is
often referred to as collinear factorisation since the factorisation formulas can be interpreted
as collinear radiation surrounding hadrons factorising from the rest of the cross-section. For
inclusive processes, it is typical to let u ~ @, the hard scale of a process, which has the
affect of resumming all the collinear radiation dressing the initial hadrons into the PDFs.
This scale choice allows one to think of the initial state hadrons as coherent wave packets
which interact in the hard process, and has the effect of minimising logarithms in u/Q
that emerge from the renormalisation procedure and reducing the size of power suppressed

corrections.

3.4.2.3 Resummation of an observable

Now we have discussed the factorisation of non-perturbative physics from perturbative
physics, we can proceed to discuss the resummation of large logarithms in the perturbative
expansion of an observable. We have already seen that loop contributions can be resummed
into exponential functions (Sudakov factors). We have also studied the KLN theorem, which
required the logarithmic divergences from loops to cancel against those of external particles.

Let us look at the effect this has on the computation of an observable at first order:

[T [ g Gt o)

SEO) S s 12
%H/dwin qu. 1+ Zicb O
i 3 Wi W|Mn |
d®y, (0) * 5 r(1)
+ —l—O(OéS) u({wi},{vi}), (3.225)

0
S it 1
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where M,(l ﬂ)) is an n particle matrix element with m loops and dressed with p soft or collinear
real particles, and d®,, is the n parton phase-space measure. da,(f’) is often referred to as
the hard process cross-section (so called because it is without soft and collinear radiation).
On the RHS we have only kept the leading divergent pieces of the matrix elements, these
are the pieces that will produce large logs: i.e. the third line will be proportional to an

anomalous dimension, Re{ [ G}f—jl“(k: 1)} Let us assume that the observable factorises as

wo({wi}, {vi}Jum ({wi}, {vi}) so that

I f o i 0 G o) T o) )

= 2O {wv;}) H / dw; / dq)”*m m({wi}, {vi}), (3.226)

where £ ({v;}) is the zeroth order (Born) cross-section of the observable. If this is the

case, then the KLN theorem can be used so that the first order correction is written as

“WM%P2ﬁﬂMMMWm%

=0 ] [ av T diif’ ,Mm)‘ﬁ ) e

dq)n«l»l

Wi n 1|2
— 5O ({u;} H/ H dw; 7(;) (1 — ur({wi}, {vi}))- (3.227)

| 2

If up is unity in some allowed regions of phase-space and zero elsewhere (for example u
is an event shape observable), this relation implies that the first order correction to the
observable can be computed by integrating the soft/collinear loop contribution over the
regions of phase-space not allowed by the observable. As we have shown, logarithmically
divergent terms from loops exponentiate — resumming their large logs. Therefore, should this
pattern continue to higher perturbative orders, we can postulate an ansatz that perturbative

contributions to the resummed observable exponentiate in the following form:

d®Ppq1 (0) 2

l_[.
—I1; [ dwi %(1 u1 ({wi},{vi}))
dO' I CI>n |]\/j(0)|2
dw; ————u({w;}, {v;}) =~ 2O ({v;})e I d
[T/ sy o wids o) = 30

(3.228)

For many observables this is indeed the case and this ansatz correctly resums the LLy
logarithms, sometimes referred to as doubly logarithmic (DL) accuracy in the resummation.
In Section 4.5 we demonstrate that the ‘thrust distribution’ [37] resums in this fashion at
DL accuracy for an eTe™ hard process and discuss observables for which this approach to

resummation fails. Shortly we will describe a broad class of event shape observables (rIRC
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safe observables) which resum in this fashion at DL accuracy for ete™ and proton-proton
hard processes.*”
The generalisation of the ansatz for the resummation of a one-parameter event shape

observable in Eq. (3.228), to arbitrary logarithmic order, is

H/ daX—>Y) -

= H/dwzdao X _>‘Y) Fx_y(as, L)ug({w;},v), (3.229)

where L = In(1/v), and where

Fx_y(as, L) = (1 4 Cag))eloresDtazasl) 42,0 agont2(osL) (1 4 §(axL) + D(v)).
(3.230)
Each function on the right-hand-side of this expression goes to zero as their argument goes
to zero. S(asL) resums non-exponentiating terms, the most common of which are ‘non-
global logarithms’. An exponentiating observable is one for which S = 0. Lg;(asL) is the
leading-log piece (LL). It resums all of the LLy terms and sometimes other sub-leading
terms in the expansion. gs(asL) is the next-to-leading-log (NLL) piece. In exponentiating
observables, the LL term plus the NLL together resum the LLy and NLLy, terms as well as
many further sub-leading terms in the expansion. D(v) is a ‘remainder’ function that does
not contribute logarithms to the resummation.
We can let X be a hadronic state with n hadrons and use the CSS factorisation of

non-perturbative physics so that

H/ zdglo—[w(;}]y> ® ([H fi(ws, pr)

=1

Fry (as, L,MF,%)) uo({wi}, v),
(3.231)

where f;(x;, ur) is a PDF for the ith hadron at a factorisation scale up ~ @, the hard scale
of op(x — Y), and ‘®’ is the usual convolution over momentum fractions, x;. F,_,y has

been modified so that functions gj~1 gain contributions from the running of the PDFs,

fz 1’17 )
E J s E In 7 3.232
% gj+2 asL) 5 xznuF) ( )

where V(v) is some function of v that enforces the phase-space boundaries from the ob-
servable restricting collinear radiation from the initial state.*® Note that only collinear di-

vergences contribute to the renormalisation of the PDF's, hence they contribute only single

“TThe thrust distribution is an rTRC safe observable [53].
“8Restricting the phase-space of collinear radiation from the initial state changes the first term on the
second line of Eq. (3.221) and therefore modifies the renormalisation of the PDFs.
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logarithms (at most O(aZ*L™)) as double logarithms come from soft-collinear divergences.
Therefore the running of the PDFs does not contribute to Lg;(asL).*

We have presented the ansatz for an exponentiating observable without giving a state-
ment on which observables it is applicable to. This is because a general statement on which
observables will or will not resum into this form, at an arbitrary accuracy, is not known.
However, it has been shown that a broad class of observables, known as continously-global
recursively IRC (rIRC) safe observables, exponentiate in this form at NNLLy accuracy
[39, 40] for proton-proton hard processes® and will have this form at NNLL accuracy for
ete™ hard processes [41]. The precise definition of IRC safety is technical®'. However,
in summary, continuously-global rIRC safety defines a class of one parameter event shape
observables which have the form u({w;},v) = O(V({w;}) — v) where

e V({w;}) is global, meaning that it is sensitive to radiation emitted into all parts of

phase-space.

e Following globalness, V' ({w;}) must be continously-global. This requires that V ({w;})
has a uniform scaling across all parts of phase-space under the variation of the trans-
verse momenta of soft and collinear radiation: i.e. for an arbitrary soft or collinear
particle ¢, across the i’s complete phase-space V ({w;}) ~ k¢, for some constant power

a.

e rIRC safety requires two things: that V({w;}) has the same scaling properties under
the variation of the momenta of multiple soft and collinear partons as it does under the
variation of the momentum of one soft or collinear particle, and that there exists some
scale ev for which radiation satisfying V ({w;}) < ev does not significantly contribute
to the observable ¥(v), i.e. a phase-space restriction V' ({w;}) > ev can be consistently
applied as an IR cut-off below which the KNL theorem would ensure the complete

cancellation of radiation.

In Sections 4.5, 6.4.1, 6.9, and Chapter 8 we give example resummations and fixed order
computations of both continuously-global rIRC safe observables and not-continuously-global

not-rIRC safe observables using the formalism we develop.

49This all hinges on the validity of non-perturbative factorisation for all scales ur < Q. In Chapter 8 we
demonstrate that this assumption is not valid for many observables and the PDF's can source contributions
to Lgi(asL) via ‘coherence violating’ logarithms.

50We stress that the arguments demonstrating this accuracy all rest of the assumption of CSS factorisation
in proton-proton processes, though [40] does attempt to count for the possibility of CSS factorisation failing
and argue that the NNLLs accuracy remains untarnished.

"'The precise definition is given in [39]. We point the reader to [54] for a simple overview and example
resummations.
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3.5 Parton showers

Parton showers provide an alternative to analytical resummation. They are the basis for all
purpose computer programs which can be used to compute an observable by Monte Carlo
integration. The programs simulate the distribution of partons one would see in a detector
by approximating the squared matrix elements for large multiplicities of QCD radiation
with classical branching algorithms and producing events (configurations of partons) with

52 An observable is computed by

weights proportional to the squared matrix elements.
placing selection cuts on events (or re-weighting the events), corresponding to the action
of u({w;},{vi}) across that phase-space of the partons, and then summing over the events
whilst normalising the distribution against the luminosity, approximating the limit that the
number of events goes to infinity. This approximates the Monte-Carlo integration of

Slled) _ gy H [ an S = D . g

L L'so0 L/
where L is the luminosity, X7 ({v;}) is the observable cross-section at luminosity L, and
dop/(X — Y) the differential cross-section at luminosity L.

There are multiple parton shower models on the market at the moment — each different
model using a different methodology to approximate the the squared matrix elements of
QCD radiation. Two of the most prevalent models are angular-ordered showers [57], and
dipole showers [58-60]. We provide complete derivations for these models in Chapter 6
and then give further details in Chapter 7. These derivations are performed with the goal
of finding improvements to these models; however, sufficient introductory material is also
given. Therefore, in this section we will only give a qualitative description of the models.
Other models, not discussed in this thesis, do also exist: i.e. antenna showers [61], and

hybrid models which combine approaches [62].

Angular-ordered showers

Angular-ordered showers are based around simulating the description of QCD radiation used
by a formalism for resummation known as coherent branching. Coherent branching exploits
a property known as coherence. When radiation is emitted from a charge distribution
(whether gravitational, EM or QCD) if the charge distribution is viewed from a sufficiently
large distance away the radiation interferes with itself such that it appears to have been

emitted ‘incoherently’ from the combined distribution: viewed from a distance a hydrogen

52(Classical branching algorithms are used since, generally speaking, as the multiplicity of QCD radiation
increases the number of interference terms contributing to a cross-section grows factorially. Historically,
this has rendered the simulation of interference terms impractical. However, some modern approaches have
made substantial progress in attempts to simulate the full matrix elements [55, 56].
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Py

Figure 3.5: The labelling of particle momenta and angles for the g — ¢¢ charge distribution
which emits further radiation (the gluon).

atom is electrically neutral. Only when viewed at a finer resolution scale can the individual
components of the distribution be resolved and so the radiation is emitted ‘coherently’ from
the components.

Let us make this intuition from coherence a little more concrete, following the approach
of [25]. Let the charge distribution be a freely propagating gluon which decayed into a quark
anti-quark pair. We want to compute the QCD radiation emitted from this distribution,
i.e. computing the emission of a soft gluon. We will begin by assuming the gluon is emitted
from the quark (see Figure 3.5). Before emitting the gluon, the quark is off-shell with a
momentum (pg+pg); all other momenta are on-shell and we assume the quarks are massless.
We can use the Heisenberg uncertainty relation to find the amount of time after the g — ¢g
transition at which the second gluon is emitted:

Ey E, 1

At ~ = ~ .
M\?irtual (pq + pg)2 Egegg

(3.233)

We can express At in terms of the wavelength of the gluon by substituting E,0,, ~ k| =
)\11, where A is the transverse wavelength of the emitted gluon. The gluon can only
resolve the ¢q pair when its transverse wavelength is less than the separation between the
two quarks (the usual diffraction limit of a wave). The separation s at a time At after the
g — qq transition is given by s ~ 0,3At. Therefore, radiation emitted from the distribution
can only resolve the distribution for A| < s which necessities that the radiation is emitted
at angles 6,4 < 04 (or 055 < 045). Radiation emitted at angles larger than the angular
separation of the ¢q pair only resolve the combined distribution, equivalent to that of the
gluon present before the g — ¢¢ transition.

Coherent branching and angular-ordered showers use coherence to compute squared
matrix elements from a Markov chain of collinearly emitted radiation ordered in angle:

i.e. radiation is emitted proportionally to collinear splitting functions (see 3.3) with the
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associated Casimir colour factors. First the widest angle radiation is emitted and then
radiation at successively smaller angles which builds up the unresolved sub-structure of the
charge distribution. We discuss the accuracy of the approach in detail in Chapter 6 and then
with particular focus on the accuracy of colour factors in Chapter 7. However, in summary,
the coherent branching formalism is sufficient to accurately compute the NLLy, terms for
most observables, failing for observables with strong dependence on angular correlations or
for hard processes which do not form a colour singlet, and it can be used to resum many

continously-global 2-jet observables at NLL accuracy [37, 39].

Dipole showers

Dipole showers are defined around the leading colour limit of QCD. They exploit that

Leading® [(M,|S! .S, 1 yMn>}:2msNCZ S Wl Mg (3.234)

o (i,j)c.c.€c

where Leading(o) is the operation for extracting the leading colour piece (introduced in
Section 3.2.3), S;11 is the eikonal current (see Section 3.3), M7 is a matrix element for a
given colour flow o, and the summation over (i, j) c.c. € ¢’ is a sum over pairs of partons

1,7 which are connected by a colour line in the colour flow o. wglﬂ) is the eikonal/soft

antenna function

w(@ﬂ) . Di - pj

9 Dng1Di Pnt1 Dy

(3.235)

Dipole showers approximate the squared matrix elements for QCD radiation by taking the
leading colour limit and using Monte-Carlo methods to sum over strongly ordered radiation
with emission kernels proportional to Eq. (3.234). This gives dipole showers broad LC and
LL accuracy since they compute squared matrix elements in the immediate neighbourhood
of soft and collinear poles with complete LC accuracy®®. Addressing how the accuracy of
a dipole shower can be systematically improved beyond this is the purpose of Chapters 6

and 7.
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Chapter 4

Publication: Parton branching at
amplitude level

“The world is indeed full of peril, and in it there are many dark places; but still

there is much that is fair...”
— Haldir of Loérien, J.R.R. Tolkien, The Fellowship of the Ring

4.1 Preface

In this section we present work, by the author, on constructing an algorithm that evolves
hard processes at the amplitude level by dressing them iteratively with (massless) quarks,
gluons and loops. The algorithm is constructed by interleaving collinear emissions with
soft emissions and includes Coulomb/Glauber exchanges. The work was published as a
self contained research paper in 2019. After giving a small amount of background and
motivation, we present the work in the form it was published.

The research paper builds on a large body of work developing algorithms for dressing
hard processes with soft gluons [1-4]. Consequently, it jumps straight into the construction
of the algorithm. We will now give an overview of the assumptions used in the paper and
the prior work [1-4].

The primary assumption is that non-perturbative physics can be factorised from per-

turbative physics in the following form:

[ doisati) = [ s 160 (1+.0 ((222)7)). (41)

where 1 > Aqcp is a resolution scale above which physics can be considered perturbative

in the high energy limit, and f(u) is a function describing the non-perturbative physics
(i.e. usually a product of parton distribution functions and/or fragmentation functions).

‘o’ represents a convolution over shared kinematics. The boundaries on the phase-space
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integrals are process dependent, as is the positive constant p which parameterises the sen-
sitivity of the process to non-perturbative physics at the scale p. Maximising pu, given the
constraints of the observable, minimises the effect of non-perturbative physics which is not
adequately described by f(u). For inclusive processes, colour singlet hard processes (i.e.
ete” and Drell-Yan), and deep inelastic scattering, this factorisation is a very rudimen-
tary application of the factorisation theorems by Collins, Soper, and Sterman (CSS) [5, 6]
where p is typically taken to be the lowest scale relevant to the computation of the observ-
able (see the factorised cross-sections given in Section 3.4.2). For more complex processes,
such as proton-proton scattering producing QCD jets with an exclusive observable, it is an
assumption that CSS factorisation holds in exclusive regions of phase-space [6, 7]. When-
ever possible, we require that pu is less than or equal to a global inclusivity scale! for an
observable. This requirement strengthens the validity of our use of CSS factorisation for
complicated processes since it removes the need to assume factorisation in exclusive regions
(as discussed in Section 3.4).

The algorithm we developed is for the computation of dopartonic(p) (for which we now

drop the subscript). Our next assumption is hard-process factorisation given a hard scale

Q> pu,

/ do(p) ~ / dMyomn (1) TH(E(Q, 1, {p: whos {75 Qo) - H(Q: {(p: QY0)).  (4.2)

H(Q) is the hard process density matrix and E is an operator for dressing the hard process
with IRC singular terms from QCD radiation at a scale much lower than (). Non-singular
terms (O(u°/QY)) from radiation have been dropped. The set {p;u}, is the set of hard
process momenta, and the momenta of n lower scale partons dressing the hard process, as
measured at a scale u. The boundary condition F(Q,Q) = 1 is used and ‘-’ represents a
convolution over the shared hard process momenta {p; Q}o. Hard process factorisation has
been proven for all inclusive QCD processes computed at leading-twist [8], and has been
shown to hold at least at leading-log accuracy for generalised exclusive processes in inelastic
collisions [9] (which is sufficient for our purposes). We can expand the partonic cross-section

in parton multiplicity

[aotw= [ > ot (43)

! An inclusivity scale is a characteristic scale for a process (for instance an energy or k;) below which, at
a given logarithmic accuracy, all real radiation cancels completely against loops as per the KLN theorem
(Section 3.1.2). The existence of an inclusivity scale is a requirement of infra-red safety. In principle
an inclusivity scale can be arbitrarily small, however safety against uncontrolled non-perturbative physics
requires that the scale be much greater than Aqcp. Continuously global event shape observables typically
have inclusivity scales proportional to the hard process scale whilst exclusive processes typically have an
inclusivity scale proportional to a scale determining acceptance into exclusive regions (see Chp. 8 for more
details).
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and from this define

Ay = Ao (1) Tr(En(Q, 1) - H(Q)) = Aoy () Tr (En(Q, ) H(Q)EL(Q, 1)) . (44)

and

n

E,.(Q, ) H(Q; {p; Q}0)EL(Q, 1) = An (i {p; u}n) | [ 1L, (4.5)

i=1
where Ay(Q;{p}o) = H(Q). This re-arrangement and set of definitions have been intro-
duced so that we can work with amplitude density matrices A,, = |M,,) (M,| which have
computable perturbative expansions (the limits of the matrix elements computed in Section
3.3).

We wish to find an evolution equation for A, (u;{p},). For two reasons, we are well
motivated to believe the evolution of A,,(u; {p},) under the variation of the scale, u, should
be Markovian. Firstly the repeated application of hard process factorisation, separating

lower scale radiation from higher scale, generates a Markov series: i.e.?

E(Q, 1, {p; }o, {p; Qo) — E(Q1, s {p; 10, {p; Q1 }o) - E(Q, Q1, {p; Q1 }o, {p; Q}o). (4.6)

Secondly, renormalisation group equations are Markovian and F(Q, ) has the form of a
renormalisation group operator on H(Q) (see Section 3.4). Therefore, assuming a Markovian

evolution equation for the variation of A,,(u; {p}n) as u decreases gives the following ansatz:

MBAn(u; {p}n)

i =T (12) An (13 {P}n) + An (15 {p}n) T (1)

=3 [ AR D) Al 1)) D ) 00— ). (47
=1

D: (115, is an operator for dressing A, _;(jtn; {p}n_s) with i lower scale partons. T', () is an
anomalous dimension matrix: it acts as a ‘non-emission operator’ which dresses A,,(u; {p}n)
with loops at the scale u. Integration over the measure dR!, handles momentum conserva-
tion. In the limit pu/Q < 1, fixed order calculations motivate the correct resolution scale
for the ansatz being a carefully chosen transverse momentum, ¢; [1, 3, 10]. The detailed
definition of ¢, is discussed in the paper.

Expanding the operators to first order in «ag gives

qL aAn(QL; {p}n)

5 =T{P(q1) An(qr: {p}n) + An(ars {p}a) T H(a1)
q1

— /dR}l(o) DX (g, 1) Ap1(gn 1 {p3n1) DLOT(gn 1) q1 (g1 — gn 1)
(4.8)

2The following equation is schematic and is abusing the trace in Eq. (4.2) to simplify matters. Each
FE should be separated into an operator acting to the left and an operator acting to the right of the hard
process, just as in Eq. (4.4).
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The operators on the RHS are computable from Feynman amplitudes by studying the O(as)
corrections to m-parton amplitudes which are singular in the limit ¢, /Q — 0, giving the
leading power expansion of the operators (again see Section 3.3). The limit ¢, /Q — 0
exposes both soft and collinear poles. Therefore the operators describe the emission of real
and virtual, soft and collinear partons.

Throughout the rest of this thesis we drop the upper indices and always work with the

first-order, leading-power operators. The evolution equation is solved by the Markov series

An(qus{ptn) = / AR\ Vg, g0 DuAn 1(gn i {P}n-1)DLV] o O(q <gn1),  (49)

where V,;, evolves a state A, (b;{p},) to a state at a lower scale A,(a;{p},). It is an

amplitude level Sudakov factor, defined as

bdq.
Vi =Pexp | — e T'(qy) |- (4.10)
a 9L

It is in this form that we present the Parton Branching algorithm in the following paper.?

A comment on context and the current ‘state of the art’

The following paper was originally published in 2019 and this thesis is now being written
in 2021. The field has progressed significantly since 2019 and several questions discussed
in the paper, which were unanswered, have now been answered. Most notably, since 2019
there has been extended discussions in the literature on how to achieve NLL accuracy in
parton shower algorithms [11-13] and successful implementations have been demonstrated
for eTe™ hard processes [12, 14]. Small amendments have been made to what follows so as

to make discussions consistent with the most recent literature in 2021.
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Parton Branching at amplitude level

Authors: Jack Holguin, Jeffrey R. Forshaw, Simon Plétzer

Abstract

We present an algorithm that evolves hard processes at the amplitude level by dressing them
iteratively with (massless) quarks and gluons. The algorithm interleaves collinear emissions
with soft emissions and includes Coulomb/Glauber exchanges. It includes all orders in N,
is spin dependent and is able to accommodate kinematic recoils. Although it is specified at
leading logarithmic accuracy, the framework should be sufficient to go beyond. Coulomb
exchanges make the factorisation of collinear and soft emissions highly non-trivial. In the
absence of Coulomb exchanges, we show how factorisation works out and how a partial
factorisation is manifest in the presence of Coulomb exchanges. Finally, we illustrate the
use of the algorithm by deriving DGLAP evolution and computing the resummed thrust,

hemisphere jet mass and gaps-between-jets distributions in ete™.

4.2 Introduction

Modern day experimental particle physics is often performed at hadron colliders. As an
unavoidable consequence, QCD corrections play a large role. Contributions from coloured
radiation, when evaluated Feynman diagrammatically, diverge at multiple points in the
phase space. When regularised and cancelled, the divergences may leave behind large
logarithms. The accurate inclusion of logarithmically enhanced corrections is of importance
to both the theoretical and experimental communities. Historically there have been two
main approaches to dealing with QCD radiative corrections: resummations and parton
showers.

Resummations look to re-organise the perturbative expansion by classifying the large
logarithms and then summing the perturbation series such that the most dominant loga-
rithmically enhanced terms are included. Towers of logarithms may be further simplified by
making the leading colour (LC) approximation. The re-organised expansions are referred

to by their logarithmic accuracy; leading log (LL), next-to-leading log (NLL), etc. This
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procedure has recently been further formalised by work in soft-collinear effective field theo-
ries [1-4]. From this perspective, resummations are renormalisation group flows that evolve
‘safe’ perturbative predictions into regions of phase space where perturbative expansions
would be otherwise ‘unsafe’.

In contrast, parton showers may be thought of as providing an all-purpose approximation
to the resummation procedure. Modern parton showers generate an evolving, classical
system of partons whilst cleverly encoding quantum interference effects (made possible by
working in the LC approximation). The majority of currently available parton showers claim
LL accuracy using the LC approximation [5—-11]. The quest to better understand the data
from the LHC is a major driver for increasingly precise parton showers. At present, there is
a growing list of phenomena that parton showers do not encapsulate. This includes effects
sub-leading in colour, Coulomb/Glauber exchanges, super-leading logarithms [12-14] and
the violation of QCD coherence (or collinear factorisation) [15, 16]. Moreover, recent fixed-
order studies have cast further doubt on the accuracy of modern parton showers. It has been
shown in [17] that the PyTHIA [10, 11] and DIRE [8] showers suffer from both incorrect next-
to-leading logarithms at leading colour and incorrect contributions from sub-leading colour
(NLC) at LL. Although these showers never claim NLL or NLC accuracy, the findings of
Dasgupta et al questions the fruitfulness of attempts to extend conventional parton showers
beyond LL and LC in general.* In recent years, there has been movement towards finding
new constructions for partons showers; constructions more suited to including NLC or NLL
corrections [9, 21-28]. However, as of yet, success has been limited.

The algorithm we present here aims to provide a framework for the development of
future parton showers, enabling them to be systematically improved. We hope it will also
help make more rigorous the link between resummations and parton showers. Our starting
point is the soft-gluon evolution algorithm explored in [27], which we refer to as the FKS
algorithm. The evolution generated by the FKS algorithm is systematic to all orders in
colour and it accounts for the leading soft logarithms. The FKS algorithm was originally
used to derive the super-leading logarithms that may occur in hadron-hadron collisions [12,
13]. It has been analytically verified for a general hard process dressed with up to two soft
real emissions and one loop [29, 30]. It has also been shown to generate the BMS equation
[31] (it presumably also includes the NLC corrections to it) and it correctly accounts for the
leading non-global logarithms for various observables [27]. The main goal of this paper is to

improve the FKS algorithm by including collinear emissions, spin dependence and kinematic

4As of 2021, multiple conventional parton showers have been proposed which correctly resum LC NLLs for
observables with colour singlet hard processes [18, 19] and progress has been made towards implementing
sub-leading colour for global observables into parton showers [20]. However, extending this accuracy to
proton-proton hard processes remains elusive.
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recoil. The algorithm we present is Markovian and can be solved iteratively, making it well
suited for use as a parton shower.

The remainder of the paper is organised as follows. In the next section, we introduce
the algorithm in a form we refer to as variant A, in which we interleave soft and collinear
emissions. Variant A has the virtue of being a simple extension of the FKS algorithm,
though it suffers from unnecessarily complex colour evolution in the soft-collinear sector.
It also suffers from the fact that we cannot uniquely identify a parent parton in the case of
soft-gluon emission, which complicates the issue of longitudinal momentum conservation.
We are thus motivated to re-cast the algorithm in a more convenient form, which we refer
to as variant B. Specifically, in variant B we manipulate the colour structures of variant
A to isolate the full collinear splitting functions, after which we are able to implement
longitudinal momentum conservation in a simple way. We also spend some time illustrating
how recoils may be included in both variants, though this will only be relevant beyond
the LL approximation. As it stands, either variant A or B could be used to create a fully
functioning parton shower, though B will be computationally more efficient. In Section
4.3.5 we present a manifestly infra-red finite version of the algorithm. This reformulation
is particularly useful for the resummation of specific observables, though it is not so well
suited for use as a general purpose parton shower. This is because the infra-red singularities
are regularised by the explicit inclusion (and exponentiation) of a measurement function.

The second half of the paper is devoted to issues of collinear factorisation and to pro-
viding examples to illustrate how the algorithm is used. In Section 4.4 we discuss the
factorisation of collinear physics from soft physics. We start by considering the case when
Coulomb/Glauber exchanges are turned off (such as would be the case in ete™ collisions).
After this we discuss how Coulomb exchanges can be introduced one-by-one. We will see
that collinear factorisation occurs below the scale of the last Coulomb exchange. This dis-
cussion shows consistency between our approach and the proofs of collinear factorisation
by Collins, Soper and Sterman [32, 33]. After this, we show how DGLAP evolution for
the parton distribution functions emerges [34-36]. We finish the paper by illustrating the
use of the algorithm; by calculating the thrust, hemisphere jet mass, and gaps-between-jets

distributions in ete~. We leave an extensive discussion of spin correlations to an appendix.

4.3 The algorithm

In this section we present the algorithm. It is Markovian and interleaves soft emissions and
virtual corrections with collinear emissions and virtual corrections, see Figure 4.1. Succes-
sive real emissions are strongly ordered in an appropriately defined transverse momentum.

We will present two variants of the algorithm, which we refer to as A and B. The two differ

130



Figure 4.1: A term contributing to evolution of the conjugate amplitude (it contributes
to Ag). Red dashed lines represent the emission of soft gluons and collinear partons are
represented by blue dotted lines. Loops (Sudakov factors) have been neglected to avoid
clutter. We draw all particles heading to the right, away from the hard process, including
incoming particles. In contrast, evolution of the amplitude will have all particles drawn
heading to the left and away from the hard process.

only in where we put the soft-collinear emissions: in A they are in the soft sector and in
B they are in the collinear sector. The second approach allows us to exploit the colour-
diagonal nature of collinear emissions and it makes kinematic recoil more straightforward
to implement. Variant A has the virtue that it is an almost trivial extension of the purely
soft evolution presented in [27]. We present both A and B with the momentum mappings
after each real emission parametrised into two initially unspecified functions. This is so the
algorithm is able to accommodate partonic recoil. Later, in Section 4.3.4, we discuss specific
examples of recoil in action. For processes with coloured incoming partons, the algorithm
should be convoluted with parton distributions functions. We leave a full description of
how to do this to Section 4.5.

Before plunging in, we should explain the theoretical basis for what follows. Our algo-
rithm is based on Feynman diagram calculations [13, 27, 29, 34, 37-39] and, in its present
form, captures all of the logarithms associated with the leading amplitude-level singulari-
ties. It uses a fixed coupling as effects from the running coupling are considered beyond the
scope of this paper. Therefore the algorithm captures leading logarithms from wide-angle
soft emissions, hard-collinear emissions and simultaneously soft and collinear emissions.
This means the algorithm is guaranteed to capture only the most leading logarithms in the
expansion of the cross-section (LLy) to any observable. That said, it is also able to capture
the leading single non-global logarithms, even if the global part is double-logarithmic, as is
the case with the hemisphere jet mass for example (see Section 4.5). For any process involv-
ing incoming hadrons or measured outgoing hadrons, the single logarithms from DGLAP
evolution are recovered as well (i.e. parton distribution function and by a simple extension

fragmentation function evolution). Correctly capturing these logarithms requires the inclu-
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sion of kinematic recoil into the algorithm, which is typically considered sub-leading for the
computation of LLs. We believe our framework to be sufficiently flexible that we can, in
the future, extend it beyond the LLy approximation. The algorithm is fully differential in
parton kinematics making the extension to a running coupling simple and we have set up

the algorithm so that the complete conservation of momentum can be simply implemented.

4.3.1 Parton branching with interleaved soft and collinear evolution (A)

The algorithm evolves a hard-scattering matrix, H(Q; {p}), which is defined at some hard
scale @ and is a function of the hard-particle four-momenta, {p}. It does so by dressing
with successive soft and/or collinear real emissions and virtual corrections. H(Q;{p}) is
a tensor in the product space of colour and helicity®, defined as H(Q;{p}) = (|colour) ®
|spin)) ® ({colour| ® (spin|). The hard-scattering matrix is defined so that Tr H(Q; {p}) is
the hard matrix element squared, summed over colour and spin®. Successive real emissions
are added via ‘rectangular’ operators, which act as a map increasing the dimension of the
representation of SU(3) x E(2) in which H(Q; {p}) resides. The virtual evolution operators
are ‘square’ and preserve the representation of H(Q; {p}). Specifically,

doo = Tr (V@@ {ph) V] o) = Tr Ao {p}),
ny+1

d0'1 = / H d4pz Tr (V'u,qlJ_DIV(h L,QH(Qa {p})v; L7QD1VIE7Q1L) dHl
i=1

= Tr Ay (p; {p} U qu) dIy,

doy = Tr An(p; {p}n) [ ] 4L, (4.11)
=1
where
nyg+n
An(qus{ptn—1Uqn) = / 11 4PV, g0 . DnAn1(gn i {p}n-1)DLVE - O(qr < gno).
=1
(4.12)

At each step, the emission operators (D,,) add one new particle, of four-momentum g, to
the set {p},—1, to produce the set {p},. We use p; € {p}n = {P1, P2, Puy,q1, - qn} to
denote the momentum of the j* parton and 1 < j < ny + n, where ny is the number of
partons associated with the original hard process and n is the number of emitted partons.
Hidden in the emission operators is a map from {p},—1 to a new set, {p},—1. The difference
between these two sets is determined by the way we implement energy-momentum conser-

vation (i.e. the recoil prescription) and it is why there is an extra integral over p; (it is not

5This paper only concerns itself with massless partons and so all particles have a definite helicity.
5We may also choose to include averaging factors, a flux factor and the hard process phase-space, so that
it is then the hard-process differential cross section.
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a phase-space integral). The virtual evolution operators V,; encode the loop corrections.
To avoid cumbersome notation we write {p}, = {p}n—1 U {¢n} is the set of n momenta
including the last emission, g,. We have not yet defined the ordering variable, ¢; ; we will
do that shortly. A generalised observable ¥, with measurement function wu,(q, ..., q,), is

then given by’

X(p) :/Zdanun(q1,...,qn),
= /Z <Hdﬂi) Tr An (s {Pn) un(g1s - Gn), (4.13)
n =1

where dIT; is the phase-space for the i*' emission (see below). p should be taken either
to 0 or to the scale below which the observable is inclusive over all radiation. The virtual

(Sudakov) evolution operator is®

o bdk” dyd¢ . ]5]5 ~
-p _&s TY - T9 Y A@ 1.(i5)\2 i Pj (k) — i by
V. =Pexp Z/ ){/ o (67) (ﬁi.k)(ﬁj_k)ej(k) maj}

1<)

R ) - /bdkm > [P Gam R )]

ve{q,g}

(4.14)

where i and j run over all external legs (those from the initial hard process and also previous
emissions in the evolution). 5,~j =1 if both partons 4, j are incoming or both outgoing and
Sij = 0 otherwise. 0;;(k) = O(p; - p; — k- (p; + pi)) and ensures that the phase space of the

integration corresponds to that of a real gluon. Likewise, the z integral is over the range’

a 1 9 4kfﬁ)2 a 1 9 4kfﬁ)2 _ 2p-pit+pi-np-n
z€ | = — -\« , =+ =/a? — 5| = 5 ,  (4.15)
2 2 (np)? " 2 2 (n.p) (p-n)

which can be expressed via a single theta function
0;(k)=0(n-p;—n-kn-p+2p-p; —2p- k).

The vectors p and n = (1,7) will be defined shortly: to LLy accuracy p = p; and o = 1.
vi,v € {q,g} label parton species. © = g in all cases except when v; = ¢g and v =
q, then v = q. ffw,- is the v; — v hard-collinear splitting function and it is defined

in Appendix 4.7 along with the conventions we use for helicity states and antiparticles.

"For fixed Born-level kinematics. Generally the measurement function will depend upon the hard process
momenta P;, which we do not show explicitly.

8The path ordering ensures that the operators are ordered in k(jj ) with the largest to the right.

9We specify the range corresponding to emission off a final state particle, for emission off an initial state
particle exchange p; — p;.
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Rf»;?ft(k, {p}) and R¢"(k, {p}) are concerned with the recoil prescription and are included to
preserve unitarity, they are defined in (4.21) and (4.22) below. kfj ) and y are the transverse
momentum and rapidity in the ij zero-momentum frame. To make the (unitarity) link to
the real emissions more explicit, we choose not to use the substitution

(2 PiPj
TR TR R 19

The real-emission operator is built using two operators:

()

Si=;<2‘j;j qng (Bj - €4(ai)S" + ;- € (%‘)Sli)> R ({p}, {5}, @),

Ci= Z ;\}Au Py %5 ({0} {5} ). (4.17)
such that D; acts as

.D;OD!... = .8;08!... + ..C;0C] ... (4.18)

7 again runs over all external legs and ¢ labels the emitted parton. S; generates soft emissions
and C; hard-collinear emissions. The symbol A;; is defined so that A;;A;r = d;, and (5?“31
(5}“1“31) is unity when parton j is in the final (initial) state and zero otherwise. P;; are
the amplitude-level hard-collinear splitting functions and are defined in Appendix 4.7. The
splitting functions encode DGLAP evolution [34-36] including the spin-dependence. T is a
basis independent colour charge operator. We have indexed each ’]I‘f with the leg on which
it acts, ¢, and by whether it corresponds to the emission of a gluon or not (i.e. the index
q refers to a g — qq splitting). S% updates the helicity state by adding the helicity of the
emitted parton, s;. The operators S and T are also defined in Appendix 4.7.

In the soft sector we have introduced an auxiliary Vector m. It is uniquely determined,
but only at cross-section level, since we require qﬁ_ )q( ]pﬁépj = (qu ))2, which corre-
sponds to choosing m to lie in the direction of j and m’ (the corresponding vector in the
conjugate amplitude) in the direction of 7. It is only ever this combination that appears
at cross-section level. In the collinear sector, the momentum fraction z; is defined by (see
Figure 4.2):

5 on
zi = b n for final-state emissions
p-n
_pjn Iy -

and z; = =—— for initial-state emissions, (4.19)

p-n
where the light-like four-vector n satisfies n - qﬁﬁ) = 0. The light-like four-vector p satisfies
p - qg_ﬁ) = (0. Neglecting terms suppressed by the transverse momentum of the emission
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Figure 4.2: Defining the kinematics: (a) ¢; is emitted off an incoming leg; (b) ¢; is emitted
off an outgoing leg.

(which is permissible in the LLy;, approximation) we may take p = p; for final-state emissions
and p = p; for initial-state emissions, in which case z; is the light-cone momentum fraction.
The precise definition of p is dependent on the recoil prescription, as we illustrate in Section
4.3.4.

Now we can define the ordering variable, i.e. the definition of a and b in the Sudakov
operator V, ;. We use transverse momentum ordering, where the transverse momentum
should be defined by the parent partons of the emitted parton. Doing this means that we
really ought not to sum over partons in (4.17) and we should replace (4.12) by

ng+n
A=Y [ TI a%iVar ., . Dir A DEIVE L O(qr < gn) (4.20)

Jnsdn i=1

where D?{L is defined by
D,=> Dj.
Jn

The ordering variable is then ¢, = qgj"jil) if the emission is soft or ¢, = qgj"’ﬁ) if the
emission is collinear. At LLy, this choice of ordering variable is somewhat arbitrary but
being a transverse momentum it is able to generate the super-leading logarithms correctly
[29]. That said, it is not equivalent to the ordering indicated by the results in [29, 30],
which is based on fixed-order Feynman diagram calculations. We have not yet figured out
a way to implement the latter ordering to all orders. In the remainder of the paper, we will
use the simpler (though potentially misleading) notation of equation (4.12).

The recoil functions, ’ﬁf;’ft*%f?,ft and %fj‘?n*%g’“, encode the maps that implement
energy-momentum conservation. As the algorithm proceeds, each 9%?;’& and ER;?]C-’H will al-
ways collect into the pairs just given. The functions only ever appear singularly to aid book

keeping!®. The recoil functions should be constructed out of delta functions and algebraic

108ingular definitions would require R functions to contain integrals of delta functions which independently
evolve momenta in the amplitude and similarly for S&* in the conjugate amplitude. The external momentum
integrals, [[], d*p, would the be used to force the two separately evolving momenta to coincide. Giving
these definitions provides an entirely unnecessary extra complexity.
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pre-factors relating the momentum from the current step in the algorithm, {p}, to the mo-
mentum that will be carried forwards to the next step of the algorithm, {p} and ¢;. Rijo-ft
and Rgou are fixed by 9%50& and RO i

/ T atpe %5 (. 15" (0}, (7). = R ) (4.21)
and

/ TTatpe 965" (o} (91, 05" (0}, ). 0) = R§™Man D) (422

In the LLy approximation, RSOft R;OH = 1. S; generates soft emissions and one might

suppose that a suitable choice of recoil (to LLy accuracy) is

R R = T 6% (pr — bn)- (4.23)
k

We will shortly see that things are not quite so simple, and that this requires modification.
C; generates hard-collinear emissions, however only the longitudinal component of the recoil

is hard. Therefore, in the LLy, approximation, we may implement recoils in the collinear

sector via
mcoll*%coll (54( _ Z pj)éﬁnal + 54( le )51n1t1a1> H 54 pk: _ pk) (4‘24)
k#j
Finally, the phase-space is included via
20, d3g;
dll; = ———. 4.25

The pre-factor has been included to simplify the definitions of S; and C;, as well as to make
each term in the algorithm dimensionless and keep explicit dependence on the ordering
variable in D;. To simplify the notation, in (4.25) and elsewhere, we will drop the dipole
labels on transverse momenta. It should be clear from the context which partons are
intended. In the case of (4.25), it means we should use the transverse momentum defined
by the parent parton and the vector 7 in the case of collinear emissions or qu ) in the case
of soft emissions. It is often useful to note that

205dg; 1. dzi d¢i  20,,dgi dyde

dIl; = =
‘ T g1 11—z 27 T g 27

(4.26)

where y is the rapidity in the frame defining ¢; |. Using these last two relations the link

between real emissions and virtual corrections is clear, i.e. the square of the emission

11

operators [ D;LDZ- dIl; is, for eTe™ collisions'!, equal to minus twice the real part of the

exponent in (4.14).

HThis caveat is necessary to avoid complications associated with emissions off coloured incoming legs.
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Using the naive recoil prescription of (4.23) and (4.24), the array of parton momenta
gets modified after a collinear emission, generated by Fij, but not after a soft emission
(except to add one new soft gluon of course). Specifically, this means acting with F,-ji)‘i;?j‘?“
maps p; — pj = zp; + O(qr) (for final state partons), and a parton with momentum
¢ = (1 —2)pj + O(qy) is added. As usual, p; is the momentum of parton j prior to the
action of fiji)figjc-’n. A more careful treatment of momenta is not required to reproduce the
leading logarithms for many observables. However, any observable dependent upon par-
ton distribution functions or fragmentation functions will be incorrectly calculated because
this naive recoil prescription does not reproduce DGLAP evolution. This is because the
terms with soft-collinear poles are handled in the ‘soft side’ of the algorithm and do not
conserve longitudinal momentum. This manifests as DGLAP evolution with an incorrect

plus prescription, i.e.

<1+22)+_( 2 >+_(1+Z)+vamA_(1+z)+, (4.27)

1—2 1—2

as the soft poles have been removed from the hard-collinear splitting functions defining P;;.
On the flip side, the algorithm works well for event shape observables in eTe™ collisions.
We will refer to the framework in this section as variant A of the algorithm. Within variant
A, this problem could be solved by implementing a universal recoil for all emissions, soft

and collinear, i.e.
[Tt = [TLatp 3 oo (4.28)
k k j/

We will not consider universal recoils in this paper and will instead solve this ‘plus prescrip-
tion problem’ another way; by putting the soft-collinear emissions in the collinear sector of
the algorithm. Doing this will lead us to variant B of the algorithm. In Section 4.3.4, we
will use the insight gained from formulating B to show how to solve the plus-prescription

problem within the framework of A.

4.3.2 Parton branching using complete collinear splitting functions (B)

Soft-collinear poles can be exchanged reasonably simply between eikonal currents and
collinear splitting functions. We will now define variant B of our algorithm, which re-
stores the soft-collinear poles in the collinear splitting functions and removes them from the

eikonal currents. This is a good thing to do for two reasons:

1. Collinear evolution is generated by unit operators in colour space. Making this man-

ifest for the soft-collinear poles simplifies the colour evolution of the algorithm.
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2. Putting the soft-collinear poles into the collinear ‘side’ of the algorithm simplifies the

recoil prescription because every collinear emission has a uniquely identifiable parent.

Variant B is very similar in form to variant A:
q;
s-% (
J

(§m)

5 a TY @ (p; - €5 (¢:)S" + pj - e’i(qi)S‘lﬁ) R ({p}, {B}, @),
7 1

Ci= Z 5’\}% Py R (), (7). 40). (1.29)

with
.D,0D!... = ..8,08!,;: (¢, {p}, {})... +...C;OCI.... (4.30)

The form of S; is the same as in A and the Sudakov changes as

Qs k(7 g dyd¢ . Gj)\e  Di D)
VauPop |3 [ T G g

1<)

5\ pso dk(™ oo [dzdo co
]:ij(ka {p}) - “Téij} Rijft Z/ 'm) ZT 2/ val 0; (k) Rz !

The only changes relative to variant A are the appearance of f;;/(¢;, {p}, {p}) and Fi;(k, {p}),
which specify the prescription for the subtraction of soft-collinear poles from the eikonal
currents, and the replacement of ﬁij with P;;. Explicit dependence on P;; in C; means
that CZ-(’)CI now contains the full spin-dependent DGLAP splitting functions [40]. Unitarity

requires that
/ H d4 Di fj]’(qu {p}7 {[5}) m%)ft*mz;)ft = f]j’ (q’L7 {ﬁ}) Ri;)ft(q“ {ﬁ}) (431)

The functional forms of §;;/ (¢, {p}, {p}) and Fj;(q;, {p}) are uniquely fixed by the choice
of ERZC»]‘?H and 9‘{%’& once we have fixed P;;. Specifically, we can derive variant B from A by

adding and subtracting a function:

SPOSPTar, + cPocPid, = sAosHM dll; — s,0s! + CHOCH dIT; +5,0s!,  (4.32)

=sBosPTary EC?OE? Farm,
where we have labelled each operator with a superscript indicating which variant it corre-
sponds to and where O is some general operator in colour and spin. The subtraction term
was constructed so that
t (Q(T))Q 5 Aol 11 11
5:0s] = Z o (PiOPy; — Py OPy) RN dIl; (4.33)
J
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and after some manipulation is equal to

1; —1; 15 —1;\ T
s;0s! = 2%ZT9 (S S )(’)TQT <S~ —I-S',)

(@ipj)  laipj] (aipj)  laipj]

dq"™ dy dg

il

X i Pj— L0 2n —o—0i(g) (6™ + 67N (B ¢ p)) REPIRG (4.34)
il

(¢ip;) and [g;p;] are Weyl products in the spinor-helicity formalism [41]. Also note, si(’)s;.r
is equal to the collinear limit of SAOSAT dII; with q(Jm) qz(]f ). To see the equality we

express polarisation vectors using spinor products,

1 {gF| ok [nF)
V2 (g £ |nTF)

where Ji = (1, F01, Foo, Fo3)T are vectors of Pauli matrices and n is an auxillary light-like

(qi, £1) = : (4.35)

vector (best chosen to be either p; or pj;).
To complete the definition of variant B we must compute f;;:(¢;, {p}, {p}) and Fj;/ (¢, {D})
Note that s;rsz- is proportional to the unit operator in colour and helicity. After taking the

trace over helicity space, (4.32) leads to

¢/ dyde oftepsoft + .
ZTQOTQT Ui 4r ejj’(qi>mijft%ij’ft fjj'(in{p}v{p}) =
33’ q4; 1

(435" (97
d dy d¢ d d do
gyt 99 dY () syasoft psoft * g g T qu Y collgppcoll #
> TYOTY, q(fj) 00,5 0s) v +§.:’ﬂ‘j(9’ﬂ‘j P LY (qs) RN =

J.J’
(4.36)

We can use colour conservation to factorise the colour operators and simplify the second

term on the right-hand side, i.e.

dq( ) qz(]j)e'(%) %Coll*%coll

i (i AP}, APY) = 1 = —=5 = — (4.37)
dg?) gP7 050 (qi) 5
and
(97) (J] ) coll
dq 6;(q) 73
Fijrlai {ps}) = L i o (4.38)
dq (JJ) qz(J_)HJJ (¢:) R -

For a universal recoil it is possible to employ colour conservation and write

dg"™ dy dg dg? ay g
g gt qz 1 q9y collgacoll * g g t qz 1 ay soft qyasoft *
E:’]I‘ ot o Py, (gs) AR, §j’1r0 T YL, (gs) PRselpsoft

(4.39)
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which enables us to re-write (4.37) as

dg?” ¢90;(q)
dgt"?) a0 (a)

fij(qi, {p}, {P}) = (4.40)

In the case of a universal recoil prescription, the effects of the recoil can be factorised out of
the emission operators and into a redefinition of the phase space measure. Recoil schemes
that may be universal include the more ‘true to Feynman diagrams’ global prescriptions
which put momenta of partons higher in the chain of emissions off-shell (e.g. see [42] and
references therein) and schemes which democratically share recoil across a jet or every
parton in the shower. Depending on their implementation, such schemes can be universal
since they globally redistribute momentum across the whole event as a n — n + 1 parton
processes. We leave the specification a universal recoil scheme to future work. For now we
re-iterate that it is only when considering effects beyond LLy. that (4.40) and (4.37) differ.

Our implementation of recoil is not unique, and it remains to be seen (by performing
analytic calculations at NLL and beyond) the extent to which we will eventually be able
to capture the salient sub-leading logarithms in the framework of our algorithm. A slightly
different approach would be to start with variant B (recall we started from variant A above)
and assume (4.40) holds true. Variant A could then be constructed but it would now include
subtraction functions akin to f;;. In the case of universal recoils, none of this matters of

course.

4.3.3 Collinear subtractions and the ordering variable

Before moving on, we’d like to present a slightly more general approach to subtracting the
soft-collinear contribution. This calculation will shed some light on the role played by the
ordering variable. We start by writing!?

b2 3 N
anab as ZTg / dq /d /{ZK pzapjak?) p]:: Pj k5(q2 —K2(p¢,pj;k)) 91](/6) ’
Pi-rkpj-

i<

(4.41)
which holds for a general definition of the ordering variable, K?2(p;, pj, k). In order to isolate
the collinear divergence, we should first expose, and factor, the soft divergence. To do this,
it is sufficient to consider any scaling which is linear in the emitted gluon’s momentum
components, such that we can re-write

b2 3
s dq d°k K pzp k) NG - Nj
lVa_ ETQ ) Py I 5 (g% — K2(ps. pa: k) 051 (k
! ’ 7’<] / /2E 7T S k’) nznnjn (q (p>pj7 )) j( ),

(4.42)

12VWe ignore ignore hard-collinear corrections and the effects of recoil in this section.

140



where n; = ¢;/(S - ¢;), n =Fk/(S - k) and S is any time-like four-vector, which we choose to
satisfy S? = 1. The soft divergence is now isolated from the eikonal term, which is singular
only in the collinear limits n; ;j - n — 0. The collinear divergences can be subtracted. We
want the ordering variable to become independent of the other parton’s direction in the
collinear limit, such that the entire collinear divergence can be moved into a jet factor that
is trivial in colour space.
We choose to re-write the virtual evolution as In Vg, = In W, + In K, where
3
W, = == Z;'Jrg Tﬂ/ dg? /d%k7 - 51 o

<K2(Pi,Pj;k)

ng - Ny

5(q* — K*(pi, pj; k) 045 (k)

ny-nmn-n;

S S L

n;-n n;g-n

§(¢* — K*(pj; k))@-(k)) , (4.43)

and colour conservation can now be used to obtain

dq 2 K*(pisk) o/ o 20, .. ‘
1nKab—— / /2E TRy v §(¢° — K*(pi; k) 0;(k) . (4.44)

This factor contains the ordering variable in terms of a single emitter direction, which is
the limiting case of the dipole-type definition in each collinear limit, i.e. K?(p;, P, k) —
K?(pi;k) as nj -n — 0. Given the Lorentz invariance of the virtual evolution and the
integration measure we can choose S = (1,0).

In the case of energy ordering, we obtain the following for the subtracted soft evolution:

In W, — 2y qrg/ dE/ ( i n—”j'n>
energy T i<y nn-ng
Lz g g dE ng - Ny
=y [t (4.45)
i<j a

where the angular integral can be performed using the same integral that gives rise to

angular ordering. And for the collinearly divergent factor:

Qs dE [dQ 2
== 4.4
energy m P / / 47 n; - ( 6)

There is no need for 6;; since this simply enforces that the emitted gluon should have energy

InK,

smaller than 4/ %pi - pj in the 75 zero momentum frame, which is automatically satisfied since
a<FE <b.
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Now let us consider the case of transverse momentum ordering. This can be implemented

through

y 2pi-kk-p;
K2(pi,pjik) = (k)2 = 2220 (4.47)
Di 'p]
and
K%(p;k) ~2p -k (4.48)

where the similarity sign refers to any function which approaches unity in the limit p-k — 0.

Making the minimal choice, the full evolution becomes

dk dz_dg
_ ZTQ Tg/ l/I_ZZ A0 (4.49)

1<j

kT /dkl/ 1—z+a/(2i(7zr>
/ dky /1 ald_zz / % (4.50)

where o = k2% /(2S5 - p;)?. This is the same as the subtraction prescription we introduced

In Vab

and

In Kab

in the last section, with the only difference being that the lower limit on the z integral is
(approximately) equal to « in that case. Finally, using colour conservation we can compute

InV, —InKyp and get

Wl =Sy (U [ 00 ),
T 1<J
ey [ (B 50,0,
1<J
~ L ZTQ 11‘9/ dky ), mi 7, (4.51)
1<j

where the second line illustrates the equivalence with the subtraction scheme presented in
the previous section (recall we are ignoring recoil in this section). The approximately-equal-
to sign is because we neglect terms suppressed by powers of ki As expected, this finite
term is the same as the energy ordering case in equation (4.45). The form factor exp(ln W)
captures all of the truly wide-angle soft-gluon physics and is essentially the same as the

fifth form factor introduced by Dokshitzer & Marchesini [43].
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4.3.4 A local recoil prescription

Next we will show how a more sophisticated recoil prescription (than (4.23) and (4.24))
can be implemented. The recoil we choose is based on the one in [44, 45], but extended to
work with colour off-diagonal evolution. The dipole recoil is itself based on Catani-Seymour
dipole factorisation and furthers the work in [46] so that recoil can be implemented in a
dipole parton shower. As a result, this recoil scheme shares similarities with the spectator
recoil prescriptions used in modern dipole showers such as PyTHIA and DIRE [8, 11]. The
idea is not to present a definitive recoil prescription but rather to illustrate how one can be
implemented in our algorithm. To that end, we calculate F;; and 9%%’“. We also provide
a short discussion on the successes and limitations of the prescription. We then go on to
show that, at LL, the recoil prescription can be reduced to the naive recoil prescription
when implemented in variant B (but not variant A).

To keep things as simple as possible, we will consider the dipole recoil scheme in the
case of only coloured final-state partons. The extension to coloured initial-state partons is
straightforward and can be found by following Section 3.2 of [45]. First we will summarise
the dipole recoil for colour-diagonal evolution. It works by adding a spectator particle to
the standard description of a 1 — 2 collinear splitting (p; — pj, ¢;). This spectator particle
absorbs the recoil from the splitting, which would otherwise put p; off-shell. The spectator
particle has a second function: to specify the frame in which the transverse momentum of the
emission is computed. In [45] it was shown that one can obtain the correct colour-diagonal
evolution by choosing the parton that is colour connected to parton j as the spectator. We
will denote the momentum of the spectator parton by p,ir (the reason for the LR subscript

will become clear). The Sudakov decomposition is

(@772 pyn (3“R)\2 2
- 2:Ds — k _|_ , e —k‘ s
pj = zipj — k1 o 2o (¢i” ) 1
LR
(q(f] ))2 ijR
i = (1 —z)pj + kL + ;
% ( l)pj + 1-— Z3 2pj . ijR
LR

] (@2

r=11—= . ki -pi=k -pair =0. 4.52
f < zi(1 = 2;) 2pj - pjLr DjLR, L Pj =KL PR (4.52)

This now defines a 2 — 3 splitting (p;, pjr — i, Pj, pjr) in which ¢; is emitted collinear

to p;. The prescription is momentum conserving, i.e.
Pj + PR =g +pj+ ﬁjLR

and it ensures that all particles are on-shell at each stage in the evolution. One can check

that this Sudakov decomposition does not change the functional form of the leading-order
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collinear splitting functions. Comparing to (4.19), we see that p and n are now fixed: p = p;
and n = p;ur. Working in the LC approximation, the effect of this prescription amounts to

a correction to the single-particle emission phase space [45], i.e

(44

o dgy ) (q(f] ))2 1
78 . . d i Fous i 1 - .
o 0 (Pis Pjr) ey S Poww; (%) zi(1 = 2) 2p; - pjun

dU(QiaﬁjaﬁjLR) =
(4.53)

This correction contributes soft-collinear NLLs and hard-collinear NNLLs [45].

The dipole recoil prescription was developed for a leading N. shower and as such is
not completely sufficient for our purposes. That is because, beyond the LC approximation,
the left evolution (of the amplitude) and right evolution (of the conjugate amplitude) are
independent, which means they can evolve to produce colour off-diagonal terms. These are
terms for which the parton j is colour connected to different partons in the left and right
evolution. In such a case p;ur cannot be defined. Instead, we must introduce parton pjr,
which is the colour connected parton to j in the left evolution, and parton p;r, which is
colour connected to j in the right evolution. We will now construct a recoil prescription
that extends the dipole recoil to include colour off-diagonal terms but collapses back to the
dipole recoil in the LC approximation.

To begin, we define a Sudakov decomposition for a 3 — 4 splitting (pj,pL,pjr —
qi,ﬁj,ﬁjL,ﬁjR). We aim to construct the decomposition so that recoil is shared equally
between p;. and p;jr. We also wish to leave the collinear splitting functions unchanged.
Finally, we also require all partons involved to be on-shell. These constraints are fulfilled
by the decomposition:

( q(jﬁ))Q n

D = 2: _k + L ,
Dj iPj s % 2]?]"71

(q(JN))Q
1-— ki
= ( 2i)pj + + 1—2 2p;n
2pju p]
n = p;L +pj ( 5JLJR) — A\ ——=—n,
ﬁ] = ( p]L +’y n+’yl (SijjR),

- [DjL - DR
ij = (1 — R + Y o) 2J — '}/l 5jL,jR>7

(4.54)
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where

(372
(jﬁ)2:_k2 2_~.:M N-piL =M PR =
(a7) Ts q - Dj (=2 N pjL =N PR ;
(37)\2
1

DiL - DR p;L - Pjr
T = A

where 0,1 ;r is the usual Kronecker delta symbol. Note that pj+p;.+p;r = ¢;i+p;+DL+pr,
and so momentum is conserved in the 3 — 4 splitting. Also note that when j“ = j® =
R ie. the emission is colour-diagonal, this reduces to the dipole 2 — 3 scattering with
pj + pjur = ¢; + pj + prr. Finally, note that every new term relative the dipole recoil
is accompanied by a factor v, which is two orders higher than the leading terms in the
collinear limit and one order higher in the soft limit. Using this decomposition, the recoil

prescription for collinear emissions is

1l 1l (47) 2 ¢4 (q(fﬁ))Q n
mfjo *%fjo = Zi(jij(zi,qii_ 7ijaijalaﬁ)) 60 | pj — zipj + ki — Zim
i J
- bjr - Pir
x o4 <ij —(1=9y)pr—n ]272]71 — (1 — (SjLJ'R))
- bjiL - PyR -
x 5t (ij — (L =)pm =7\ Z o+ = 5jL7jR)> IT & — ),
k#j.g%. g%
(4.56)

where the Jacobian, J;;, can (in principle) be evaluated using

_ /p/-L Pr .
k71-]- = /d4p;-Ld4p;-R54 pjL — (1 — ’}/) p;-L - ’Y/ 7J2ﬁ,2] — ’}/l(l — (SjLJ'R)
/ / !
- P Pir . 3
x 08 pir — (1=7) Pl — 7’\/7 ~Sm UL = G w) +0 <<q§T)/Q) ) ,

=14+0(v) . (4.57)

One factor of z;J;; ensures that the integral over the delta functions is correctly normalised
whilst the additional factor of 7;; encodes the recoil corrections. This is the factor that was

absorbed into the phase-space in [45], i.e.

(i)
L« g;
do(qs, Py, Bys Pjw) =5 do(pj,pje. pjr) e dzi Pogw, (20) Jij- (4.58)
il
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We can extend this prescription to the soft sector using Catani-Seymour dipole factorisation
[46]. The dipole factorisation provides a unique way to split the parent dipole of a soft
emission into two halves, identifiable by their separate collinear poles:

Dy - Dj Dy - Dj Dj * Dj

(gi-Dj)Bj @)  ai- By +Di)bj-a Dy 6By +Dj) @
This provides the means to implement a local recoil using the parton contributing to the
collinear pole in each half of the dipole. Thus we can write
(0! Vhy - s
2qi - (P + P3) (D5 - @)

(q?ﬁ ))2153" - Py

2(pjr - qi)(Dyr +Pj) - Gi

soft x¢qpasoft __ coll x¢yacoll coll * ¢yacoll

(4.59)
From this, R?;?ft and R,LC»OH can be evaluated:
(45"
(47l ")*pyj - p;
ai - (pjo +p;)(pj - @)
We can now go ahead and determine the subtraction functions used to define variant B.

Using (4.37) and (4.38) we get

Ji+Ged),  RMa.{p}) =T  (4.60)

R (@i, {p}) = 5

dqff ) quf 0;(q:) NG
j7’ Tt soft *
dat!” a0 (a) B35

Fjj(air {p}) =1 - (4.61)

Before moving on we want to comment on the discussion in [17], which shows that the dipole
recoil scheme, as implemented in a dipole shower, fails at the level of the NLL even at LC
due to incorrectly assigning the longitudinal recoil after multiple emissions. It remains to

be seen whether this is also true in the scheme discussed here.

4.3.4.1 A LLjy, recoil prescription

We can now consider constructing a recoil prescription where we only keep the parts con-

tributing at LLy. Firstly note that in the strictly leading soft limit

coll xgpacoll __ ¢yasoft x¢pasoft __ 4 ~
9%’ mz’j = mij’ mij = H5 (Pk — Pr)-
k

We can use this fact with variant B restricted to LLy, accuracy and find

dq"? ) g 6;(a)

dg??) ¢P7055 (@)
Using the naive recoil prescription,
m%)u*m%)u _ (54(pj _ Zi—lﬁj)égmal i 54(pj _ Ziﬁj)éénitizﬂ) H 54(1% — B,
k#j
Ryt = [0 e —p). R =R =1, (4.63)
k
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with (4.62), variant B fully captures the correct DGLAP evolution as longitudinal recoil
is now included in the soft-collinear region. This is not the case for variant A. We stress
that this observation is not a reflection of any fundamental difference between A and B
since, with a complete recoil prescription, A and B are equivalent. Indeed, we can use the
Catani-Seymour dipole factorisation [46], as previously discussed, to extend the naive recoil

prescription so that it does generate longitudinal recoil with variant A, i.e.

9%;?;’”*9%;?;’“ _ (54(pj _ Zi—lﬁj)(;;inal 4 54(pj _ ziﬁj)%mitial> H 54(1% — ),

ki
Gi'Nex = GiNe =
(%L °)°Py P gacols (4L )°Djr - Dj

soft *¢qyasoft __ coll coll *¢yacoll

2q; - (pj +p5)(Bj - ) Y 2(pj - 4i)(Djr +Dj) - G

(4.64)

With this, variant A also captures the correct DGLAP evolution.

4.3.5 A manifestly infra-red finite reformulation

It is possible to re-cast both variants of our algorithm such that the IR divergences, other
than those renormalised into parton distribution and fragmentation functions, explicitly
cancel at each iteration of the algorithm. We will demonstrate this for variant A, though
the procedure is pretty much identical for variant B. Our method closely follows that in
[27].

We begin by expressing a generalised measurement function in the soft and collinear

limits as follows

q; soft
um(q17 3] qm) = u(qj7 {Qb sy @i—1595+415 -+ qm})umfl(QI, v Q5 —15 45415 -5 Qm); (465)

and

ajlla:
Um(Qla--me) = u(QJa{qla7ql+QJ77qm})umfl(q177QZ+QJ>7qm)a (466)

where u(gj, {¢}) — 1 as j becomes exactly soft or collinear. For many observables, it is
possible to further pull apart the measurement function by defining an ‘out’ region, where

there is total inclusivity over radiation. For such observables we can write

u(qj7 {(]}) = @out(qj) + @in(QJ)uin(Qj7 {Q})> (4'67)

where Ojy,/oui(qj) = 1 when g; is in the in/out region and zero otherwise. For a global
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observable, the out region has zero extent and so ©gyt(g;) = 0. First we define

r=r,+7T,,

= dS, P B _ dzdg

ru_/ (L= ulk, {g}))} +;T - T i b dSy = dyde¢ = T2
lDQ _ _Tg r]rg k(l]) Di - Dj 02 k Ri(')ft TUZ vv RCOH
DL = T T G R Z

Vs = Pexp ( / drL 7 ) . (4.68)

After a simple path-ordered operator expansion,
Var Voo~ [ dlluin, (0}) Vo, 3DE Vi, L

+ / dIT;dIIy Q(kl L — ko L) u(kla {Q})u(k27 {Q}) vanzL %D% Vk'ZkalL %D% Vkl 1,0 ™
(4.69)

the observable, 3, can be expressed as

- /Z (Hdﬂz‘) Tr By (15 {p}n) Pnlar, - qn); (4.70)

where
Bn(QJ.Q {ﬁ}nfl U Qn)

=V gn1 [/ Hd4pi 5r DpBr_1(gn 15 {p}n—1)D
- 1 N —
0 { B o), 502 b ulane (o) | Vi Ol = a0, (471

with Bo(q1) = VIM»QH(Q)VL,Q' We define 6% = 1 when parton n is real and 5 = 0 when
parton n is virtual, and similarly 67 = 1 — 6. ®,(q1,...,¢q,) is a measurement function
on the phase-space of real particles. We refer to [27] for its precise definition and here just

present an illustrative example:

(65703 87 + 05 63767 + 65°03 61 + 65 83 01 ) ®3(a1, a2, 43)
= 05703 61 u1(g3) + 03 0501 ua(q1, q2) + 505 6{'uz(q1, q3) + 03 05 0y . (4.72)
Written in this form, each B,, is explicitly infra-red finite provided the measurement
function is infra-red-collinear safe, and that the evolution is not convoluted with parton

distribution or fragmentation functions. In this case u can be safely taken to zero. In the

case that the evolution is convoluted with parton distribution or fragmentation functions,
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collinear poles remain (one for each hadron). These poles are removed by renormalisation
of the parton distribution functions or fragmentation functions, generating their u depen-
dence. Finally, note that for recursively-infra-red-safe continuously-global observables [9]
in eTe™ collisions B,, = 0 for n > 1 at single-log accuracy. If the observable depends on
fragmentation functions the n > 1 contributions give rise to the DGLAP evolution of the

fragmentation functions (see Section 4.4).

4.4 Collinear factorisation

Up to this point we have been interleaving the emission of soft and collinear partons to
build up the complete amplitude. As is well known, it is possible to factorise the collinear
emissions into the evolution of parton distribution and fragmentation functions. In this
section, our aim is to explore collinear factorisation within the context of our algorithm.

The plan is as follows. First, we will derive the factorisation of collinear physics into
jet functions; one for each parton in the initial hard process. At first we do this ignoring
the presence of Coulomb exchanges. This result is sufficient to derive DGLAP evolution
(which we do in Section 4.5). After this, we go on to construct the complete factorisation of
collinear physics into jet functions on every hard or soft leg. Finally, we use a path-ordered
expansion of our Sudakov operators, V3, to re-insert Coulomb exchanges one-by-one into
the previous results. The result is that collinear evolution below the scale of the last
Coulomb exchange can be factorised. The outcome of which is the general factorisation of
collinear poles into parton distribution functions, as anticipated after the work of Collins,
Soper and Sterman [33].

We provide diagrammatic proofs where possible and only sketch in the text the algebra
that is going on behind the scenes. Throughout this section we leave aside the recoil
functions %%, Ml and the integrals corresponding to the momentum maps between
each iteration of the algorithm. This is to reduce the length of the algebra that remains,
and it is certainly valid to LLy accuracy since tracking longitudinal recoil is sufficiently
simple. We also drop the inclusion of measurement functions since they too have no affect
on the discussion. That said, in Sections 4.4.1.1 and 4.4.1.2, we present a summary of the

results with all of these functions re-instated (for both of variants A and B).

4.4.1 Factorisation on hard legs without Coulomb interactions

The main result of this subsection is the factorisation of collinear physics into jet functions;
one for each leg emerging from the hard scatter. We do this with Coulomb gluons removed

(6;; = 0) and will discuss their re-introduction in Section 4.4.3. The following manipulations

can equally well be performed using either variant A or B of the algorithm. For concreteness
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Figure 4.3: Tlustrating hard-leg factorisation. Red dashed lines represent the emission of
soft gluons and collinear emissions are represented by blue dotted lines. Circles indicate the
hard scale from which subsequent evolution proceeds. Loops (Sudakov factors) have been
neglected to avoid clutter.

(a) A term contributing to the right (b) A term contributing to the right
evolution (B). evolution (A5™M).

Figure 4.4: The right evolution (the evolution of the conjugate amplitude) of a hard process
after 9 emissions. Red dashed lines represent the emission of soft gluons and collinear
emissions are represented by blue dotted lines. Loops (Sudakov factors) have been neglected
to avoid clutter.

we will use variant B whenever an operator needs to be given an explicit definition'®. Let

us begin by simply stating the result:

S(p) = / > (]:[1 dH¢> > i Tr (Colfn(ﬂ) o Coly, (1) Bﬁ_m_p(ﬂ))- (4.73)

n m=0 p=0
Figure 4.3 illustrates what is going on diagrammatically (it shows a contribution with n = 8,

m = 5 and p = 1). The collinear evolution operators for hard legs, which provide an operator

description of a jet function, are constructed iteratively according to

Colo(q1) = ViTe:

COlm(QJ_) = ng)_l,quémCOIm—l(QmJ_) @(QJ_ < QmJ_)a (474)

13In the case of variant A, for the most part, all that must be done is exchange P;; and Py,v; with the
overlined versions ?ij and fuiv -
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where

VZO — exp _asz/bdkin Z U2/dzd¢ ol

q’LJ_
Z Q\FAU Pi;. (4.75)

In both operators j sums only over hard partons. The circle operation, o, indicates the

sharing of partons between Col,, (1) and Coll, (1), i.e.

Col,,(q1) o Coll,(q1) =V CpColy_1(gm1)oColl _ (gm1) C! yeolt (4.76)

91:9m L m " q1,qm L”

BY p(u) are the scattering matrices evolved using the algorithm, modified so that all

collinear emissions from hard legs have been removed. Specifically,
Z Bl (4.77)

where A,,_, (1) is computed using (4.12) with the collinear evolution off hard legs removed,
i.e. with the replacements D; — D; —C; and Vap = Va,b(Vg‘?g)_l. The number of collinear
emissions not off hard legs is indexed by p and n —p —m is the number of soft emissions (in
equation (4.73), m is the number of collinear emissions off hard legs). An example term,
contributing to B3 (1), is presented in Figure 4.4(a).

It may be helpful to contrast Bf (u) with scattering matrices evolved using the FKS
algorithm [27]. We denote the FKS matrices as A$°®(1) and they can be evaluated using
variant A with P, = 0; an example is shown in Figure 4.4(b). Note that B (1) # Asoft ()
for n > 1 since BY () still contains the collinear Sudakov factors ‘attached’ to soft partonic
legs. Also note that BY(u) = A (1) and BY (1) = 0 for all i > 0. In Section 4.4.2 we will
generalise the arguments presented here so that we can factorise collinear physics into jet
functions that multiply As°®(p). However, in this section we will not make any further use
of AT (1)

Equation (4.73) can be written more simply by combining the collinear evolution oper-
ators (which are proportional to unit operators in colour space) into a single cross-section
level jet function, Coll, (1) o Col,, () = 1 ® Col,,(1). Doing this enables (4.73) to be

written as
Y()|uy,=1 = /Z (HdH,) Z Z Trs Col w) Tr.BE p(,u)), (4.78)
n i=1 =0 p=

where the traces are over colour, ¢, and helicity, s. However, we avoid working with collinear

factorisation in this form because it does not apply when Coulomb exchanges are present.
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Having stated the result, let us now proceed to show how it is derived. The following

commutation relations are important:

[D; - C.,C,] ~0, [Va,b(vg?g)—l, cj} ~ 0,

VoV vea] =0, [Di- Gl =o. (4.79)

Here ~ denotes equality when the operator acts on a matrix element, which is all we ever
encounter.
[Vmb(Vg‘,’é)_l, Vgodl] ~ 0 and [D;—C;, Vgoé] ~ ( are trivial to show as ng’g is proportional

to the identity in colour-helicity space. Diagrammatically, proving

[Vap(Vap) ™, Vi =0

o= @ : @ =
and [D; — C;, ng’g] ~ 0 to showing
g — @) N (M) : (4.81)
4 \L\

As ever, a red dashed line is used to represent a soft parton and a blue dotted line represents

reduces to showing

*x

e N
Ry

a collinear parton. The black dashed line indicates a cut (cut lines are on shell).
[Vavb(VZ?g)_l,éj] ~ 0 and [D; — C;,C;] ~ 0 can be shown by factorising kinematic
factors from the colour and helicity operators, then carefully tracking the action of the
colour operators so that colour conservation can be applied. Proving the commutators also
requires noting that both soft real emissions and soft Sudakov factors are identity operators
in helicity space, and that helicity states are orthogonal. [Vavb(Vg?g)_l,éj] ~ ( presents
the biggest challenge. The derivation follows closely the discussion in [13]. It is most easily

illustrated by expressing the operators diagrammatically. Doing so reduces the problem to
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showing

b5 @ i

_ (./\/l) i A%A] (M) ' (4.82)

>
=
+
=
’_
e~

Also note that

which trivially follows from (4.82). Using these commutation relations, reconstructing the
separate strong orderings of collinear and soft physics in (4.73) is simply a case of careful

combinatorics and relabelling of momenta. For instance

(4.84)

For the sake of completeness, in the next section we will go ahead and put back 9%t
2Rl and the measurement functions. However, we have only proven correctness at LLy,
accuracy. As such, Sections 4.4.1.1 and 4.4.1.2 are conjectures. It might be the case that

only certain classes of recoil prescription factorise in this way. We will focus on variant A in
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Section 4.4.1.1 and turn to variant B in Section 4.4.1.2, where we show how to re-instate the
plus prescription in the collinear splitting functions. We caution that both these versions of
the algorithm will not produce super-leading logarithms because Coulomb interactions have

been neglected. Therefore they are only suitable for processes with fewer than two coloured

particles in either the initial or final state of the hard process, i.e. eTe™, deep-inelastic

scattering and Drell-Yan.

4.4.1.1 The details

Now we summarise the results of the previous section and make a conjecture regarding the
inclusion of recoils (recall we left these out of the discussions in the previous section). For
concreteness we use variant A. The evolution has two phases. In the first phase soft gluons

are emitted:

a(0,0) = V. oH(@Q; {p}) V] o = Ao(s; {p}),

do(1,0) /Hd“pz Vg . DiAo(q 13 {p})D] V], dITy

= Ay (p; {p})dIly = BY(; {p}1)dIIy,

do (2 0 /Hd4pl ;LqQJ_DQAl((hLv{p})D V‘LL q2LdH1dH2
= As(p; {ph)dﬂldfb = (BO( )+ Bi () Ty dIIy,

do(n,0) = An(u; {p}n) HdH —ZB o) [ a1, (4.85)
=1

where ]~)Z =D, — C,; and

_ Z 0 Azl Py R ({p}, (5}, 40), (4.86)

where [ sums only over hard partons. And \7@71, =Vu5(Vap) ! and

b q7.07)
Qs dk} 5 dzdo o
\ b—exp[ § j / TZ—Q / o PouRi “] : (4.87)

Again, the sum over [ only includes hard partons. In do(n,m), n indicates the number

of soft emissions, which occur during the first phase of the evolution, and m indicates the

number of collinear emissions, which occur during the second phase of the evolution.
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The second phase of the evolution dresses the hard legs with collinear emissions:
do(n,0) = Tr (V,.0da(n,0) V), o) = Tr (Alo(u {p}a)

= Z Tr(Colg)(u) o Coly () By,_, (1)),
p=0

do(n,1) = /Hd4pl- Tr (qumuénﬂv%wu,@ do(n,0)

o =t < in
qun+1L,QCn+lvu,qn+1L) dll4q =Tr (An+1(ﬂ§ {Piny1))dll, 1
Tr(Col] (1) o Coly (1) BY_, (1)) dIL41,

0

S
I

da(na m) = Tr (A:rrll—&-m (M; {p}ner)) H dIl,
=1

n m
= 3" Tx(Coll, (1) o Coly (1) B, (1)) [ [ ATl s (4.88)
p=0 i=1
where A7 +m Obeys the recurrence relation

AZer(‘JJ_; {Prnem—1U tnim) = /H d4piv<u7qn+m¢6n+mAz+m—1(Qn+mJ—§ {Prnrm-1)
7

a v
X Cn-i—quL,qn_,_ml@(QJ_ < QnerJ_)-

An observable can be calculated using

S =3 [ dowun(ar, e an) (189)

where do,, = >

v_odo(n —m,m).

4.4.1.2 Recovering the ‘plus prescription’

Now let us turn to variant B. Recall that, in this variant of the algorithm collinear evolution
proceeds using the full DGLAP splitting functions. Things are precisely as in the last
subsection except that we now use the splitting operators without overlines (P;) and the
functions f and F are to be included in the soft terms. We can go a little further and expand
out the Sudakov factors in order to recover the familiar DGLAP plus prescription. To that

end, we expand the collinear Sudakov factors (V) that appear in the second phase of the

evolution:

b b b

— dk dk dk

Vb zﬂ—/ uF1+/ “Fl/ 2L, - (4.90)
a k11 a k21 ey K21
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where

d ld ? co
ZZT“/ : ¢77UUZR L (4.91)

Once again, the sum over [ is only over hard partons. Using this, we can regroup terms in

the same way as Section 4.3.5 to generate the plus prescription:
do(n,0) = Tr (do(n,0)) = Tr A,
do(n,1) /Hd p; Tr ( n+1do(n,0) DILH) dIL, 41
=Tr A7 (15 {p}tnr1)dn 1,

do(n,m) = Tr AL, (i {pYurm) [ [ s
=1

= Zn:Tr ([Colin(,u) o Coly (1) + O(a™*) } Bﬁ_p(u)) ﬁdﬁnﬂ-, (4.92)
p=0 i=1
where

AZer(qJ_; {Prntm—1U Gnim) = ﬁn+mAZ+m—1(Qn+mJ_§ {p}n-&-m—l)ﬁjwm@(QL < Gniml),

using the boundary condition that

Al (q1) = ﬁn+1AZ+0ﬁL+1@(QL < Gnt1 1)O(qny11 < Q), (4.93)

and

(i)
LA PR ({p) (B} 40). (4.94)

D, =) %

I
The sum over [ only includes hard partons. Pj; has been redefined to include the plus

prescription and labelled le—. The plus prescription is defined in Appendix 4.7. Observables
are computed using (4.89).

4.4.2 Complete collinear factorisation without Coulomb interactions

Now we are going to go ahead and factorise the collinear physics completely. Once again, the
manipulations are essentially the same for either variant of our algorithm. To be concrete,
we will use variant B whenever an exact definition must be given. As before, we will begin

by stating the final result:

= / > <H dHi> > Tr (tcoljn(u) otColm(u)Aioftm(M)> : (4.95)
n i=1 m=0
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where have we defined the following operators:

tColy(q1) = Vi©,

tCol,,(q1) = Vi C,tColy1(gm 1) O(qL < g 1),

q1,9m L
(9™ PN dzd¢
qu_ <ij—> Tj / 871 vaj )

v

bdk‘( )

Qs

V;‘jo =exp |—

(37)

g;
Z Q}A” P,; O fL) <pi) (4.96)

and the index j runs over all partons (hard, collinear and soft). We continue to leave aside
the functions /%%, Ml from emission operators and Sudakov factors. These can readily
be re-instated as in Sections 4.4.1.1 and 4.4.1.2. A% (4) is as defined in Section 4.4.1
and evolves the same as A, (u) except that C; — 0 and V,; — Va,b(Vfl‘fOI) L= Vflolft,
i.e. it corresponds to summing over diagrams such as the one in Figure 4.4(b). Ignoring
the effects of recoil (and Coulomb exchanges) and using variant A, A$°%(;) corresponds
to FKS evolution [27]. One of the possible contributions to tColj1 is represented in Figure
4.5. In the figure, we have sacrificed the intuitive picture of a parton cascade in lieu of

providing more detail on the evolution. To construct Figure 4.5, we have employed the

Casimir structure of Vfl‘fl‘)’l to split it apart as
tcol __ J
Va7b - H Uaab
J

where

b 4™ dzdg,,
J 0 2
U, , =exp [ - /a k(j") O q“_ <pjL) Z']I' / m;] , (4.97)

and the product over j is over all partons. In the figures we will be explicit with the
labelling so that it is clear whether Ui,b is associated with a hard parton (labelled by @), a
soft parton or a collinear parton, i.e. j € {Q, 1%, 25f | (n — m)soft qooll geoll | pcolly,
Something more in the style of our previous diagrams is illustrated in Figure 4.6.

We will now prove (4.95) by induction. First, we assume that

Tr A Z Tr (tcolT (i )otcolm(u)A;iftm(u)), (4.98)

m=0

where A,, is computed as usual from (4.12). We can see that this is true for n = 1 by
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Figure 4.5: One of the possible contributions to tColL Red dashed lines represent soft
gluons and blue dotted lines represent collinear partons. Each line is associated with a
Sudakov factor and circles indicate the scale from which the subsequent evolution proceeds.
Circles from which two lines leave indicate the action of the operator C. Circles from which
one line leaves indicate the scales inherited from the soft evolution phase (not shown).
Collinear scales {g; } are ordered with respect to each other, as are soft scales {p;, }.
Scales connected along lines are also ordered, with the largest to the left and smallest to
the right.

expanding out the tCol operators and A%ft:

1
Z Tr <tCol;rn(,u,) o tColm(u)Aio_ftm(u»

_ tcol tcol ft soft Ty 7tcolt At~y rteol T
=Tr (Vi €1V G VERH(Q) VS Vi | Clvieat

+Vtco Vsoft S, Vsoft (Q)VSOf‘DT STVsoftT Vtcol T)

Hyq1 L q11,Q q11,Q Hyq1 1

Hyq1 1 Y q1 L q11,Q Y a1, q11,Q Hyq1 L

(Vsoft yteol Clvtcol Vsoft QH(Q)VSOftTVtCOIT CTvtcolT

1 1 ft 1 ft soft]L T ft + y7tcol
FUL,,  Vio Vi SiVel oVt qH@Q VSTV viegT)

=T (Vi . D1Va L @HQV, DIV, ) (4.99)

q11;

where we have used Cl = C; = C; as it only acts on hard legs. We have also used the
commutators [Vab(VCOI) VCOI] ~ 0 and [V, b(VCOI) 1.C;] ~ 0, derived in the previous
section, and V., = V., V3 4. Notice in the above expressions the theta functions present
in Cy and VtCOl > g are always unity on hard legs as the ordering guarantees their argument
is satisfied. We will now show that if (4.98) is true for A,, it is also true for A, ;.
We begin by noting that from the Markovian way our algorithm evolves, we can write
A, = An(p, q11) where An(u,ql 1) is computed using our algorithm (as described in
(4.12)) however with the evolution initiated by H(q ) = Dquu,QH(Q)V;LQDJ{ and
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Soft evolution scale  Collinear evolution (tCol;)

......

Figure 4.6: A diagram illustrating factorised parton evolution. Red dashed lines represent
the emission of soft gluons and blue dotted lines represent collinear emissions. Circles
represent the hard scale from which the subsequent evolution proceeds. Loops (Sudakov
factors) have not been drawn.

with the parton momentum indexed as 2, 3,4, .... From this we can use (4.98) to write

Tl"An+1(M) = ﬂAn(M7 qlJ_ Z Tr (tCOI (M? Q1J_) © tCOl (Ma q1 J_)A (M7 q1 J.))

m=0
(4.100)
where A (1, ¢, ) are generated by the same algorithm as AS°f (1) however using
H(q1 1) as the initial condition. tCol,, (1, q1 1) are generated using the iterative relation in
(4.96) but with an initial condition tCol, (q1,q11) = V;Cflql - Next we split apart ﬂ(ql 1)

as

H(Qli) Slvtcol QVsoft H(Q)VSO&T VtcolT S

q11, q11,Q q11,Q " q11,Q
+ Gy Vil vt HQ) VT Vil Cl (4.101)
Va1,V aqr1,Q q11,Q " q11,Q ’

Using the commutation relations from Section 4.4.1, we can move the collinear operators in

H(q; 1) past the soft operators which construct ASf (1 q1 1) to arrive at
- f
It A .
TrAppa(p) =) Tr (V;ﬁ tCol,,, (11, q1 1) 0 tColy (1, q1 1) VI (AR, (1, Q)>
m=0

+ Z Tr ( tCOH CTtCOI (1, q1 1) 0 tColy, (11, qu_)CthCO1 AR (u, Q)) (4.102)

We can now combine the collinear operators using

tColy (11, g1 1)C1VE? ) = tCol 1 (1)0(¢5 > ¢5°)
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and

tColy, (11, q1 L)V;‘EOLQ = tCol,, ()0 < gi°f),

where in the second equality we need to relabel the momenta of collinear partons again so
that they are indexed as 1,2, 3, .... We have denoted the momentum of the hardest collinear
coll

emission generated by the collinear operators, tCol, as ¢{°" and the hardest soft momentum

in ASf (1,Q) as ¢i°". Combining the two sums and theta functions, we arrive at

n+1
TrAper () = 3 Tr (tColIn(,u) o tColm(u)Affﬂ,m(u)) . (4.103)
m=0

Thus we have proven that (4.95) holds for n — n + 1. It is important to note the role of
the theta functions in the definitions of CZ and nggl. These ensure that the commutation
relations from Section 4.4.1 can always applied. They do this by squeezing to zero the phase
space of any collinear partons generated by C; and Vg‘;‘iQ from not-hard legs. To illustrate

this point, we will consider the relevant Feynman diagrams:

O(gj L — ¢ 1)O(qi 1 —p)O(Q —qj 1)

O(giL —4;1)0(gj L —1)O(Q — g 1)

O(¢iL —mO(Q — ¢ 1)O0(g5 L —)O(Q — g5 1)

(i1 —q; 1)O(gj L —1)O(Q —¢qi1)- (4.104)

Note that the last term on either side of the equation cannot be manipulated using our
commutators and there are no more diagrams we could include which they may cancel
against. Nevertheless terms of this form are generated by our algorithm. They represent
a collinear parton, emitted from a soft parton, restricted so that its transverse momentum
is smaller than the transverse momentum of the soft parton. Using C;, equation (4.104)

reduces to

(M|DIDID>Dy M) O(q1 1 —421)O(g2 1 — 11)O(Q — 1 1)
= (M|S]CLC281 M) O(Q > g1 > 1)O(Q > g2 > p). (4.105)

160



4.4.3 Partial collinear factorisation with Coulomb interactions

Q1

UQT 43 1:91 L
Soft @ (R @ U}chll 1
41 1L

evolution

1soft 4 _
from @ to ky | __)_ _ P‘]&LEL_)_ o

Soft
....... Pusaanna e
evolution
-_——-— k=== —————— e oo
from kq |
....... Pusaanna e
tOkQL

S @ S
]\72L

Figure 4.7: A diagram illustrating factorised parton evolution including Coulomb exchanges.
Red dashed lines represent soft gluons and blue dotted lines represent collinear partons.
Each line is associated with a Sudakov factor. Circles represent the scale from which the
subsequent evolution proceeds. Circles from which two lines leave represent the action
of the operator C. Circles from which one line leaves contain the scale information from
the preceeding soft evolution. Coulomb exchanges are indicated by vertical zig-zag lines.
Momenta are ordered from ‘left to right’, as in Figure 4.5, including Coulomb exchanges.
(The top half of the diagram lies to the ‘left’ of the bottom half.)

Though it is not possible to use the identities in (4.79) to factorise collinear physics past a
Coulomb exchange (im term), it is possible to perform a partial factorisation. Our approach
is to expand each Sudakov operator as a series in the number of Coulomb exchanges it
resums. Consequently, this enables A,, to be expanded as a series in the number of Coulomb
exchanges. We can then factorise soft physics from collinear physics either side of a Coulomb

exchange, using our work in the previous section. The partial factorisation is illustrated in
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Figure 4.7. We begin by expanding the Sudakov operator:

~ Qg
Va,b :Va,b - §
T

11<J1

b k!

k(iljl)

i1j1)
1

) g 9N 5. .V
Vg o (Til : le) i Oiyjy Viey 1 b

(11J1) (i272)
a A ki dk . L

5 § LL 2L Vg, (T T )im 04y
%1J1 k(12]2 ’ 12 J2

12<j2 Z1<J1

X Vk'ZkalL(T’il . T?l) iwgmlvklbb T ey (4.106)

where \A/'al, is equal to V3, with Sij = 0. Consider using this expanded Sudakov in a parton
cascade. The theta functions describing the integral limits on each ¢7 term can be used to
constrain the limits on the transverse momenta of subsequent emissions (after the i7w). For

instance

D3V D,V D,

g3 1,92 1 q2 1,91 1

2L dky | o
o +D3/ quSLakQL Z (ng 'ng)ZﬂVblml
q.

3L i2<jo

BLdky | .
X D2/ HV%L,ML Z (ngl . Tgl)lﬂ-vleqlLDl + .,
q

2L 11<j1

@dkyy ¢ X
- +D3/ EVQ3LJ€2L Z (’]1‘192 ) T§2)Zﬂ-vk2l7q2l
W

i2<J2
@ dky 1 ¢ -
x DQ/ vahLyle Z (Tgl 'Tgl)”r Vi, . D1
® 11<j1
X @(kgj_ > qgj_)@(k'lj_ >qo > klj_)@(qu_ > k‘u_) + ... (4.107)

Therefore, we can treat each Coulomb scale as hard relative to the emissions that follow it
and soft relative to the emission before it. Thus we can perform a factorised evolution on

a hard process up to the scale of the first iw term (k;,). We can take the output from this

evolution,
dk(lljl
ZA le Z klljl) 11]122
12<32 11 n m=0
X Tr [ A" (k11) > Colf, (ki 1) o (T? - TS )Coly(kry) |,  (4.108)
11<J1

and use it as a new hard process H(ky ;) from which a second factorised evolution can be
initiated. This process can be iterated for each ¢7 term in the expansion, as illustrated in
Figure 4.7. To complete the computation of 3, each k; | must be integrated over the range

[, Q). Interestingly, note that any term in the evolution terminating on a im term to the
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left of the hard process will cancel against an equivalent term terminating with an im term
to the right. Hence collinear emissions can always be factorized below the scale of the last
Coulomb exchange. This is consistent with the collinear factorisation shown by Collins,

Soper and Sterman [32, 33].

4.4.4 Observations on factorisation

Before we leave our discussion on factorisation a few comments are in order. Firstly, we
have not been able to achieve factorisation of collinear emissions past Coulomb exchanges.
This is to be expected and there is already extensive literature exploring this subject [13,
15, 16, 33, 47-51]. That said, it should be possible to factorise more completely than we
have done, by re-expressing the evolution so that all Coulomb terms are only attached to
the initial state partons [16], i.e. so we would have complete factorisation on all final state
legs.

Secondly, in order to factorise the collinear physics on all legs we had to keep track
of intermediate soft scales, from which to initialise the collinear evolution. The number
of scales required is equal to the number of soft emissions that occurred prior to factori-
sation. This means the fully factorised algorithm is no-longer Markovian. We anticipate
that our attempts to factorise the collinear physics should bring us in to contact with exact
resummations and soft-collinear effective theory (SCET).

It also should be noted that by factorising collinear emissions from the soft evolution,
the soft evolution can be explicitly seen to be independent of spin. This is less evident in
the interleaved variants of the algorithm. Soft gluons, and subsequent collinear partons,
trapped between Coulomb exchanges might conceivably contribute non-trivial spin correla-
tions. This is because, despite equal probabilities for the probability of emission of positive
and negative helicity gluons, a collinear emission originating from a soft gluon may depend
on its helicity (specifically g — qq splitting). This has also been explored in the literature,
where it has been noted that soft gluons in the presence of Coulomb/Glauber exchanges can
generate spin asymmetries [50]. Further discussions on the spin evolution of the algorithm
after factorisation can be found in Appendix 4.8.

It is also interesting to consider the consequences of factorisation in the case of vari-
ant B with a universal recoil. A universal recoil allows B to be partitioned in terms of
colour-diagonal evolution generated by C; and colour off-diagonal evolution generated by
S;. Hence, provided the recoil prescription does not change the commutators in (4.79), the
proofs of collinear factorisation we have presented become proofs of the complete factorisa-
tion of colour-diagonal physics from colour off-diagonal. This is for observables insensitive

to the presence of Coulomb exchanges. Since we know that Coulomb exchanges can be
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factorised onto the initial state [16], this means that there is a complete factorisation of
colour-diagonal from colour off-diagonal physics in lepton-lepton, deep-inelastic and Drell-
Yan scattering.

Finally, we should remark that it is possible to write down infra-red finite versions of

each of the factorised versions of our algorithm, using the procedure in Section 4.3.5.

4.5 Phenomenology and resummations

In this section we will first demonstrate how DGLAP evolution emerges. After that, we
illustrate the use of the algorithm by calculating thrust at LLs; accuracy, the hemisphere

jet mass and gaps-between-jets in ete™ at LLyg with the leading non-global logarithms.

4.5.1 DGLAP evolution

We will now show how our algorithm can be used to generate DGLAP evolution, which
resums the collinear physics into the running of parton distribution functions. We focus
on unpolarised incoming hadrons that collide and produce some high-pr system of interest.
We will neglect threshold effects as sub-leading, which is shown carefully in [52-54]. The
methods employed in this section can readily be extended to other processes, including
those dependent on fragmentation functions.

DGLAP evolution [36, 38] states that
afl (.T, M) Qs ! dz
u@izﬂgllsz@mwam, (1.109)

where f;(x, ;) is the parton distribution function for partons of type i. P;j(z) are the
regularised splitting functions defined at the end of Appendix 4.7. Iterative solutions can

be found by expanding the parton distributions:

1@ = 100 + 3 (2) 10w, Q), (4.110)

n=1

where fi(n) (z,p) =0 for all n > 1. This gives

" dm—1 1 d m 1 dzm n
F @, g 1) :/ — Z/ T]Dij(zm)f} @/ zms g 1), (4111)
© j Jzoom

qm L

which has a separable solution of the form fi(n) (x,Q) = fi(") (z) 5 In"(Q/p), where fi(n) (z)

satisfies

1w Z/mmumﬂ@m» (4112)
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Figure 4.8: How DGLAP and fragmentation evolution can be constructed from the as
expansion of our algorithm. The vertical dashed lines here correspond to a cut on all
external legs (incoming and outgoing) and the grey blobs represent the hard process, i.e.
the amplitude evolves from the right grey blob to the vertical dashed line and the conjugate
amplitude evolves from the left grey blob to the vertical dashed line. Solid lines indicate
hard partons and blue lines collinear partons.

We can write this in terms of the unregularised splitting functions (e.g. see [38])
1
n+1 dzm n n
£ 0@ =% [ (Potendsf /o) = APuen @) (4113
j m

where f;n) (z) =0 for x > 1 and we have removed factors of ny from Pgy,.
For hadron-hadron collisions, we label the two incoming partons as a and b and their
momentum fractions in the hard process as x, and x;. We can take the factorised expression

corresponding to variant B of our algorithm (4.73) and attach parton distribution functions:
n—m

¥ = / ; (ljl dHi> ; 1; / da,day, Tr(Col;fn(u) o Colyy, (1)
< By (0) {10001 00,0}
(4.114)

Zq,, and zp,, are the momentum fractions of partons a and b respectively after m collinear

emissions generated by Coll (1) o Col,,(p); they can be related back to z, and z; by
momentum conservation along the collinear cascade. The x operator acts to attach parton
distributions of the correct flavour/species to partons a and b. There is a technicality

relating to parton flavour. That is because DGLAP evolution cares about quark flavour
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whilst we have defined the splitting operators to sum over quark flavours (in the case
g — qq). We could have avoided this technicality by defining the splitting operators per
flavour (i.e. set ny = 1 throughout Appendix 4.7). Then we would have to sum over quark
flavours throughout the rest of the paper. Instead, we choose to handle quark flavour by
keeping track of flavour along the evolution chain, and whenever a g — ¢q splitting occurs
we label the subsequent parton flavour generically, i.e. for two-flavours the relevant set of
parton flavours would be {u,,d,d,q,g}. Note that since we evolve away from the hard
scattering, a ¢ — ¢@ branching from an incoming ¢ actually corresponds to a ¢ — gg (or
d — qg) splitting in the usual DGLAP sense. This can be seen in (4.132), where the terms

involving 5}“1“31

and s; = £1 involve the Py, splitting function (the P4 splitting function

appears in the corresponding ¢™ital terms). With this in mind we have that

do « {fA P} = doas i 15, (4.115)
a,B

where o and 3 label parton type. For n;y = 2, we would have «, 8 € {u,4,d, d,q,g}, and
2ny f, is the singlet distribution function, i.e. f; = (u+ @ +d+d)/(2ny) for ny = 2. For
completeness, we here also attach labels A and B to indicate the type of hadron (we will
drop that label elsewhere in this section).

After expanding Col! (1)oCol,, (1) in powers of o, then spin averaging at every vertex,

substituting for (4.112) and evaluating the transverse momentum integrals, we find

53 (i)

n m=0 p=0 =1

X /dl‘adeb Tr (sz—m—p(lu’)) * {fa(xaa Q) fo(p, Q) + O(O‘QH_I)} : (4.116)

Figure 4.8 illustrates how terms in our algorithm should be grouped in order to generate the
iterative relation in (4.113) and so arrive at (4.116). Hence we see that variant B iteratively
generates DGLAP evolution up to the hard scale. The derivation of fragmentation function
evolution of final-state partons proceeds similarly.

For processes where Coulomb exchanges are relevant, DGLAP evolution is generated up
to the scale of the last Coulomb exchange. Also note that, in the infra-red finite reformu-
lations of A and B, DGLAP can be found in the B,, for n > 1.

4.5.2 Example resummations

In this subsection we show how to resum a number of observables in eTe~ — hadrons. The
idea is to use well-known results to illustrate the use of the algorithm and how to handle it’s

colour structures. The simplicity of the hard process means we can use H(Q) = N oyl for
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the hard-scattering matrix. We perform all calculations using the LLx recoil from Section
4.3.4.1.

4.5.2.1 Thrust

The resummed thrust distribution was initially computed at LL accuracy in [55], then at

NLL in [56]. The current state-of-the-art computation is at N3LL [57]. Thrust is defined as

p-n
T:maxiX:vPI |

n ZVp ’p| '

where the thrust axis n points along the initial hard parton axis at leading-order in the

(4.117)

soft and collinear limits; see Section 3.1 in [56]. We will only need to define thrust for 3
partons; of which 2 are hard (p; and p2) and one is soft (k). We can work in the dipole zero-
momentum frame using p, = E4(1,0,0,1), ps = E4(1,0,0,—1), k = (k, coshy, k|, k| sinh Y),

and we can fix 2F, = 2F; = Q. Thrust is evaluated as

k1 cosh |y| — k sinh |y +(’)(k%).
Q Q

When calculated in the hard-collinear limit, we can let 7 = 1+ O(k?) as all partons lie on

T=1-

(4.118)

the thrust axis up to sub-leading contributions. The thrust distribution Rr is defined as

1 d¥
Rr=[dl —— . 4.119
o= [ Sy )
As thrust is global, the calculation is most readily performed using the manifestly infra-
red finite version of variant A (see Section 4.3.5). Using this, all terms with one or more

emissions cancel exactly. The measurement function u(k, {0}) is

(4.120)

(00) (D)
K cosh [y| — &' sinh
u(k,{@})_@<1 1 coshly ~ k)7 sin ‘y|T>.

This is unity for a hard-collinear emission, since |y| — oo at LL accuracy. This kills the
hard-collinear terms, since they contain a factor (1 — u(k,{0})) = 0, which is as expected

since they contribute no double logarithms. Thus we can immediately write

S(T) = T(Voo Vi o)on

2 Qdrl1? r4s
_ smmg . Mg L 024
=Tr (exp - Ty - T3 @ / in 0;;(k)
1
1497 cosh ly| — kY9 ginh |y Dq - Da
xO T —1+ -+ L k3 111 N log.
( Q “(pg k) (pg - k) "

(4.121)
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After integrating

Qdk(q(ﬂ 00
1 ki —
1 [ | e (e -0 -m)
1

> Nc_laH,

Q 1 _
=Tr <exp [;Tg - T In® <1—T>D N log. (4.122)

Here we used the fact that 6;;(k) restricts the integration so that ky < Q). The colour trace

S(T) = Tr <exp [2:

can be evaluated to give

—_
|
N

1
( ] : (4.123)

And so we obtain the familiar result:

.1 dY
fir / T H(@) a1’
c dT’ln )exp[ Scpln2( ! ﬂ (4.124)

1-1

4.5.2.2 Hemisphere jet mass

The hemisphere jet mass is subject to non-global logarithms, which greatly increase the
challenge of resummation. It was first resummed at LL and LC in [58]. The current state-
of-the-art is split between fixed-order computation (a2 with leading colour [59] and «?
with full colour [60]) and resummation using numerical techniques to introduce full colour
dependence with sub-leading logarithms [61]. The measurement function corresponding to

the hemisphere jet mass in eTe™ — hadrons is

ur({a}) = ] (Olg€SF)+6(qe S5)0(p—my)), (4.125)

q€{qi}

where S;r and S5 are the hemispheres centred on the two primary jets. m+ is the total

invariant mass in the Sgﬁ hemisphere and p is the cut on hemisphere mass. The measurement
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function can be simplified by considering m4

2
mi= Y 2i-q= Y 2EE (1 —/1- qﬂé) : (4.126)
2

4i,q; €55 4i,0; €55

At the order we will perform the calculation we only need to consider one emission, hence

us(q) =O(q € SF) +O(q1 € 55)O <02 —2E1 By +2E1E44/1 — Q%J_/E%> ;

O(q1 € S5) +06(q1 € S5)O (p* — Q(q1 L coshy — q1 | sinhy)) for By < By,
=) O(q1 € SF)+O(q1 € 55)O (,ﬂ - %q%ﬂ) forq | < B,

where F. is the energy of the quark/anti-quark defining the Sgc hemisphere and Q) = 2F .
Note the similarity between this and the measurement function for thrust, which is expected
since it is well known that, at lowest-order, thrust can be expressed as the sum over the
two hemisphere jet masses defined by the thrust axis.

Again, we can use the manifestly infra-red finite version of A to find ¥(p):
. N7 - X7 £V ~
Z(p) :Tr(VQQVO,Q)Nc 1UH + /dHlTr [VoythDlVlh LQVq1L QDJ{VO,qlLU(qﬂ

X7 X7 ~x77 1 ~71 -
Vo, {VQI J_,qul 1,Q 2D%} VO,q1 L“(‘]la {Q}):| 0(Q —q L)Nc 1UH + ...
(4.127)

From the calculation in the previous section, we can immediately write

n <f)] . (4.128)

This gives the global contribution. The non-global contributions are found by evaluating the

Tr(v()’QVg,Q) = N.exp {—

remaining terms (corresponding to summing over real emissions in (4.70)). This calculation
can be found in [27], where the non-global terms are evaluated using the FKS algorithm,

which is entirely sufficient in this case. Hence we find

5(p) =om exp [—”jch In? (Q/m] (1 —cacrc(e) (%) @)
—C3Cr((3) (%)3 ln(%’!/p)?’ + ) . (4.129)
4.5.2.3 Gaps-between-jets
The LLy, measurement function in the case of gaps-between-jets is
(@15 @n) = [ (Bout (@m) + Oin(am)O(Q0 — g, 1)), (4.130)

m=1
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where the ‘in’ region corresponds to two cones centred on the two leading jets and the ‘out’
region is the region between these cones. The observable vetoes emissions in the out region
that have transverse momentum greater than Qg. At order o this observable is sensitive
to super-leading logarithms [12, 13]. These will be correctly calculated using variants A, B
and their manifestly infra-red finite versions, but not their factorised form unless Coulomb
exchanges are interleaved as in Section 4.4.3). Using the manifestly infra-red finite version

of variant A we correctly find that

20,Cr

S(p) = onexp |- Y In(Q/Qo)| (1+0(a3)), (4.131)

where Y is the rapidity range of the out region and the (1 + O(ag)) factor is the stack
of non-global logarithms, which can be computed by considering real gluon emission into
the out region, as encoded in (4.70). These were calculated up to O(a2) in [12, 13, 62].
We note a kinematic maximum on the rapidity of an emitted gluon, i.e. 2|y| < Ymax =
In (% + % — 1). This means that as Y — Yja.x all soft radiation goes into the in
region. At leading-order in the soft approximation Yiyax = In(Q/Qo), i.e. for Y > Yiax the

observable becomes doubly logarithmic.

4.6 Conclusions

Our primary goal in writing this paper is to provide the theoretical basis for the future
development of a computer code that is able systematically to resum enhanced logarithms
due to soft and/or collinear partons including quantum mechanical interference effects. The
algorithm we present, and its variants, are (mostly) Markovian and their recursive nature
makes them well suited for the task. First steps towards this goal are under development,
using the CVolver code to perform the colour evolution [63-65].

The algorithms in this paper correctly account for the leading soft and/or collinear
logarithms, though we have been careful to try and present them in such a way as to make
the extension beyond leading order. For example, we have taken account of the momentum
re-mappings that are necessary in order to account for energy-momentum conservation and

we have included g — ¢¢ transitions which are strictly single logarithmic.

4.7 Appendix: Splitting functions

The splitting operator P;; (see Figure 4.2), which is explicitly used in variant B of our
algorithm, is built from the spin dependent DGLAP splitting functions [40, 66]. It is an
operator in colour and helicity spaces and is defined using the spinor-helicity formalism [41].

We use the convention v(p,\) = Cu'(p, \) where C = i7?4°, which defines our crossing
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symmetry to have no global minus sign. Using rotational symmetry and parity invariance
one generally can write M({\;}) = M*({—\;}) where M is a matrix element and {\;} the
set of helicity states on which M depends. Together these define the correct treatment for
antiparticles, which should evolve as if they are particles with the opposite helicity. Thus

Pij is

P = 551,55?31 ( QCngi - <q;j> (T¢ @ S™) + 26:(317311212) = (T¢ ©5~1)
" \/QCF(Q - 207 2 (Pﬂz> WIT; ©8T) + \/261512_—2;);?(1212) Gl (e )>
P\ 2y gqi ) [p]qz] (oS + 2CFZ(121Piqz§) (T Es™)
* 2Cr (2 —P 22; + 22) [qug] IO 8T + \/26522_—23);?2?) <13j1Qi>Wij(T? N Sﬂi))

final (1 = 2i)*Pyq 1 ij 7 o plm2atd
105 W — 1)(T: ® P;IP4 i
+ 65J’16J <\/2TR(1 — 22’@(1 — 27,)) [ﬁ]%]( )( J “ ! ]S : )

27 qu 1
2TR (1 — 2z:(1 — 2)) [Pjai]

1 +1;
+\/2CA 1—z@+z )2 <Qiﬁj>(T§®S )

% ng 1 —1; Pyg(1 — 2)* 1 lg+1;
Y sk 99 Y P»S+ i
D ( J © ) + QCA(l — 2 + 23)2 [ﬁ]qz]( J © J )

(W9 — 1)(T? @ P}S™7:)

_.I_
2CA (1 — 2z + 22)? [qi;]

final (1- Zi)273qg 1 ij q Im2q—12 .
55,100 . — 1)(T¢ @ PP2S 2
+0s-195 (\/QTR(l —22(1 - 2)) <Qipj>(w N5 @ FES =)

2 qu 1
2TR(1 — 22(1 — 2)) {qip;)

1 L
\/QCA 1 — 2+ 22)? [pqi] (Tj ©87)

% Pag 1 . Pgg(1 — z;)* 1
T @ STl % T ® P;S™"
o ) +\/QCA(lziJrz 2)2 <qlp]>( @ )

+ (W9 — 1)(T? @ P;S*2:)

+

+
2CA(1 — 2 + 22)% (Pjai)
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[1 P, 1 _ 2P, 1 ,
+ 4, 5“““&1 < s 99 1 (T4 @ S*1) + %i’aq (T @$™h)

qipj) Cr(1+ 27) [pjail
+ ¢ T M CER
+\/ Gl _2;);9 g <q;j>wij (TY ® S—h‘))
*Our 25}“‘“‘ z ( Cr(1+ 27) [pjai] (Tj s CFiZquz) (gipj) (T8
+ \/nfCF 11__2222@7?9_ 2i)) <quj>ww (’]1*9 ®87h)

Zi qu
nfCF(l - 2Zi(1 - Zz)) ij%]

+ 5sj, 61n1t1al 1 2nf739q 1 (TEI ® ]PJQS+%1)
V 2 Tr(2 — 22 + 27) (pj@i)

2np(1 — z)? .
4| 2L ) Pyg (T ® PIP2S™7:) + Pag ! (TY @ S*)
[qua] Ca(

+

WiJ(TY @ S+l ))

Tr(2 — 2z + 222) 11—z + 23)2 (qipy)
z4’ng P (1 — Z‘)4 1 )
+ : TY @S~ 99 : TY @ PiS~h
\/cAu Ere O LR R fox e O LU

/ 2
+ 55],— 51n1t1al 1 nfpgq (Tq ® ]P;2S 22)
TR(2 — 2z + Z; ) [Chpj}

2nf(1 — Zi)2pgq 1 11mp2 1 P 1 1,
+ T¢ ® PIP2S*2:) + - TY @S~
\/TR(2 —22; + 22) <quz'>( s OFESTE Ca(l =z +27)? [Pj%‘]( ! )

24 Pyq 1 Pyg(l—2z)* 1 ,
\/CA(l — 2+ 27)% (pjti) T ) Ca(l =2 +27)? [pjai] Ty e B87

(4.132)

Here s; is the spin/helicity of parton j and z; is the momentum fraction between parton i
and its parent parton, j (as in (4.19)). "]I‘? are the basis-independent colour-charge operators
for the emission of a gluon [27, 67]. ’]I‘;J» is the colour charge operator for the emission of a
qq pair from a gluon. In the colour flow basis it is

VTR

T = /TRl — Y&
R N

‘ 7, (4.133)

where 7; exchanges the anti-colour lines associated with the colour line of parton j. For
example, let parton j have colour line ¢ and anti-colour ¢s5, 7; would exchange anti-colour

lines ¢ and ¢s. A full definition of 7;, and other colour flow operators, can be found in [27],
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where 7; is written s, 3. Note ']I‘;]- . ']I‘;]- = Tr1." We have defined S* as the operator that
adds a parton with helicity s. Just as TY - TY = C;1, it can be shown that S*-S* = 1. We
have also defined a ‘swap’ operator, W% which swaps the colour and helicity of particles i
and j. Finally, we defined P} as the operator that flips the helicity of parton i and P? that
halves the helicity of i. There is some freedom in how we introduce operators to keep track
of the evolving helicity state (for example one could have instead made use of (S*)T, which
deletes a parton of helicity s). Examples to illustrate the use of these helicity operators can

be found in Appendix 4.8. The (unregularised) collinear splitting functions are

1422
quicFl—z’

14 (1—2)2
Pyl HO=
Pag = nyTr(l — 22(1 - 2)),

z 1—2z
=2 1— . 4.134

Pyg CA<Z( Z)+1—z+ z> (4.134)

It should be understood that P;; always acts as

P,OPl = Y ST sl o1y e sl T (4.135)
v, 84, 8}
where ngj ) is a generalised spin operator and S(UJ 7Y is a c-number coefficient corre-

’L7Z

sponding to a v; — v splitting. For example, when j is a quark

P,OP} = S{7'T o sh 0T @ st 4+ S{7T @ St OTY @ 5711
+ S(‘H‘J)’Jrg ®sHoT eslit+ s 9 s i O @ s
- S(‘Hg)'ﬂ‘g Wwist 0TI @ St twi 4 5T @ WUSL 0TI @ 5L W
J E J J
- S(_q;g)qrg @ WIS™H 0T @S twi 4 S0 @ Wis—h 0T @ 5L Tw,
(4.136)

where

. 5]ﬁnal 5}nitia1 . 5§1nal 5}nitial
Slaov) —pCr — + + PyqCr — + . (4.137)
vzsl T M \4qi-pi 0 224 p YTE \4qi-pj 2ziqi-pj

The Sudakov factors in variant B can be written in a variety of ways using

1-z 1-z 1-z 1-z
/ dzPyg = 2/ dzzPyy and / dz (Pyq + Pyq) = 2/ dz 2Pyq-

Note also that there is a subtle factor of two difference between initial state and final state

splittings in P;;. The factor arises as partons in the initial state must be convoluted with

148trictly speaking this is only valid when acting on a physical matrix element.

173



PDF's which changes the pole structure of splittings and increases the number of diagrams
that must be summed over relative to splittings in the final state. In the final state (without
fragmentation function dependence), soft poles from real emissions can be found at both
z =1 and z = 0. These poles cancel the poles from loop diagrams. For real emissions in
the initial state, the z = 0 poles are absent due to kinematics whilst the z = 1 poles cancel
the poles from loops. The factor of 2 ensures the correct pattern of cancellations.

Finally, we also note the factors of ny, the number of quark flavours, in P;;. They are
present since we sum democratically over flavours whenever there is a ¢ — ¢g branching.
Note that since we always evolve away from the hard process this means that we sum over
quark flavours in the case of an initial-state ¢ — gq branching. Care must be taken however,
since if the branching cascade terminates with an initial-state quark (or anti-quark) then it
is necessary to divide by a factor of ny before convoluting with the corresponding parton
distribution function. The same holds in the case where fragmentation functions are needed.
In Section 4.5, we introduced the x notation to handle this. Of course, one could set ny =1
in the above splitting operators, after which it would be necessary to sum over flavours as
appropriate.

For variant A, we need the hard-collinear emission operator P;;. This operator is defined

at cross-section level through the relation

1; —1; 17Q1; 171Q—1;

o 1 } finalmpg S S~ WHS™ WS )
P,0P, = P,;OP! — 4 ’]1‘-®< — + —t——— -
VP R T\ VT =z (aip) | VT—zlbia) V7 Diw) | 7 D)

; sl S Wiisli W1 1

X (’)?I‘;z ®< — + — + —— + — >
VI=zilap;)  V1-zlpjal  Vz(Bia)  zlab]

. Sl s—1i
_ 251p1t1ang ® < + )
! J V1I—=zi{ap;) V1-— zipjql

St st T
x OT' @ < + ) , 4.138
J V1—=zi{ap;) V1—zlpg] ( )

where O is a generalised operator. Note that ...PijOPlTj... is not necessarily Casimir in

colour. However, as we observed in section 4.4, ignoring Coulomb contributions, the
collinear physics can be factorised and becomes colour-diagonal after taking the trace.
Therefore, for processes where Coulomb terms do not contribute (e.g. eTe™ and DIS)
we could use the emergent colour-diagonal structure to greatly simplify the P;; and P;;

operators. For example, we could redefine ﬁij with a simpler amplitude-level statement.
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To this end, we can introduce the hard-collinear splitting functions;

— 1
Pag = Pyq — 2CF1 .- —Cr(1+2),

—initial 1 1

—final

1 1
Pyg —ng—QCA — —2CA; =2CA (2(1—2) —2)
—final 1+ (1 - 2)2 2 —initial
Pyqg = Pgq — 2CF; =Cr <z - z) ) Poq = Pga:
Pag = Pyq- (4.139)

The newly simplified P;; is equal to the operator found by substituting P + P inside P;j,

i.e.

—final 1n1t1a1

5§inal ,qu N 5ﬁnal 'P

and 51n1t1a1 P 51n1t1a1 rP
99
This new P;; operator is constructed so that when used in the LHS of (4.138) the expression
becomes exact after a trace is taken. Additionally, it correctly computes spin correlations
after collinear factorisation. Simplifying the collinear emission operators would be very
pertinent to an efficient computational implementation of our algorithm.
fo

vivg and P;L_Uj are splitting functions used exclusively in our Sudakov factors and they

are defined with all colour factors removed:

o B 1

Pag = Pag ~ 15 = 31 +2)
Y
po _pe 1 Lb(-2 1
z 2z z

Poy =Py =ns(1—22(1 - 2)),
_ o 1 1
ng =Py — TR (2(1—2)—2). (4.140)

In Section 4.4.1.2 and Section 4.5 we make use of the plus prescription (see (4.94)).
Applying the plus prescription means

/ dz f(z)4 g(a / dr [f — f@)g()]. (4.141)

The plus prescription is, in our case, is defined by

/ dz P(x), O PT(2), u(z) = / dz [P(x)(’) P (2) u(z)

— Pl (2)Py(2) O “<21) — 0Pl (2)Py(2) “(21) ,

(4.142)
where the structure of the subtraction terms is determined by the corresponding structure

of the virtual corrections and this simply means that Py is determined using (4.132) but
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with parton j always treated as if it is final state. The two splitting functions affected by
the plus prescription are

1+z2> [1+z2 3 ]
P,y =C < =Cp | ———+26(1-2)|,
“wmH\1-2 ), T a2y 0 =2)

1- 1
Py, = 2Ca <(1_’22)+ +2(1-2)+ — Z) + 5 (11CA — dnTR)S(1 — 2). (4.143)

For the other parton branchings, P;; = P;; where i, j labels parton type.

4.8 Appendix: Connecting to other work on spin

Our goal in this appendix is to show how our treatment of spin connects with the work of
others, specifically that of Collins [68] and Knowles [69]. We will begin by re-capping the
calculation of the tree-level ¢ — g collinear splitting using the standard notation. The

matrix element is

g .

1 . _

ML o pis i) = TGTFE (03, (oY ML,y (1144)
2

where p;; = p; + p;. MY, is the spin-dependent n-particle matrix element, carrying

n spin indices. M?" is defined so that Us, (pij)/\;lglu_(...,pij) M s, (s pij). In the

collinear limit, pij is on shell and so we can express it as a product of on-shell spinors, i.e.
Pi; = > 51y Usij (pij)Us,; (pij). We can then further simplify by replacing Dirac spinors with
massless Weyl spinors, defined in the chiral basis as us = (zsq, yld)T. To avoid clutter, we
will temporarily drop colour factors, factors of g and the denominator of the propagator.
We find

ML (i) 6, ) ()00 ()M, 3 (o)
+e§ju(pj)xi %d(pi)auaﬂx_%ﬂ(pij)ﬂ/(;m_%(..., pij)os 1. (4.145)

We can now employ the spinor-helicity formalism [41]. Also applying a Sudakov decompo-

sition, as defined in Section 4.3.2, the matrix element becomes

n+1 .
M sin, (oo i ) \/ +22 X MG, 1 G pig)dg, 100

M _,(--wpz‘j)(ss.,_%é)\j,,l. (4.146)



Therefore, for each fixed value of A; there is an amplitude level decay matrix Dgf‘gi describing

the transition of a quark with spin s;; to two partons with spin s; and A, so that M?jl . =
ey

DY) Mn

§1...s;;» Which can be determined from the above expression. Equivalent calculations

lead to decay matrices for each possible collinear splitting. When computed for initial-state
collinear splittings, these matrices are amplitude-level spin-density matrices and we denote
them with an § instead of a D.

Current parton showers deal with spin by algorithmically evaluating cross-section level
spin density matrices. Consider a 2 — 2 scattering, where each hard parton is coloured.
Then

do p(l) (2)/2/\431525354/\4*/1 ,p® p®

818/1p528 sy shshs) s34 548}’

(4.147)

where M is the full spin-dependent hard matrix element. Summation over spin indices is

implicit in this expression. pg)s/ and pgl, are cross-section level spin-density matrices. Dgzl,

1 2 3

and DSZ, are cross-section level decay matrices. D and p are calculated from products of
4

amplitude level matrices, D and S respectively. For instance, after n emissions from parton
1:

Py = D [ShShSN st sfgr M|
{2}
where usual matrix multiplication is implied. The algorithm of Collins and Knowles is able
to determine the spin density and decay matrices such that computational time only grows
linearly with the number of partons [68-70].
Now let us turn to the calculation of splitting functions in our notation. We write

3 n
we should write Mg, . o o

= (51...8n| n), which ignores colour since it is not our focus here, i.e. more correctly
= ({e1...cn| ® (s1...8]) [n). We wish to define an operator

P;._,;; that adds a new (collinear) particle (j) to |n) that is emitted off leg k, i.e. |n + 1eo1) =
2 kefny Proij ).

As before, we will focus on the ¢ — ¢g collinear splitting. Note that M?;HSZ I
(81..-8i, \j| Pr_;j |n). Inserting the identity gives
Mgﬁ}sh)\j = (51.--5i, \j| Proij Z ‘s’ls@ <3’13;C |n)
8Y...8)
= Z <81...Si, )\]| Pk—>ij ‘81...8§€> Zlmsse. (4148)

!
Sk
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Comparing to (4.146), it follows that Pj_,;; is (for ¢ — qg)

[ P 1 _
<51---5ia)\j| Pk—>ij |81...S§€> :ng CF(l (_Ji 22) (pjpi> <51---5i7 1j| Sl] ‘51“‘8§§> 551.7%5)\1-,1
| 22P, 1 .
+ng CF(l —i:]qZ2) (pjpi> <81...Si,1j|813 ‘81...82> 5si7—%6/\j:1
| 22P 1 _1,
+ng CF(l :22) [p‘p‘] (81...81', —1j‘S 1 ‘51'“8;6>5si,%5)\j7*1
iPj

Cr(1 + 22) [pip;]

+9Ty (s1...81, — 1] S ‘51...3;€> 531-,—%5)%*1'

(4.149)

S% must satisfy (s1...54, 55| S% |s1...8},) = Js,,5;, - More generally, we require
st AN
($1...84, 55| S% |s]...s7) = 551’8/1...652.’8;658].’89.

This is the definition for S* presented in Appendix 4.7%.
()

We will now construct a decay matrix D7, ,
i%;

for a final-state hard parton j using the
spin operators we have just introduced. Let us first consider the situation where there are

no soft interactions and only include emissions from the initial primary leg, j:
do

o> mil VPl VE VPV VP, Ve Ve Py Vig n ), (4.150)
n {i}

where the partons in the set {i} are transverse momentum ordered. V,; is a Sudakov

factor:

i as [P+ dk) 5o [dzdeo .
Va7b—exp [_71'/ HZT] S P’U’Uj (4151)

qa L

We can evaluate (4.150) by inserting identity operators and extracting Sudakov factors,

which are proportional to identity operators, into a single numerical factor. Hence

si8 .
do Z Z Z #zj]znﬂlz; (n; 7] s5) (s4] le-“Pl‘LnPi;L-"Pi’l

n {i} s;s)

s;> <s; In; 7)), (4.152)

where each P;r is a ‘pure’ colour-helicity operator with no scalar pre-factor. For instance
P, = ’]I‘? ® S in the case of a q‘% — qu%gJrl splitting or P; = ’]T? ® IP’}IP’?S*L' in the

558" . . . ..
i s is a c-number coefficient built from helicity
AT TA

case of a g7 — q+%q_% splitting. #

15Repeating this procedure for the other splitting operators leads us to introduce the operators W%, P}
and P? used in Appendix A.
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dependent splitting functions and expanded Sudakov factors. We can now make the link

with the previous approach, i.e.

Dl =323 #f]nl i (s PLLP] Py Py [ (4.153)
n {i}

The expectation value is calculable and equals a product of n Casimir co-coefficients, e.g.

if parton j is a gluon and each operator P; corresponds to a g — gg splitting then the

expectation value equals C} (up to a normalisation for the colour evolution).

Following this procedure, spin-density and decay matrices can be derived using the
algorithm presented in this paper. Let’s see this explicitly. Knowles’ algorithm calculates
spin-density and decay matrices using other intermediate matrices p’, p”, D' and D" [69].
We will calculate p’ using the factorised form of variant B (which we refer to as B-f), with
LL recoil. pl, describes the distribution of spin states for a give parton after a single

collinear emission. It is normalised by the trace of itself so that it maintains a probabilistic

interpretation. Knowles begins by defining

*
/ !
251,5’1,52,5’2 pslsl ‘/51828‘/8/15/25/65232

*
/ / / V V 6 /
25751751752152 Psys) Vsisas s shs 8283

P = , (4.154)
where p is a spin density matrix for a parton in the hard process that is to be inherited by
a forwardly evolving shower. In the language of this paper p,, ¢ o (s1|H(Q) 1110, Vi, 608
is the spin-dependent collinear splitting function for the transition s; — sso with parton
type indices suppressed. Importantly, parton type indices are not summed over in Vg g,s.
When using Knowles’ algorithm, it is assumed that the structure of a cascade has already
been fully decided; all except the spin that is.

Consider a term from B-f corresponding to one collinear emission from a final-state hard

parton. Labelling this term P’, we have

N X7 7T _T XA
2523’2 <57 52 ‘Vuvqn-u LDn+1VQn+1 1,Q dO'(n,O)anH J_,QDnJeru,anJ_

s, 8'2> Osos,

Tr(vu,an lﬁnﬂvqnﬂ L.@do(n, O)V;n-&-l LyQﬁL+1VL7Qn+1 L)
2sos) <Sa 52 ‘P2 1H(Q)P§1‘ s, 3’2> Osys),

- Te(P51H(Q)PY,) |

A
P =

)

(4.155)

We have used the LL recoil with variant B and so integrals over the recoil functions were

trivial. In the second line, we have labelled the collinear parton as parton 2 and the hard

18For simplicity we suppose H(Q) to contain a single propagating particle. If we were to introduce more
particles we would have more indices/states to keep track of. This is because collinear emissions do not
involve interference terms.
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parton as parton 1. We can insert identity operators and evaluate the trace explicitly to
find
231,33,52,3’2 <87 82‘ P21 |81> <8/1’ P;l ‘8/7 312) Psys! 5523’2

Pés/ - 1| pt /
28,31,5’1,52,5’2 <S7 32‘ P31 |81> <81‘ P21 ‘57 82> Psys) 58252

(4.156)

Now note that (ssa|Paq|s1) = Vi, s,s, with the possibilities of parton 2 being a gluon or

quark summed over. Hence

*
, ZQE{q,g} 25173'1,52,5/2 psls’l ‘/81325‘/;9’15’25/6323’2
P, = I L (4.157)
ZQE{%S]} 2878175'1782,5'2 Psyis) Vsisas Vgl gt s0sas)

Thus, we have made the link to Collins and Knowles. If we pick either the quark or gluon

term in the numerator and set it 0, then renormalise P!, against the trace of itself, we find

&0

/
= Pss'-
2,51, 52,5 p518’1‘/51825‘/s'18’255828’2

s2.8h

Pl(1_>23) 251,81782782 '05151 ‘/;1828‘/;

ss!

When comparing with Collins and Knowles it was necessary for us to pick a species for
parton 2 as their algorithm is defined for pre-determined decay chains. This is why p, is
typically used without a label specifying the species of the partons involved, as their species
is always provided by context.

We will finish off by calculating pl , for a ¢ — gg splitting. p,, s, I8 hermitian and so
can be expressed as p;, s, = 1+ pio; where o; are the Pauli matrices. Using (4.156) and

normalising correctly gives

2 2
20.pi\| 2 pry +20.Pi ’fing j 1
Pjr(iﬁqg) +z T2 _ 5(1 o)
(2q pi +q;2 +2q. \/; ) (p4+ +p—-)
P 2P,
(q—>qg T 1+zz P+ T+ 2¢. ]%\/E ZHqu P++ z .
Z
<2qu 1+Z2 + 2q 1+22 ) (p++ + p,,)
(4.158)

where ¢ is the momentum of the gluon and 1 — z is its momentum fraction. We also used
(gp:) (api)" = [apillaps]* = 2q - pi . Tt follows that

2 .

p'a—a9) — < I+ps Tie7 (P1 —ip2) ) — g/ a=a9),
2\ (o +ip2) 1-p3

Similarly, matrices for the other collinear splittings can be found. The most algebraically

complex is the ¢ — gg splitting (as usual). In that case

(2 +20-2)ps
3 Pgg + 2(1 — 2)(cos(2¢) p1 + sin(2¢)p2)

A = /9799, (4.159)
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where ¢ is the azimuthal angle to the plane of the splitting. The exact angular dependence

depends on the definition of the Weyl spinor products. We have chosen the definition so as

to match with the matrices defined in [69], where a factor e/(*1=527%)¢ has been pulled out

from the definitions of Vg, ,s.
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Chapter 5

Publication: Comments on a new ‘full
colour’ parton shower

“There’s always a bigger fish.”
— Qui-Gon Jinn, Star Wars: The Phantom Menace

5.1 Preface

The research presented in the previous Chapter combined with that in [1] provides the
backbone to a full-colour parton shower known as CVolver [2]. Full-colour parton shower
Monte-Carlos are difficult to formulate as the number of colours flows the shower must
sample grows factorially with the parton multiplicity. This causes problems with numerical
convergence. Not only do real emissions increase the number of colour flows but loops can
re-arrange them. This re-arranging is a key reason for why the colour evolution cannot
easily be simplified.

Building on recent developments in the Monte-Carlo evaluation of colour algebra in the
colour flow basis [1, 3, 4], a new proposal for a full-colour parton shower was made public
[5]. In the following work, we highlight how errors can easily appear in the construction of
‘full-colour’ parton showers. What follows is a short and self contained analysis, focused on
highlighting the incorrect computation of full colour loops in [5]. After this analysis was

made public, the authors of [5] corrected their paper with an appropriate acknowledgement.
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Comments on a new ‘full colour’ parton
shower

Authors: Jack Holguin, Jeffrey Forshaw, Simon Platzer

Abstract

A new parton shower algorithm has been presented with the claim of providing soft-gluon
resummation at ‘full colour’ [1]. In this paper we show that the algorithm does not succeed
in this goal. We show that full colour accuracy requires the Sudakov factors to be defined
at amplitude level and that the simple parton-shower unitarity argument employed in [1] is

not sufficient.

5.2 Introduction

Over recent years much attention has been devoted to the development of parton showers
with ‘full colour’ evolution [2-7]. The study of these has multiple motivations: most im-
portantly, reducing theoretical uncertainties in parton showers will be crucial for precision
phenomenology at future colliders. Currently, parton showers provide some of the largest
sources of uncertainty in experimental analyses, e.g. [8]. There has also been a growth in
interest towards developing tools for the formal resummation of observables sensitive to the
complexity of the non-abelian structure of the strong interaction, specifically observables
with non-global or super-leading logarithms [9-14]. These will play an important role in
advancing parton shower algorithms. In this context, a widely available ‘full colour’ parton
shower would be a powerful tool.

In this letter we comment on the formalism for resumming complex colour structures
employed recently in [1]. A similar approach was previously put forward by one of the
present authors and collaborators [3, 5]. The authors of [1] describe their formalism as
being capable of producing “numerical resummation at full color in the strongly ordered

soft gluon limit.” We will examine this claim in what follows.
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Let us be clear on what we mean by leading and sub-leading colour. A general observable

can be written

o] n+1
S(L) =Y (Neaw)™ > Crm(L) (5.1)
n=0 m=0

where L is some large logarithm. The coefficients (), ;,, can be expanded:

—C&) +... (5.2)

and a ‘full colour’ shower should be able to compute all of the Cr(f)m at a stated logarithmic
accuracy.! We will show that the formalism of [1] generally fails to compute the NNLCyx,
terms, even in the strongly-ordered soft gluon approximation. Note also that, for many
observables, the NLCyx. term vanishes, so that the dominant sub-leading colour corrections
occur at NNLCyx. It is also important to appreciate that the colour expansion defined in
Eq. (5.2) is very weak in its ambition. Just as in the case of logarithmic resummation, more

ambitious would be to perform a resummation of towers of enhanced corrections. In which

case an expansion of the form of Eq. (5.2) would be exponentiated.

5.3 Summary of the new ‘full colour’ parton shower

We will briefly summarize the algorithm advocated in [1] and we largely follow their no-
tation. The amplitude for an n-parton hard process is |M,,) and |m,1) is the amplitude

after dressing with k soft gluons. Real emissions are accounted for recursively according to

(Mnykmnsr) = Mugk—1] Trngk—1(1) [mnyr—1) = (M| Tn (- Trgk—2(Tnyr-1(1))...) ll\é(fn) 7)
5.3

where

n
Six
I‘n(I‘) = — Z Tz I‘T] Wij, Wiy = Y (54)

SiaSaqi
i,j=1 1q9°q)

7]
and s;; = 2p; - p; in terms of the momenta of the partons ¢ and j. The radiation pattern
for a single emission, ¢, is then determined by

don ikt — 4. 8o (Mptie] Trgr (1) [Mnger)

) 5.5
On+k (Mt klmntk) 59

where d® ;1 is a phase-space measure and parametrises the momentum map from a state of

n + k partons to a state of n + k + 1 partons. Its details are not needed for our discussion.

1Or in a specified kinematic limit, e.g. the strongly-ordered soft gluon limit.
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Virtual corrections are encoded via a no-emission probability, i.e. via a typical parton-

shower cross-section-level Sudakov factor, defined though unitarity as

t d“ / d0n+k+1
t Ontk

(k7 t) =1 —TI(¢, 1), (5.6)

where ﬁ?j = wi;l plays the role of the ordering variable. This equation has the solution

n+k
— H I0;; (¢, 1), (5.7)
i,j=1
()
where
) = s .
] t/ Z] <mn+k |mn+k>

is the no-emission probability for a single dipole (i, 7). The overall no-emission probability

dresses the real emission matrix elements defined in Eq. (5.3) according to

(Mt thmngrs t) = I (¢, 4). TIO (L9, 6) IO (81, Q) (M| mnsr) (5.9)

where t; is the ordering variable associated with the ith emission and @Q? is the hard scale.

5.4 The problem with Sudakovs

In this section we show that defining Sudakov factors through cross-section-level unitarity
gives rise to two compounding errors in colour. The first error is in the computation of loops,
the second is in the computation of the interplay between loops and real emissions. These
errors make the inclusion of Coulomb terms impossible, since they always appear as a pure
(abelian) phase in the amplitude. Firstly, we address the computation of loops (resummed
into Sudakov factors). The role of Sudakov factors in full-colour evolution of amplitudes
has been extensively studied [4, 6, 7, 13—17]. Ignoring Coulomb terms (including them only

makes matters more complicated), Sudakov factors® should dress a general amplitude as

(Mt Mg t)

= (Mmpik;tfe” Jirdn? [ S 0uFgn(1) = fiy dn? [ 55 0T (1) Mk T)
t 8rd® 4
_ Ampgstfe” Jirdw? [ =2 asT k(1) [y aks t) ) .
B . . <mn+ka t‘mn-i-k, t> )
(Maptrs tmntai t)
2 T (1) (M timpns t) - (5.10)

2The argument of the Sudakov exponent is the real part of the one-loop cusp anomalous dimension [13,
14]. Depending on the choice of ordering variable, path ordering should be implied. See Section 2 of [6] for
more details.
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The not equals to sign represents the first error in [1].

We will now attempt to explicate this error and its consequences by giving it two different
interpretations. Firstly, we will show how this error can be thought of as a straightforward
linear algebra error. Secondly, we will present some fixed-order calculations that show this
error corresponds to miscalculating NNLCy; diagrams with two or more loops. To begin the

linear algebra interpretation, let us rewrite the pertinent term from Eq. (5.10) as

t 8wd®
— fhdn? [T 6 p,, (1)

(Mnyr;tle Mgk t)

<mn+k;t’mn+k;t>
_ T (1M t) (Mpprs t €Y
Tr (|mpgks 1) (Mpgrs )

) = Trnom (V) (5.11)

where Tryporm is a normalised trace, such that Tryorml = 1 # N where N is the dimension

of the matrix. In this notation we can write
IR (¢ ) = Trmom(V), (5.12)

This definition is the source of the error. Motivated by cross-section-level arguments of

unitarity, it is implicitly assumed that
Troorm (ev) = ¢Trmorm (V) (5.13)

which is wrong.
As a trivial example of how this sort of error could give problems, consider Tre!~ = Ne

whereas et 1y = N

. However, the error from using a normalised trace is more subtle, since
Trporme™y = emomlN — ¢ To see where the actual problem arises, consider a toy model
where V = agN (1 + NgldV) and dV is not diagonal. In this case, the as/N.1 piece plays
the role of the leading colour part of the Sudakov and agdV the sub-leading colour part.

The result is that

Troorm (€V) = €™V £ 3" 0 (al NI (Traorm0V? = (TrnormdV)?)) . (5.14)
n>2
The important difference arises because (Trporm0V)™ # Trporm (0V™) for n > 2. From this
argument it is clear that errors will occur, starting with the computation of NNLCy.
Now let us now give a physical interpretation of the error by expanding Eq. (5.11) to
O(a?2). The O(a?) term corresponds to dressing a general hard process at fixed order with

two strongly ordered soft loops. The correct amplitude is

8rdd,q 8rdd, 1
Z/ﬂdﬁw/ +O‘SZ/d“kzl/ +

k,l=1

oy
X Trnorm (Tz : Tj Ty - Tl) <mn+k§ t‘mn—i-k; t> . (515)
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Now, we can expand II*) (', 1) (my, o ; t|mpx; t) to the same order. We find

d d
Z/ /87rd + s Troorm (T - T Z/ d’{kl/Sﬂ—d +1

1,j=1 kll

i#]
X Trnorm (Tk : Tl) <mn+k; t’mn—i-k; t> . (516)

These two expressions are only equal when n + k < 3 because the colour matrices are then
proportional to identity matrices. However, for multiplicities of coloured partons greater
than 3 they differ by NNLCy, pieces. This error occurs because writing a matrix element in
the form of Eq. (5.16) implicitly assumes that [T; - T;, T; - Tx] =~ 0, which is only correct
up to NLCy, terms. For example, consider the case of e e~ — qgg1 g2 (for which the NLCyx
term is zero). To illustrate the point consider the limit that both gluons were emitted from

the quark. In this limit a NNLCy error emerges due to the non-vanishing of

@2 Trnorm (Tq - Ty, Ty, - Tyy) — a2Trnorm (Tq - Tgy) Trnorm (Tgy - Tyy)
_ 2 NEABNG —LANZ 42 (Neao? (1 5
S 4AN2Z(N2 —1)2 4 N2 ' N4

(5.17)

Similar errors arise from other emission topologies. The non-vanishing commutator is also
the reason why Coulomb terms do not cancel and, as a result, underpins the origin of
super-leading logarithms [9].

The second error compounds the first. Let us now consider the evolution of an amplitude

to a new scale whilst emitting a single gluon:

(Mior1; V|15 t7)

/ /87Td(1)+1 mn+k t| ft’ dn2f47rd OésF'rr‘rk(]')F ( )
t//

Ard® g g
dk2

X e ft/ dr? [ asrn+k(1) ‘mn+k; t> . (5.18)

In order to recombine the two exponentials into a single Sudakov that builds II*) (¢, ) one
must assume [T, 4 (1),eV] =~ 0. For the same reasons as those described above, this is again
a NNLCy error. Where the previous error was in the higher order colour of loop diagrams
(> 2 loops), this error is in the higher order colour from the interplay between (> 1) loops
and emissions. Consequently, the algorithm does correctly generate real emissions in the
absence of any loop corrections. It also correctly generates one-loop contributions that dress

the softest real emission but fails thereafter.
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5.5 Conclusions

QCD colour dynamics beyond leading colour is highly non-trivial and its correct inclusion

generally requires an amplitude-level approach that goes beyond the simple treatment of

virtual corrections presented in [1].
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Chapter 6

Publication: Building a consistent parton
shower

“All’s well that ends better.”

— The Gaffer, J.R.R. Tolkien, The Return of the King

6.1 Preface

Following the completion of our parton branching algorithm several questions opened up.
Of primary concern were: what are the immediate phenomenological applications of our
algorithm, and how does our algorithmic framework fit into the broader literature on QCD
radiation? Parton shower Monte Carlos form the basis for most modern phenomenological
studies of QCD radiation [1-15]. Therefore, we were motivated to link our work to current
parton shower models by deriving the current models from our algorithm. We hoped that
by deriving parton shower models, from a single unifying framework, we might identify the
weaknesses of each model and learn how to improve them.

In the publication that follows we derive the two most common parton shower models:
an angular ordered shower and a dipole shower. The derivation links our understanding
of these two showers, enabling us to find improvements to the dipole shower framework

required by consistency with an angular ordered shower.

Additional comment on context and PanScales

The following paper was published in 2020. Whilst this paper was being finalised, a study
of NLL accuracy in parton showers was released by the PanScales collaboration [7]. There
is a fair degree of similarity between the dipole shower we derive and the PanGlobal shower
with 8 = 0 presented in [7]. Our recoil schemes in particular are similar in how they

handle transverse momentum. The dipole partitioning they employ also obeys the same
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basic properties as ours: a rapid rise to 1 in the region that the emitted parton becomes

collinear (and a rapid drop to 0 in the anti-collinear region), summing the two halves of

the partitioning gives unity at all points in the phase-space of emission, and in the limit

that both partons in the dipole have the similar energy the partitioning divides the dipole

symmetrically in the event ZMF. The solutions to LC NLL accuracy proposed by [7] and

the solution we propose in the following paper have been broadly accepted, this is in large

part due to the extensive phenomenological work presented by [7].
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Building a consistent parton shower

Authors: Jack Holguin, Jeffrey R. Forshaw, Simon Platzer

Abstract

Modern parton showers are built using one of two models: dipole showers or angular ordered
showers. Both have distinct strengths and weaknesses. Dipole showers correctly account
for wide-angle, soft gluon emissions and track the leading flows in QCD colour charge
but they are known to mishandle partonic recoil. Angular ordered showers keep better
track of partonic recoil and correctly include large amounts of wide-angle, soft physics but
azimuthal averaging means they are known to mishandle some correlations. In this paper,
we derive both approaches from the same starting point; linking our understanding of the
two showers. This insight allows us to construct a new dipole shower that has all the
strengths of a standard dipole shower together with the collinear evolution of an angular-
ordered shower. We show that this new approach corrects the next-to-leading-log errors

previously observed in parton showers and improves their sub-leading-colour accuracy.

6.2 Introduction

Parton showers simulate the particle content of scattering events at collider experiments
and provide the backbone to modern experimental analyses [1-7]. Yet questions over their
accuracy and on how best to improve them remain. In this paper we present a unified
analysis of the two main approaches to formulating parton showers: dipole showers [2—4, 8]
and angular ordered showers [5, 6, 9]. As a result, we are able to construct a new dipole
shower that does not suffer from the next-to-leading logarithm (NLL) problems suffered by
existing parton showers and has increased next-to-leading colour (NLC) accuracy [10].

In our previous papers [11, 12] we introduced an algorithm for amplitude-level parton
branching (the PB algorithm). The PB algorithm was designed to capture both the soft and
collinear logarithms associated with the leading infra-red singularities of scattering ampli-
tudes without making any approximations on the spin and colour. In [12] we showed how the

PB algorithm can be used to derive the resummation of observables at leading-logarithmic
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accuracy (it has the capacity to be extended to include next-to-leading-logarithms) and
we showed that it gives rise to the collinear factorisation of parton density and fragmenta-
tion functions. In [11] we showed that the colour evolution is equivalent to that of other
approaches [13-16]. The PB algorithm is the starting point for the analysis presented here.

In the next section, we present a brief overview of the algorithm (recapping Chp. 4 and
introducing some new notation) before going on to use it to derive both dipole and angular
ordered showers. In these derivations we keep close track of the approximations made, with
the goal of gaining a solid understanding of the sources for errors in these showers. We focus
on deriving showers in e™e™, though much of the machinery necessary to derive showers for
hadron-hadron processes is also present in this paper. The full discussion of our derivations
is technical and largely handled in Appendix 6.6.

More specifically, in Section 6.3.2, we derive an angular ordered shower starting from
the PB algorithm. In doing so we are able to constrain the recoil functions in the original
PB algorithm, since angular ordered showers provide clear constraints on how momentum
longitudinal to a jet must be conserved in order to get NLL physics correct. In Section
6.3.3 we then derive a dipole shower from the PB algorithm, taking particular care over
the constraints observed from our angular ordered derivation. The result is a dipole shower
that reduces the doubly-logarithmic NLC errors noted in [10] (complete removal of NLC
errors at a given logarithmic accuracy generally requires amplitude-level evolution). Having
pinned down longitudinal recoil, in Section 6.4 we present a scheme (inspired by [17]) for
the transverse recoil. This completes the specification of our shower. We then go on to
recreate the fixed order analysis of [10] and show that our shower corrects the NLL errors
from incorrect transverse recoil previously observed in dipole showers. In Appendix 6.9 we
go further and show that our new shower is sufficient for the correct leading-colour NLL

resummations of thrust and the generating functions for jet multiplicity.

6.3 Evolution equations
6.3.1 Amplitude evolution overview

What follows is a review of the algorithm presented in Chp. 4 introducing some new notation
that is of use throughout this paper. The PB algorithm defines a sequence of transitions
in a Markov chain of amplitude density matrices: Ag(qo1;{p}o) — A1(q11;{p}) — ... —
A, (¢n1;{p}n). The sequence is illustrated in Figure 6.1. We use n to index the number of
partons dressing the hard process. Each amplitude is defined at a given scale (parametrised
by an ordering variable), this is its first argument. The second argument, after a semi-

colon, specifies its full dependence on the relevant parton momenta (which we often choose
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Figure 6.1: A general term in the Markov chain of amplitude density matrices, A, con-
structed by the PB algorithm. H = | M) (M| is the initial hard process; in this case it has
two hard coloured legs, a and b. D,, dresses an amplitude with the nth emission that is
either soft or collinear. Collinear emissions are emitted symmetrically from the amplitude
and conjugate amplitude, such as gluon 1. Soft emissions appear as interference terms, such
as gluon 2. T, dresses the amplitude after n soft or collinear emissions with a loop.

to omit). The Markov chain uses the initial condition Ao (Q;{p}o) = H(Q; P, ..., Puy),
where H = |M) (M| is the hard process density matrix for a process of hard scale @ and
with ng hard partons. The hard partons’ momenta form the set {Pi, ..., P, } = {p}o-
The Markov chain terminates on the amplitudes A, (u;{p}n); p is an infra-red cut-off
and {p}n = {P1, ..., Pny, q1, .-, @n} Where qi, ..., g, are the momenta of the n partons that
dress the hard process. Steps in the Markov chain are constructed from the action of
two operators, D,, and I';,. The D,, operators are emission operators; they act as maps
from a state A,_1(q1;{p}n-1) to a state A,(q1;{p}n), and they describe the emission of
the nth parton. Operators I';, provide a map from a state dA,,(q.;{p}n)/dg, onto some
other dA,,(¢q1; {p}n)/dq. . Physically, they dress the density operator with (iterated) virtual
corrections. The path-ordered exponent of I';, is an amplitude level Sudakov factor/operator

which we call V,:

V,, =P *dgy
ap = Pexp | — qTI‘n(qJ_) . (6.1)

V. evolves a state A, (b;{p}n) to a state at a lower scale A, (a;{p},); for a complete

discussion of V,; see [12]. In [12] we presented the PB algorithm in the following form:

An(QJ_; {p}n) = /anqu,qnanAn—l(QnJ_; {p}n—l)DLV:;anJ_G)(QJ_ < QnJ_)- (62)
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The algorithm maps the set of partonic momenta prior to the nth emission ({p,—_1}) onto
a new set ({pn}), by adding a parton (g,). In order to conserve energy-momentum, the set
of momenta prior to the emission are adjusted after each emission, i.e. {p,—1} — {Pn-1}
and {pn} = {Pn—1U gn}. We achieve this by integrating over delta functions relating the
two sets of momenta. This is all hidden inside [ dR,,, which we describe in Appendix 6.6.1
and give examples of in Section 6.4. We also provide definitions of each operator involved
in the evolution in Appendix 6.6.1.

In this paper, it better suits our purposes to work with the PB algorithm expressed
as an evolution equation, i.e. working differentially in the ordering variable, ¢, . Broadly
speaking, ¢, is the transverse momentum of the nth parton and it is a function of the
n-parton phase-space. The precise definition of ¢, | is context dependent and is given in
Appendix 6.6.1. The evolution equation is

OAL(qL;{P}n)
Q1L —F

) :Fn(QL) An(qj_; {p}n) + An(QJ.? {p}n) FIL(QJ_)
q1

- /an Dn(Qn J_) Anfl(QnL; {p}nfl) DIL(QHJ_) q1 5(QJ_ - QnJ_)‘
(6.3)

It is from this equation that we will derive generalised dipole and angular ordered showers.
The phase-space measure for the nth parton emitted in the cascade is variously written

as 9
d3Qn _ q5 J_dQnL
2EC]7L 2qn 1

2.2
asie) = ”;T”}dnn. (6.4)

We typically parametrise the evolution so that real emissions use the phase-space measure
dII,, and loops dIng, J_dS’éq"). From each A,, we can compute the differential ng +n parton

cross section:

dUn(:u) - <H dHi) Tr An(/‘)? (6'5)

i=1
where p is either an infra-red regulator that should be taken to zero or the shower cut-off

scale. We will focus on eTe™ hard matrix elements, in which case observables are computed

using
S {p}o, {v}) = / > dou(p) u({p}n, {v}), (6.6)

where u({p}n,{v}) is a measurement function for an observable defined by the set of pa-
rameters {v}.! The formula for processes involving incoming hadrons is given in Appendix
6.6.1.1.

'S oo, (o) s X2y 2 fisav) im (18]

202



Figure 6.2: The angles used to derive angular ordering by azimuthal averaging. ¢, is
the azimuth that is averaged over. In some equations two azimuths are present, in these
situations we give ¢, a second index, e.g. ¢y ;,. Angular ordering corresponds to 0;, j, >

envjn .

6.3.2 Angular ordered shower

In this section we give an overview of the derivation of an angular ordered shower, starting
from Eq. (6.3). The unabridged derivation is given in Appendix 6.6.2. Angular ordering is
derived after averaging over the azimuth of each emitted parton, as measured relative to
their parent parton (and neglecting all subsequent azimuthal correlations). After performing
this averaging in Eq. (6.3), the colour structures can be greatly simplified (a manifestation
of QCD coherence). We exploit this to re-write the evolution in terms of squared matrix

elements, |M,,|?. What follows is a little more detail of the key steps.

1. The D,, operators in Eq. (6.3) describe the emission of soft gluons from dipoles (via
eikonal currents) and the emission of hard-collinear partons. The probability for the

emission of a soft gluon is partitioned as

—ng N 1
) '" = Bn]n + Pjni’n7 Where 2P'Ln]n = i i = + . ?
nzn-nn]n'n nlnonnh-n n;, N

n

ni, = pi,/Ei, and n = ¢,/E,,, and E is an energy in the event zero-momentum
frame. Note that F;, ;, only has a pole when the emission is parallel to i,,. When

integrated, this term gives rise to a theta function that enforces angular ordering.

2. We average over the emitted parton’s azimuth, (...); ., such that (for some quantity

)
<f>1,,n:/d;f:/d;;rl (qbl?"')gbn)'

The relevant angles are defined in Figure 6.2. We use this operation on both sides of
Eq. (6.3) and spin-average, see Appendices 6.6.2 and 6.7 for details. It is at this point
we see that (P j,), < ©(6;, i, — Oni,)-
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3. We perform a change of variables, ¢, | — (5, = 1—cosf, j,, so as to make the angu-
lar ordering explicit. We merge the soft and hard-collinear emission kernels; expressing
them in terms of collinear splitting functions. We also must sort out recoil so that the
longitudinal component of the total momentum in a 1 — 2 splitting is conserved. Fi-
nally, using kinematic variables defined in the event zero-momentum frame? allows us

to saturate the ©(6;, i, — 0n,i,) angular ordering constraint for emissions originating

nytn

from the primary hard partons (which are anti-parallel to each other). For all other

emissions, it is necessary to approximate ©(6;, i, — 6ni,) ~ 1. This approximation

nyin
(which corresponds to strong ordering in angles) is equivalent to assuming the angle of
the current emission is smaller than the opening angle of every other dipole, not just
the opening angle of its parent dipole. This is the familiar angular ordering used in
both resummations [19, 20] and parton showers when showering from an e™e™ — g
hard process [5]. Strong ordering in angles simplifies the colour structures, so that all
colour-charge operators can be reduced to Casimir, i.e. Cg for a quark and Cp for a
gluon. The simplified colour reduces the evolution equation to an evolution of matrix

elements, | M.,,|?.

The final result is

9 (IMa(Q)1?),
¢ o

Z Z % /dz vajnJrl (z) <@onshell>n+1 <‘MH(C)’2>LM — %’Pm)jn (zn)

Jn+1 U v

X <®0nshell>n/d4pjn 5 (D — 20 ' Dj) <‘Mn71(<n,jn)|2>1’m,n,1 Cnyjn 0(C = Cnyjn)- (6.7)

yees

The angular ordering variable (, j, = 1—cos 0, j,. Py, (2n) are the usual collinear splitting
1+22
11—z,

and v to label the species j, transitions to; if vj, = ¢ then v = ¢ and if v;, = g then

functions, e.g. Pyq(zn) = Cr

Here we have used vj, to label the species of parton j,

v =q,¢. zn is the momentum fraction of parton n, i.e. if we have a collinear splitting that
induces jn,—1 — jnn then p;, ~ z,pj,_, and ¢, = (1 — 2,)Pj,_,- Oonshen is a product of
theta functions that ensures each parton is integrated over the phase space corresponding
to a real particle (see Section 6.6.2.2). In the first term, Ognsnen is a function of (, z
and the n-parton phase space. In the second term ©Ogpehen is a function of ¢y, j,, 2, and
the (n— 1)-parton phase space. {|My(C;{Pr, ..., Puy, (21, (15 )5 oo (20 Cnvjn)})|2>1,...,n is the
azimuthally averaged, squared matrix element for a hard process dressed with n strongly-

ordered partons with a unique branching topology; each emitted parton is specified by a

2 +

ie. for e"e” — qq, zn = Pi,, - n/pi, -n and n is chosen so that n|| Pz for all emissions in the quark jet

and vice versa for the anti-quark jet.
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pair (2m,Gm,j,,) and parton jp, is the corresponding parent. The delta function enforces
longitudinal momentum conservation; | M,|? depends on the momentum after the emission,
P, and [M,,_1|? depends on the momentum before the emission, pj,, .

Observables in eTe™ are computed after summing over emission topologies:

S o (o) ~ [ 3% (H Lo dz’d¢l)<rMn<u>\2>1,.,,,n u({p}os (o)), (68)

N j1,edn Cmv]m

where p should be taken to zero (or the shower cutoff) and for hadron-hadron collisions see
Appendix 6.6.1.1.3

There are several noteworthy points involved in this derivation:

e In order to reduce the colour structures to being diagonal, we made the approxima-
tion ©(0}, i, — On,i,) ~ 1 for emissions from partons other than the two primary hard
particles. The approximation is generally only good to LL accuracy (though angular
ordered showers are able to go beyond this when combined with the CMW running
of the coupling [20], e.g. to compute thrust at NLL [19]). Moreover, modern angular
ordered showers retain information on the hard-process, leading N, colour flows by
working in the dipole frames of initially colour-connected partons. This improves the
approximation for hard processes with greater than two hard jets, since it is then only
required to assume O(0;, i, — Oni,) ~ 1 for emissions from partons other than the
primary hard partons. During the subsequent evolution, traditional angular ordered
showers lose the information on QCD colour flows*, while dipole showers retain it
to all orders at leading N.. We will exploit this in our dipole shower construction.

Appendix 6.6.2 and 6.6.3 give more details on this point.

e The shower does not yet fully conserve energy and momentum. Rather it only con-
serves energy-momentum longitudinal to a jet. Accounting fully for energy-momentum
conservation is formally sub-leading in many observables. However, it is phenomeno-
logically important and necessary for shower unitarity. Furthermore, if total energy-
momentum conservation is handled incorrectly it can spoil the NLL accuracy of a

shower for some observables [10]. We will return to this in Section 6.4.

e We averaged the azimuthal dependence of the matrix elements. However, this ig-
nores possible azimuthal dependence of the observable. Really one should compute

(|IMul? u({p}n, {v})>1n It is therefore important to ask whether

(IMal? u({pin, {v}), = (Mal?), , (w({Phn, {v})s.

3In the appendix we sum over branching topologies: Zh AAAAA <|./\/l \ > ,,,, <|M | >

,,,,,

algorithms [21, 22].
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is a good approximation. In other words, are the azimuthal dependencies of the
matrix element and the observable correlated? This is clearly an observable dependent
statement. Despite this we can make some progress; we can remove the approximation

and find

(Ml u@p}))y = (M), b))

3 (M), om((w({ph))r ) Corn((IMal?), . (ul({p}a))y. )
m=1

+ higher order correlations, (6.9)

(@—(@),)y=W),))
on(@)on(y)
correlation term (the second line of Eq. (6.9)) acts as a switch. If it is suppressed

where o, (x) = 1/ (x2), — (z)2 and Cor,(z,y) = 2. The first order

relative to the uncorrelated term then all higher correlations will be too. If it is
not suppressed then higher order correlations may not be. In Appendix 6.3.2 we show
that the higher order correlations are subdominant in the computation of NLL thrust.
This is because the observable is two-jet dominated® and exponentiates, and so at NLL
accuracy om((u({p}n))1 ) & 0. However, we also find that the correlation term can
provide a formally leading contribution to non-global logarithms. In Appendix 6.6.2
we observe that the correlation terms contribute leading logarithms to observables like
gaps-between-jets, for which of' L™ logs are leading. The miscalculation of non-global
logarithms by angular ordered showers has previously been subject to numerical study
in [24, 25], where it was observed that leading non-global logarithms are incorrectly
computed by angular ordered showers. However, [24, 25] also observed the error to

be a phenomenologically small effect.

6.3.3 Dipole shower

In the PB algorithm, the mechanism for energy-momentum conservation is unspecified.

This is because interference terms make it difficult to see how recoil should be distributed.

There are no such issues in angular ordered showers. In this case, the naive guess for how to

conserve momentum longitudinal to a jet is correct and is sufficient for the computation of

NLL DGLAP evolution and jet physics [26-31]. We can exploit this to constrain the form

of the recoil ([ dR,,) so that the PB algorithm is consistent with an angular ordered shower.

In this section, we will derive a dipole shower with this constraint in place from the outset.

The resulting dipole shower is very similar to the dipole showers that are commonplace in

5Observables, such as thrust, for which the leading logarithms quantify small deviations from the two-jet
limit or, more generally, the n-jet limit in the case of n-jettiness [23]
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event generators [2, 3]. However, it has a crucial difference: it does not use Catani-Seymour
dipole factorisation [32].

To derive the dipole shower proceed as follows.

1. Expand Eq. (6.3) in powers of the number of colours N. and keep only the leading

terms, which go as o

NP, see [11, 33]. This is necessary as only in the leading colour
limit can we write evolution equations for | M,,|?. For the same purpose, spin average

the evolution, see Appendix 6.7 for details.

2. The colour expansion reduces the evolution equation so that it only depends on dipoles
formed by colour connected partons. We use the form of [ dR,, to partition each dipole
into two parts, introducing longitudinal momentum conservation to each part of the
dipole in such a way that it is exactly consistent with the angular ordered shower.
This is similar to how dipoles are usually partitioned using Catani-Seymour dipole
factorisation. This partitioning allows us to exchange the sum over dipoles with a

sum over emitting parton colour lines.

3. Use the dipole partitioning to restore the (full-colour) hard-collinear physics that is
correctly computed by an angularly ordered shower. This is uniquely determined by
how longitudinal recoil is assigned. The result is a dipole shower that does not suffer

the NLC errors in radiation ordered in angle noted in [10].
In Appendix 6.6.3 the complete proof is presented. The final result, expressed in the colour
flow basis, is

AIMY (q1)?
q ——F———

9q.1
o 5, 1150 5, 11480
=~ ?S Z /dqﬁfn+1 ? +1)5(q$ +1? +1) o QJ_) /dZ ®onshell Pvin+1vin+1 (Z) ’M%U)(QJ_”Z
ln+1

« ipole i€ ,i%n o/n ifL,TCn
- (Hd4pjn)m?%l’lPwinun)m(q;z )M G (610)
Jn

where o is a colour flow and o/n is the same colour flow but with the nth colour line
removed. We use i to index the (anti-)colour line(s) of parton i in a final state dressed

with n soft or collinear partons, i.e. if parton ¢ is a quark it has a single colour line and

g ;9

so i¢ = ig, if parton 7 is a gluon it will have a colour and an anti-colour line so i€ = iy, i
respectively. i¢, is the (anti-)colour line connected to i$. Momenta with colour line indices
are the momenta of the partons associated to that colour line, i.e. p;c = p;,. The shower is

ordered in dipole pr, defined as

(i%vﬁn))Q _ 2(2%% ’ Qn)(pﬁn ’ Qn) .

q 6.11
( nl pi% 'pTCn ( )
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The dipole splitting functions are

1+ 22 Cal+z)

Pyq(2n) = Cr ng(zn)zjl_z .

1—2,
These splitting functions are related to those in the previous section according to
Pyg(2) = Pyg(2) + Pyy(1 — z), and Pyy(z) = Pyq(z). Note that to simplify Eq. (6.10) we
have omitted the possibility of ¢ — gq transitions, which is sub-leading in colour and only
contributes a leading logarithm to single-logarithm, collinear-sensitive observables or at
NLL for double-logarithmic observables. In Appendix 6.3.3 we present Eq. (6.10) with this

splitting included. Being explicit, we would write the squared matrix element as

IMO (gL P, ooy P, (21,6 61), oy (2, T ) P2,

As for the angular ordered shower, this is the squared matrix element for a hard process
dressed with n strongly-ordered partons with a unique branching topology, i.e. each emitted
parton is specified by a triplet (z,, qfﬁbm’l "™’ ¢m) and is emitted from the parton with colour

line i¢,. The dipole recoil function is given by

%%pde _ <2 + Asymlclc (Qn)> mi;'” (6.12)
where
Ric = 6" (pi, — 2, 'Pi,) H 84 (pj, — Dja) + 041/ Q), (6.13)
inFJn
and where
Top @2 T, @f7)?
As m..= = n 27N — n R R and T = i - 6.14

Note, in the limit that g, is collinear to p;e, Asym;.z (¢,) = 1/2. Thus, in this limit
mfjp"le — Rie, as required. Our expression for %gcipde should be compared to the recoil

function one would find using Catani-Seymour dipole factorisation:

(Q,(ff "))2pfcn  Dig .
ZC .

6.15
2pic * qn (P72, + Dic) * In " (6.15)

mngLS(Qn) =

REPle _y RS- if we were to make the replacement T — pic + p . Observables are

computed after summing over emission topologies:

S oo (o) = [ SF 3 (H ml dz§d¢’> MO G ul (B} (0.

n o ’17 L1 \m=1 mL

(6.16)

There are several noteworthy points involved in this derivation:
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e This shower was built around preserving the beneficial features of an angular ordered
shower. In fact, azimuthally averaging the dipole shower reinstates an angular order-
ing. Angular ordered showers provide a sufficient framework to resum global two-jet
dominated observables, such as thrust, up to a?L?"~! terms with full colour. Radia-
tion consecutively ordered in angle generated by the dipole shower presented here will
also achieve this accuracy (radiation unordered in angle will differ at sub-leading N.).
This reduces the doubly logarithmic NLC errors noted in [10], where the particular

example of errors in the thrust observable was given.

e Traditional angular ordered showers fail to correctly compute aL?"~! logarithms
for n > 2 jet observables. This is because soft, wide-angle physics is miscalculated
because of the O(6;

never necessary to make this approximation in the dipole shower since we can use

wrin — Oni,) = 1 approximation, as previously discussed.® Tt is
the underlying colour flows to define variables in the relevant dipole frame, for which
©(0},,in — Ons,) =1 is always true. Thus we expect the dipole shower to have the

capacity to re-sum o L?"~! logarithms at leading colour.”

e In the soft limit the dipole shower generates iterative solutions to the BMS equation
[16, 34] (the proof is as in Section 3 of [11]). This demonstrates that the shower

computes non-global logarithms at leading colour correctly.

e At this point in our theoretical development, the dipole shower does not completely
conserve energy and momentum. Rather it only conserves momentum longitudinal
to the emitting parton. Accounting for total energy-momentum conservation is not
needed to compute some observables to NLL accuracy, e.g. thrust. Regardless, it
is an important effect that if handled incorrectly can spoil the NLL accuracy of the

shower [10]. Addressing this is the focus of the next section.

6.4 Improving recoil in dipole showers

In this section we will address the problem of energy-momentum conservation in a dipole
shower, though our approach is simple to map onto an angular ordered shower. The mech-
anism for energy-momentum conservation (or recoil scheme) we present lacks a formal

derivation. Rather it is inspired by the study of recoil by Bewick et al. [17]. Bewick et

5Modern implementations of angular ordered showers do use colour flow information from the hard pro-
cess, allowing them to compute a”L*" ! terms at leading colour for global n > 2 jet dominated observables
by deriving appropriate initial conditions from the respective large-N colour flows of the hard process [5].

"Eq. (6.10) as it stands only provides a sufficient framework for this resummation. It is not yet sufficient
in itself: one would need to enhance the shower with a running coupling and, possibly, higher order splitting
functions.
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+ O(k, ) unbalanced momentum

Py

rescale momentum
Boost to ZMF to conserve energy

—_—

Figure 6.3: A summary of the dipole shower global recoil scheme (a scheme for energy-
momentum conservation). In words: A new particle is emitted which leaves some momen-
tum unbalanced (in the direction of the colour connected parton and in the plane transverse
to the dipole); perform a Lorentz boost to the new ZMF, and re-scale the jet momenta in
such a way that the rescaling does not change the k| of the emission. This leaves an
n-parton ensemble with the same total energy and total momentum as the n — 1-parton
ensemble.

al. analysed several approaches to recoil in angular ordered showers, reproducing some of
the fixed-order checks of [10] and performing further numerical checks. They observed that
among the better performing recoil schemes are globally defined schemes; schemes that re-
distribute momentum across an entire jet or event. From our perspective, a global scheme
is also preferable, as it is more simply implemented in a dipole shower. Momentum con-
servation on an emission-by-emission basis is also desirable when it comes to matching to
fixed-order and merging of hard processes of different jet multiplicity. In the two-jet limit,
our scheme becomes that which is analysed in [17] and implemented in HERWIG’s angular
ordered shower [5]. For comparison, in Appendix 6.8 we summarise the implementation
and limitations of a spectator recoil scheme, as implemented in [2, 3, 35].

We start with an observation that is key to all global recoil schemes: when a parton
is emitted from another, the parent parton must have been off-shell. We parametrise the
amount by which it is off shell by giving it a virtual mass. A parton shower approximates

the sum over the multiplicities of QCD radiation dressing a given hard process. Each term
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in the sum should have the same total energy and the same zero-momentum frame (ZMF).
Naively adding a parton to an n — 1 on-shell parton state changes the total energy and
ZMF. We will redistribute parton momenta as simply as possible in order to restore the
ZMF and total energy. We will do this using a single global Lorentz boost and a single
rescaling that preserves the transverse momentum ordering. This procedure is illustrated
in Figure 6.3. Below we will spell out how to implement this recoil scheme. The simplicity
of the scheme can get lost in its mathematical definition and so we encourage the reader to
keep Figure 6.3 in mind.
Let us now make Figure 6.3 quantitative. We require that energy is conserved,

Ebefore = Eafter = Q where

- n—1
Z \/m = Z P2J + m?] = Ebefores
’ J=1
n—1 n—1 — -
Skt md +Ja e mE =37 \PE 4 P = By, (6.17)
in J=1

and that momentum is conserved

n—1 n—1 _
Y P;=> P;=0, (6.18)
J=1 J=1

where, in the ZMF, P; is the 3-momentum of Jth jet amongst the n — 1 jets constructed
from an n — 1 parton ensemble, i.e. P; = p;, for J = i, (recall that i, labels parton 7 in an
n-parton ensemble). We introduce the extra notation because it is the momentum of jets
that we particularly focus on conserving. P is what we wish to find; it is the momentum of
the Jth jet now constructed from an n parton ensemble after the necessary redistribution
of momenta (all jets contain a single parton except for one which contains two partons;
the original parton and the newly added parton). m; is the mass of parton i, and m; = 0
since we consider only massless partons. ]5} is the virtual mass squared of the Jth jet, it
also is zero for all jets other than the jet built of two partons. We can achieve our desired
redistribution by a Lorentz boost, A%, from the ZMF of the n — 1 parton ensemble to the
ZMF of the n parton ensemble. Once in this frame, we re-scale all the jet momenta by a
global factor s (the index will prove necessary later on) so as to preserve the centre-of-
mass energy. In all, we wish to find P; p = KigA) ]3]-1, where ]3] is the four-momentum of
the Jth jet constructed from the n parton ensemble before the redistribution of momenta.
We place a hat on all intermediary kinematic variables (i.e. those after the emission but

before redistribution of momenta). We denote the 3-momentum of Pjas Py = Kic AP J-
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A%, is specified by solving Eq. (6.18) and ke is specified by solving

n—1 n—1
Q=> PE+PI=> ki) (AP,)? + P2, (6.19)
J=1 J=1

which comes from requiring Epefore = Fafter = Q.
We will express this recoil scheme in terms of the shower kinematics and solve for P .

We use the following Sudakov decomposition for a 1 — 2 (p;c — pjc ¢,) parton transition:

(@ )2 pg

L=z 2picp,’

an = (1 - Zn)pi% +k +
Pic = ZnDic (QSTC"))Q = _kia ki *Dic = ki "Dy, = 0. (6.20)

We label the jet in which the splitting takes place as Pjemit, 80 that Pjemit = pic. From
Eq. (6.20):

(i5%n)\2 (i53%n)\2

. (g 2. (q )
PF it =~ Premit = Premit + k nt 7 -
J emit (1 — Zn) b J emit Jemit T K1 + (1 — Zn) 2;01‘% 'pi?npz n

For all jets other than “Jemit” P; = P, and ]3} = 0. The Lorentz boost, A%, (i¢,i¢,), can

now be found. The boost is in the direction of pz and is given by the boost velocity

P jemit — P Jemit

> \/133 + P24 \/\pJemit —Pjemit| + k7

Bzur = (6.21)

Finally we must solve for ;e using Eq. (6.19),

ZT}; P?] i P3 (6.22)

A~

Sl (AP)2 4+ P2

e
I{Zn

Note that in both the soft and collinear limits ;e — 1.
So now we have everything we need to compute P, = Kie AP ;. We can put this in the

dipole shower by introducing a recoil function

ERZ-% 25\47 (]3@% — Znkig A(Z‘;,Z’?n)pi%) H (5%7 ("iin A(Z‘;,Z’?n)pjn — ﬁ]n) y (6.23)
InFin

where 6% (f(pig)) is a delta function normalised against its Jacobi factor:
87 (f(pie,)) = 84 (pig, — X)),

where X is the (unique) solution to f(X) = 0. Note that in an implementation of the
algorithm there is never any need to invert the argument of the delta function to solve for

pic since p;e is what is needed going forwards. In Eq. (6.10), the delta functions simply
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kill all of the integrals over pj;,. For the sake of being explicit, the emitted parton has

momentum

(gl ™2 A, )Pz,

Kie (1= zn) 2pic Py,

gn = (1 — 2zn)kic A(i5,, i )pic + k1 + (6.24)

Note that both z, and dqfﬁi?")/ qu i‘_ﬁn) are Lorentz and jet scaling invariants. This means
that all of the emission kernels remain unchanged and so the implementation of this recoil
scheme only enters so as to ensure that the real emissions continue to be integrated over
the correct phase-space (and through the corresponding O,y shen for the virtuals).

In order to implement the proposed shower computationally we must specify the phase-
space boundary for real emissions. In our previous papers, [11, 12, 35], we gave general
formulae for the computation of phase-space boundaries, derived by ensuring the emit-
ted parton is on-shell and has less energy than its parent. Applying these to the recoil

prescription we present here, we find that

(g7
zn€ (0,1 — L=——7—|] € [0, 2m), 6.25
. ey | eclam (6:25)
up to terms of the order (1 — K¢ ); in the following section, we show that these terms are
negligible at NLL accuracy. Here ¢ is the trivial azimuth in the dipole frame. Thus, the
complete dipole shower is defined by Eq. (6.10)%, Eq. (6.12), Eq. (6.23), and Eq. (6.25).

6.4.1 NLC and NLL accuracy of the global recoil

In this section we will discuss the colour accuracy of our new dipole shower and test its
logarithmic accuracy.

Firstly, the sub-leading colour contained in the shower is inherited from its link to angu-
lar ordered showers. In fact, when next-to-leading order splitting functions and the CMW
running coupling are introduced the collinear radiation generated by the dipole shower is
equivalent (after azimuthal averaging) to that generated by the coherent branching algo-
rithm of [19, 20] up to the handling of transverse recoil. We discuss this in more detail
in Appendix 6.9.1 where we argue that differences due to transverse recoil do not effect
next-to-leading logarithmic accuracy in the angular-ordered limit. This means that the
dipole shower can be used to compute the leading-colour NLL resummation of thrust, again
see Appendix 6.9.1. Correct colour factors will also be assigned to the leading logarithms
associated with a broad class of observables that can be computed fully at LL accuracy

in the angular-ordered approach (for which radiation unordered in angle generate NLLs).

80r better still, Eq. (6.83), which also includes g — gq transitions.

213



Outside of this limit, only leading colour accuracy is guaranteed. This is an improve-
ment on existing dipole showers, which have been noted to incorrectly compute NLC at
LL accuracy [10], even including errors in logarithms originating from radiation ordered in
angle. Further improvements on sub-leading colour, for more general observables, require
amplitude evolution. We doubt that substantial further improvements in the accuracy of
sub-leading-colour effects can be achieved in either the dipole shower or coherent branching
frameworks. There is already a body of literature exploring possible resolutions to the NLC
errors in dipole showers [36-38]. Our approach of using angular ordering to improve dipole
evolution is similar to that of [36, 37|, though there it was largely explored only in the
context of hadronisation and the computation of jet multiplicity observables. We also note
that, by partitioning dipoles so as to identify a unique parent, we expect the sub-leading
logarithms associated with unresolved soft and collinear radiation to be captured using the
CMW scheme for the running coupling [18, 20].

We will now proceed to evaluate the logarithmic accuracy of the recoil scheme discussed
in the previous section. We do so in two ways. Firstly by re-creating the analysis of Section
4.2 in [10]. In this analysis, several event shape observables, defined by functions V ({p}),
are considered at fixed order. The analysis tests the sub-leading contributions from the
soft region found in the limit that the transverse momentum of the second emission is of
similar magnitude to that of the first but both are small relative to the hard scale. This
limit is considered because it is the limit where dipole showers have previously been shown
to mishandle recoil. Specifically, we calculate the difference between the a2 LC, NLL con-
tribution to the observable using the fixed-order amplitude, and the shower contribution:
0X(L) = Zégg‘)ver(lj) - Zl(?og)(L). As the observables exponentiate, we are looking for dif-
ferences of the form a2NZ2L? at fixed coupling since these terms contribute to the NLL
exponent.

Our second check of logarithmic accuracy is to compare against two known NLL resum-
mations: Thrust and generating functions for jet multiplicity. This is done in Appendix
6.9.

Let us proceed to compute 6% (L) in the doubly-soft limit in ete™ — gg. We label the
quark as parton a and the anti-quark as parton b. In the same way that we label partons
with indices i,, each parton label is given a subscript stating the ‘current’ multiplicity

of radiated partons (since a parton’s momentum changes to conserve momentum as more
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partons are radiated). From Eq. (6.10) we can compute the first two soft emissions and find

§2(L) = Clony, / dTT, dIT, / dgl™ 125l 1) — gy ) / A\ P s (gl — gy 1)

@ q1J_ —q2 1 [/ H Hd4 ngffg ‘9a212 %Z?fbtl 0a1b1® (e_L - V({p}Q))

n=1 kn,

— 500 (e — V({p}eorrect)) } ; (6.26)

where o, is the hard process cross section. 6;,;, is the product of theta functions defin-
ing the on-shell requirements for emission from dipole i,7j, (previously given without in-
dices as Ogpnshell): {P}correct are the momenta used to compute E( s)(L) and 01935-26“ =
0;,,5, ({P}correct)- %fsgt is the combined dipole recoil function, 9%50& = %dlpde + %?épde.
Before considering any specific event shape, we can simplify our expressions further by us-
ing the recoil delta functions to perform some of the integrals. These fix the final state

momenta:

{p}2 = {Pas Db, 41, q2}, Where P, = Kayka, A(az, 12)A(a1, b)pa,
Db = Kaykay Aaz, 12)A(a1, b1)py,
41 = Kay Maz, 12)q1, g2 unmodified,

Q = Hagﬁale Q = ’{a1Qa Q = O(Qpa 'pb)‘ (627)

q1 and ¢ are defined with respect to the rescaled momenta pq, pp and so have appropriately
modified limits on their phase space. We employ the ‘equally soft’ limit (Q > ¢11,¢21;
¢1.1 2 g2 1) which reduces the complexity of the phase space limits and removes dependence

on longitudinal recoil. In total, we find that

=~ (a1,b1) ~(ag,12)
so(0) ARG Ty [ da ) Qg /At T
- 2 (a2,12) (a1,b1) 5 agbp) 2 (ap1z) T2
0 gy, 0 q ] -InQ/q, | -InQ/q,

2 d - . B . .
<[ 526 (- Viiph) 0@ - a0l a7

b (a1,b1) 1 (a1,b1) (ag,12)
B 4042 C%‘ Ony /Q dgq (al 1) /‘11 In dqéaj 2) /ln Qlay 1 dy /ln Qlas | dys
w2 0 q§61i,b1) 0 q(aj’h) n Q/qgaj’bl) I Q/qéaf’lﬁ

2m
X /0 %ff@ (e_L - V({p}correct)) . (628)

In the ‘equally soft’ limit we are considering

i, = 1—0(¢/2Q%). (6.29)
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The r dependence in the shower integrals (lines 1 and 2 of Eq. (6.28)) causes potentially
incorrect O(g% /2Q?) terms in the phase space limits.” These integrate to give dilogarithms
in ¢ /2Q? which do not contribute a2L? terms but rather o2L? terms that go to zero in

both soft and collinear limits.!? Thus, with NLL accuracy, Eq. (6.28) reduces to

b (a1,b1) (a1,b1) 1 (ag,13)
N 402 C2 opy /Q dqial1 D nQ/q,"} /qu dqé‘lj 2)  rInQ/gy"?
0 0

OB~ =5 @ mgygey a7 Jomaey
2 d _ _
x /0 22 [0 (e~ V{p}2) ~© (e — V({pheore)] - (0:30)

Note that 63(L) is only non-zero because {p}a # {p}correct-
We will now consider several specific observables, still following [10]. Dasgupta et al.

first consider the two-jet rate in the Cambridge algorithm. They argue that for this observ-

able V({p;}) = max;{p; 1 }. We notice that qflaj’b") is a Lorentz invariant. As a consequence

(an,bn)

q, | is always larger than q(an+1,bn+1)

n+1.1
rithmic piece. Therefore we find V ({p}correct) = V({p}2) = qgaj’bl) and that the a2NZ2L?

terms are correctly computed. Similarly, V ({p}2) is also equal to the correct measurement

for ourrecoil scheme, up to the neglected diloga-

function (up to neglected poly-logs) for the ‘fractal moment of energy-energy correlation’
(FCy) which, in the soft-collinear limit, is given by V ({pi}correct) = »_; Pi 1 - In the limit we
are studying V({pi}2) = Iia2q§ai7b1) + qéaj’h) ~ qiai’bl) + qéaj’h) = V({pi}correct). In fact, it
will be the case that for all observables built from Lorentz invariant and jet rescaling insen-
sitive quantities'! our recoil scheme is sufficient for the computation of a2 N2L? terms. This
being because the scheme is constructed by a Lorentz boost and a formally sub-leading re-
weighting. We expect that for suitably simple observables this accuracy will also extend to
higher orders, see the resummations in Appendix 6.9. This discussion should be contrasted
with that in Appendix 6.8, where we perform the same tests with a spectator recoil scheme

[2-4]. In agreement with [10], we find that with such a recoil scheme these observables

return V({p; }2) # V({pi}correct). This generates NLL errors.

9The algebra to show this is awkward but as x;, is simply a ratio of energies, we can argue that it must
be an even polynomial when expanded in small ¢ .
10The recoil terms in these integrals are reducible to a few general forms. One such form is

/al iﬁmlen (x (1 - %))
_ i (Li4 <“726) +21n%(a)Lis (%) — 2In(a)Lis (%) —In'(a) - Lis (%))

where a parametrises the observable, z ~ ¢, /@ and € parametrises the coefficients to the O(q? /2Q?) effects
from our recoil scheme; € = 0 gives the leading log result. Note that all terms other than the LL result are
not enhanced in the a — 0 limit. See Appendix 6.9.1 for more details.

' Observables not sensitive to the absolute magnitude of energy deposited in a part of a detector.
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6.5 Conclusions

Starting from a general algorithm designed to capture both the soft and collinear logarithms
associated with the leading infra-red singularities of scattering amplitudes, we have derived
an angular ordered shower and a dipole shower. Our dipole shower is novel in the way
that it partitions each dipole in order to account for longitudinal momentum conservation.
This partitioning is constructed so as to ensure that the shower implements longitudinal
momentum conservation in precisely the same way as the angular ordered shower does. This
new dipole partitioning is similar to, but not the same as, Catani-Seymour partitioning. We
complete our dipole shower by specifying the transverse recoil and phase-space. The result
is a new dipole shower that formally represents an increase in accuracy when compared
to the traditional parton shower models employed by many current event generators [2—6,
8, 39, 40]. For example it will compute radiation ordered in angle at full-colour, and the
leading-colour contribution associated with non-global logarithms, i.e. it will reproduce the
correct leading-colour, wide-angle, soft radiation pattern beyond the two, three, and four-jet
limits whilst retaining complete leading-colour, global NLLs in the two-jet limit. To our
knowledge this is not achieved by other parton shower models.

However, our shower still has substantial limitations. In large part that is because it
is based on a cross-section-level, semi-classical picture. Operating at cross-section level ne-
cessitates that the shower generally be defined only at leading-colour. General full-colour
resummation means a more complicated, amplitude-level, approach [12-15, 41-43]. Cer-
tainly it would be of considerable interest to compare a parton shower defined at amplitude
level, such as the CVolver shower that is currently under construction [44, 45] or the De-

ductor shower [46], with the improved dipole shower we present here.

6.6 Appendix: The evolution equations supplementary ma-
terial

6.6.1 Amplitude evolution detailed definitions

Before we proceed with the technical details of the PB evolution, it is necessary that we
properly introduce the notation we will later be relying on. In these appendices we will often
find ourselves manipulating expressions relating states of differing parton multiplicities (for
instance Eq. (6.3) relates an nyg + n — 1 state to a an nyg + n) state. We must label
partons and the multiplicity of state they come from carefully since the state’s multiplicity
determines both the dimension of the colour-helicity space in which the state resides and the
momenta of the constituent partons. To this end, we label partons with indices iy, jn, kn, ...

which run as iy, jn, ... € {lm, 2w, ...,nua} U{1,2,...,n — 1}, where {15, 25, ...,nu} is the set
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of hard partons and {1,2,...,n — 1} the set of partons emitted during the evolution. We
use v;, € {q,g} to label the species of a parton 4,. The momentum of the i parton in
a state of multiplicity ng +n — 1 is p;, € {p}n—1 = {P1, P2, - Py, @1, - qn-1}. The
emission operator, D,,, adds a new (nth) parton, of four-momentum gy, to the state. After
considering energy-momentum conservation, the parton momentum, g,, is added to the
set {p}n—1, to produce the set {p},. dR, acts in conjunction with D,, to map {p},—1 to
a new set, {p},—1. The difference between these two sets is determined by the way we
implement energy-momentum conservation (i.e. the recoil prescription). Following this,
{p}n = {P}n—1U{qn} is the set of n momenta including the last emission, g,.

Many of the objects used in this paper carry complicated dependencies. To simplify
some lengthy expressions, we will only provide the full list of arguments in an object’s
definition. In definitions, we will write every object as some f(z;{y}), where z is the
evolution variable on which f depends and the set {y} itemises the complete dependences
of f. In all expressions subsequent to the definition we will drop the {y} dependence and
only write f(z). We can do this safely as, following the initial definition of an object, each
object can always be uniquely determined by the subscripts and superscripts we provide.

In Section 6.3.1 we gave an overview of the roles of D,,, f dR, and I',,. Let us now

define these operators more carefully'?
Dn(QnLQ gn U {ﬁ}nfl) o D:[L(QnL; Gn U {ﬁ}nfl) =
Z /5qsiﬂn)(qnl) S;iln o SZLnT + Z / (5(]5:1“)((]711_) Ciln 0 C’Zr'Ln Jr7 (6.31)
in,jn in

where O is some operator in the colour-helicity space and where we have used a shorthand

notation to help save space
dx(y) =dzd(x —y). (6.32)

Delta functions of this form are used to carry the frame dependence of the ordering variable
in a compact form. Physically, Si* emits a soft parton from the parton labelled 4,. These
soft partons take the form of interference terms in the evolution. Note that, due to our
choice of ordering variable, Si cannot completely factorise from ST as both depend on
the momenta (qr(ﬁ’j"))2 (defined below). They have been written in this separated form to
reflect their operator structure in the colour-helicity space. Cir emits a collinear parton
from the parton labelled i,,. The following two definitions for transverse momenta are used

as ordering variables for soft and collinear emissions respectively,

(g2 = 2(pin - 4n) (P Gn)

Cand (g = M) g

Piy " Pjn Pi, -1

2For pedagogical reviews of the colour-helicity operators relevant in the definition of these operators see
[11, 12, 47].
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where n is a light-like reference vector. The choice of n is determined by how recoil is
handled in the evolution and is often taken to be in the backwards direction relative to
p;, . Strictly speaking, recoil cannot be entirely factorised from each D, however the way
in which it acts in each D,, follows a simple pattern. Thus we have used the recoil measure

dR,, as an abridged notation. It is defined to act by the following rules

dR, Si» O Sint = <H d4pin> RO Sl O8It

in

dR, C»OCirt = ( 11 d4pin) nell Cin O Cln 1 (6.34)

%fsgtn and 9%?3“ contain the necessary delta functions and kinematic pre-factors needed to
account for energy-momentum conservation. They are discussed in Section 6.4 and further
examples are given in [12].1% Explicit expressions defining St and C» are lengthy and can

be found in [12]. Finally,

Qg dS;‘I) 112 Qg g g .z
Fn(QLa {p}n) = ? A §Dn(QL) ('_)onshell + % Z Tin+1 . Tjn+1 1T 6in+1jn+1>
Int1,Jn+1

3D (q15qU{p}n) = /an+1 sFinal [Dy41(q1) - Dnya(qu)] - (6.35)

Finall...] indicates that the enclosed operators should act on any incoming partons as if they
were in the final state (see Eq. A.1 in [12], which defines the operators from which D4
is constructed, in this context Final[d}nitial] =0 and Final[é?nal] =1 for all j). Oonshen is
our short-hand notation for the inclusion of the theta functions necessary for restricting the
range of integration to the phase-space for an on-shell parton. These are also specified fully
in [12] (see functions #;; and 6; in Section 2). Sin+1jn+1 = 1 if both partons ¢, j are incoming
or both outgoing and 52-]- = 0 otherwise.

We ought to remark on the fact that g, is not equivalent to the dipole transverse
momentum derived in [48, 49]. The latter was derived using fixed-order perturbation theory
and is an amplitude-level object that acts to determine the limits on loop integrals. We
have not yet figured out a way to include this physics within our algorithm, though we note

that it is a higher-order effect.

13 soft coll : soft * ¢yasoft coll * ¢gyacoll :
In [12] M52 and R{" are written as 93575 Ry, and R " ML, respectively.
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6.6.1.1 Computing observables

In the main text our focus is on dressing e"e™ — ¢g. The formalism is more general and

can be used to compute observables in hadron-hadron collisions using

do, = (H de') Tr Ay, (125 {p}n)s

=1

(0 (oo, (o) = | Zdw{ IRAE jjr‘,u)}un({p}n,{v}» (6.36)

i€initial

where f,, (z;, ) are the parton distribution functions (PDFs) with momentum fractions z;
and u, ({p}n, {v}) is the (ng + n)-body measurement function for an observable described
by parameters v; € {v}. Note that ¥ is differential in hard process momenta, and that
it should be multiplied by the necessary flux factors as necessary. The star operation is
defined in Section 4 of [12] but in essence assigns PDF type to a given partonic leg (gluon
or quark). In this paper, every concrete use of our formalism concerns the showering of an

eTe™ hard process and so we will not expand further on the treatment of DGLAP evolution.

6.6.2 Derivation of the angular ordered shower

This section derives an angular ordered shower from Eq. (6.3). It is split in three parts. Part
one forms the main derivation, however it will state some results without proof (when these
results are themselves laborious to prove). The subsection following presents the limitations
of this derivation. Finally the last subsection fills in the gaps. We will focus on eTe™ — ¢q
as the hard processes, and at the end we will sketch the extension to other hard processes.

We begin with the amplitude evolution equation, Eq. (6.3), and introduce an azimuthal

averaging operation (>1n which averages the lab frame dipole azimuths of partons 1 to n,

<f>1,...,n=/“;’:ﬁ../‘§f: (61, b0).

Implicit in this operation is also spin averaging when acting on spin-dependent operators,

i.e.

as discussed in Appendix 6.7. To keep things simple, we will proceed in this section without
discussing any dependence on the observable, which means we are implicitly assuming the

observable is not a function of the parton azimuths. We devote the next sub-section to
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addressing this. After averaging, Eq. (6.3) becomes
O (An(qL))y, . n
o =0 el l(01)

vaﬂn

qi

/ Hd‘*pzn / 507 (@ 1) (i T (An1(gn 1. oy T a1 6(a1 — an ),
(6.37)

where s;, ;. and c¢;, are the spin-averaged kinematic factors associated with a soft or
collinear emission respectively (they will be manipulated into the form of collinear splitting

functions shortly). They are defined through the relations

—

i i T = 5 37 1|85 -8 ) 925,
1 , )
Cj, T =5 Z hi,| Cir - Cir |hy,) Rl (6.38)
hin

We observe that c;, = (c;,), provided %g:ll is independent of the emission’s azimuth (spin
correlations provide the only azimuthal dependence for collinear emissions). In Section

6.6.2.2 we show that!'4

/5q'r(;7i]n an— <Sin7jn>n =
/Hd4pzn ( zn]n>¢7” <®onshell>¢nyin + <Pj"in>¢n,jn <®onshell>¢nyjn) mfzgt;l + O(l)a
(6.39)

where

e(gjnyin _ 0n7zn)
1—cosby,

(Piido,. = (6.40)

The angles in Eq. (6.40) are defined in Figure 6.2. (O shell) i contains the necessary
theta functions to constrain the phase-space of parton ¢, so that it is real and on-shell,
encoding the phase-space limits for energy conservation. Its lengthy definition can also be
found in Section 6.6.2.2. The presence of the functions (P, ;) i enforces an angular
ordering, secondary to the k; ordering. To bring this ordering to the fore, we now change

variables:
L0 2=
dq. 1-¢ o¢

¢l = Epsin®0 = E;(1 - (1-)*),

4 Under the assumption that 2:°% is independent of the azimuth up to O(1) terms, which is true for the

tnin

two recoil schemes we discuss in this paper.
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and define (,;, = 1 — cosf,,. In these new variables Eq. (6.37) becomes!®

(5= A TalQ) (An(O)1on + (An(O,.on TH(O)

)

+ /Hd4pzn Z 2 <P’Ln]n>¢n’1n <@OHSheH>¢n,in msg‘f}" T’in <An*1(QTlL)>17,TL—1 T;n Cn,in 5(( - C’nqln)
in

in,Jn
- /Hd4pin Z (Pju)p (Oonshent) g, RO, (An-1(gn 1))y, 1 T}n Cnogn 0(C = Cnogn)-
in Jn

(6.41)

Here we have used

<Cjn>n ~ <P]n>n <®0n5heu>¢n %COI

gn T In?
where (P;, ), is a sum over collinear splitting functions with the soft divergences subtracted
away, e.g. when j, is a quark, (P;,), (2) = (1 — 2)Pqq/2 where Pgq(z) = —(1 + 2). The
details can be found in Appendix A of [12]. We will formulate the evolution in terms of the
full splitting functions once equations have been reduced enough that it becomes convenient
to do so.

Using the strongly ordered approximation, ¢; > (3 > .16,

o6

o 0p: VE,E; 1
(Pijdg,,, = = win) Bl L

q-Di Cq,z‘ .

(6.42)

Also using strong ordering, the leading part of (Op shen) 6, does not depend on j, and

n,i

Q{fsgtn can be chosen so that its leading part can be factorised from the sum over j, as

1
Crsin

Using these simplifications we can apply colour conservation and, by re-labelling indices,

1

ft o 1
Jin §:jn ~ an <®Onshell>¢ ¢o
én

<®on shell > On

n,in in

write

o (AO) L THO - / T ..

in

1 co
X Z <<P]n>n <@0nshcll>¢n7].n + 2? <@0nshc11>¢n7jn> mjnl
J’I’L W

X T, (An1(Gn )1 1 Th Cou 0(C = Cugi)- (6.43)

157,(¢) is defined as T'»(q1) after the change of variables has been made rather than naively swapping
out the argument.

16When working in a frame that ensures ¢ and j are back to back, the theta function is saturated without
approximation. In this derivation we are concerned with eTe™ — ¢g. Thus we can saturate the theta
function for emissions from the primary hard partons, so that they are handled without approximation.
This means we pick the backwards direction (n) (used to define kinematic variables for emissions in a jet)
to be in the direction of the other jet. This in turn fixes the definition for the momentum fraction used in
later equations: z, = zjz When working beyond the two-jet limit, tricks can be played to further saturate
the theta function using knowledge of the hard process colour flows.
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By recognising the evolution will become entirely colour-diagonal once the trace is taken,
we can diagonalise the colour structures. In turn this allows us to group the soft evolution

kernels and the collinear ones into splitting functions. We find

0Tr (A, n
¢ r< 620)1,..., %2Fn(C) Tr (A /Hdﬁlpln Z Z Puvm Zn
Jn ve{q,g}
X <@onshell>¢n,jn ZRESI Tr <An71(QnL)>1,...,n—1 CTLJn 5(< - ij")'
(6.44)

Puu;, (2n) are the usual DGLAP splitting functions, e.g. Pgg(2n) = Cr iii

. Here we have
used v;, to label the species of parton j, and v to label the state j, transitions to; if
vj, = ¢ then v = ¢ and if v;, = g then v = ¢,g. 2z, is the momentum faction of parton
n, i.e. if we have a collinear splitting that induces j,—1 — j,n then p; =~ z,p;, , and
qn = (1 — 2p)pj,_,. We specifically require that z, = % where n is a light-like vector

pointing along the primary axis of the jet from which parton j, does not stem.

We can make connection to squared matrix elements by letting

), = (222 TI0 - 207 T (A, (6.45)

™ .
=1

from which we find the evolution equation for a final-state angular ordered shower with
a conventional phase-space for a coherent shower in dz. After which, Eq. (6.44) can be

written as in Eq. (6.7) after <]M ? >1 — Zjl,...,jn <]./\/ln\2>1 e

6.6.2.1 Observable dependence and logarithmic accuracy

In the previous discussion we derived <]Mn|2>1 _, from Eq. (6.3). However, as we high-
lighted at the beginning, a full treatment should compute (|M,[* u({p}n,{v})),  where
u({p}n;{v}) is the measurement function for an observable defined by parameters v € {v}.

We want to know to what accuracy is

(M u({p}n)), /HMZ Mo, u(iphe) = (M), (u({p})).
(6.46)

We can start by considering the effects of only averaging over the nth parton and use the

following identity

(| My |* u({p}n)), = (IMn]?), ( In
+ Un(‘Mn‘ )Un(u({p}n) Corn(\MnP,u({p}n)), (6.47)
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where oy, (x) = 1/ (2?),, — (az:>721 and Cory(z(¢n),y(¢rn)) is the correlation function of = and
y under the variation of ¢,,. Both |Cor,(|M,|%, u({p},))| and oy, (u({p}.) are smaller than

unity!”. Next we can consider averaging over both the nth and (n — 1)th partons:

(1M u({pYn)),y_y o = (M), (w23n))n),
+ <‘7n(’Mn’2) on(u({p}n) Corn(]Mn|2, u({p}n))>n_1 ) (6.48)

where

(M), wldPrn)n) oy = (IMal?), , (w{P3n)) i1
+ on-1 (([Mal?), ) on-1({ul{p}n)),,) Corn ({(|Mn[),, . (ul{p}n)),)-  (6.49)

This can be iterated to give
(IMalPu({p}n))y = (IMal?)y ({23,
+ Z Um(<\Mn\2>1,...,n) om((u{ptn))i, . n) Corm(<\Mn!2>1,,,,7n w{pta)),.n)
m=1

+ higher order correlations. (6.50)

We have been slightly lazy with notation; it is implicit that

Um<<x>1n) = Um(<x>1,...,m71,m+1,...,n)'

The important question is whether the correlations can provide a logarithmic enhancement
to the observable. This is obviously an observable dependent statement. To progress we
will place some assumptions on the observable. If the observable is such that the correlation
term’s contribution to the cross section is suppressed relative to <]M | > w({p}n)) s

can approximate (|M,|*u({p},) >1n by only keeping the first order correlations, since
second order correlations will necessarily be even further suppressed. The approximation
assumed by coherent branching is to neglect correlation terms altogether. Let us look at
the n = m =1 term for thrust. At this order u({p},) is not a function of the azimuth and
so o1(u({p}1)) = 0. As the observable exponentiates [18, 19], this is sufficient to guarantee
that it can be computed to NLL using the coherent branching formalism (these last two
sentences are an abridged form of the argument in [19]). For contrast, let us look at the
n =m = 2 term in the computation of gaps-between-jets, with the same hard process. The
pertinent measurement functions are

n

{p}n = H out Qm +@1n(Qm)@(Q0 - Qm,J_))a (651)

m=1

1" This makes the weak assumption that the measurement function, u({p},) is bounded.
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where Oy, /out(gm) is unity when parton m is in/out the rapidity region between the two
highest pr jets and zero otherwise. In the following subsection, we compute all the in-
gredients for 02(<\MQ|2>1). It is reasonably easy to argue (though less easy to compute)
that, unless suppressed by multiplicative factors in o2 ({(u({p}2)),) and correlation functions,
oa((|M2]?),) terms can contribute fourth-order, infra-red poles and with them leading log-
arithms. By considering the variation of ¢o, it is also simple to convince oneself that the
correlation function must be finite and positive. So, if angular ordering is to adequately de-
scribe this observable, it must be the role of o2 ({u({p}2)),) to screen against contaminating

logarithms. This means we only need to test to see if o2 ((u({p}2)),) is non-zero:

(u(}2))
melfutirka, \/ s (1= i)

= (Oout(q1) + Oin(q1)O(Qo — q1,1))

X \/( out (42) + Oin(g2)0(Qo — g2,1))5 (1 — (Oout(q2) + Oin(q2)O(Qo — g2,1)),) # 0.
(6.52)

Furthermore, not only is this non-zero but it contains non-vanishing terms in ©i,(q1)Oout(q2)-
While these terms do screen against fourth order poles and logarithms, they are crucial for

the computation of the a2L?

non-global logarithms. As such, a coherence branching algo-
rithm (that makes usage of azimuthal averaging) cannot compute the leading logarithms to
gaps-between-jets, as it certainly gets the numerical coefficient to non-global pieces incor-
rect. This is a general feature: coherent branching will fail to capture leading, non-global
logarithms (though in most cases these logarithms are sub-leading in the computation of the
overall cross section). This has been previously observed in [24, 25], where the effect of the
missing correlations was computed numerically to all-orders. They found that, though the

missing correlations are a formally leading effect, phenomenologically their effect is < 10%.

As is widely known, we observe that coherent branching is always capable of calculating

logarithms up to a?L?**~! in observables for which a?L?" is the leading logarithm.

6.6.2.2 Azimuthal averaging

In this appendix we will fill in the details on the azimuthal averaging of the evolution kernels.
The general procedure for azimuthal averaging is well known [20] textbook material [26, 50].
However, the procedure is less widely discussed taking into account phase-space limits and
momentum maps. In this section we provide a more careful treatment than the textbook

one. We begin by looking at the following integral (which corresponds to the integrated
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soft emission spectrum),

(‘In) (Qn 5 (Zn ]n
/ dS 1 S]n Sln / S / I 2 eon shell
4

dQy, dEq, o pz - Pj (insjn)
(0 ~ R ——n Oon 6(q 7 — , 6.53
/ Eq, " Piy - @b, - n onshel (an_ 1) ( )

where E,, is the energy of parton ¢ and df2,, is solid angle in the frame which E,, is

measured. We can regroup the dipole kinematics as

dQ dE
Eq. (6.53) = / —n e (Pinjn + Pjin) Oonshell 5(Q,(L7i’]") q1),

1
2‘P7/n.]n = ln - + 9 (6’54)
nln n n]n n n;, -n

n

where n;, = p;, /E;,. The two terms in this integral are symmetric under the exchange of

i and j and so we shall focus only on the first:

dFE, dQ
/ e / I P, i Oonshell 0 (CI£L I’J") —q1)
q7L

Slnen in nznd N,in inyjn
/ 2E2 / 0 Pivjn ®onshen2qm((qfl n ’)2—qi). (6.55)

To compute this the integral we take n;, = (1,0,0,1), n;, = (1, sinbj, ;,, 0, cosb;, ;.),

and n = (1, sinb,;, cosdp.i,, sinby,;, sindy ., cosby;, ). In this basis

(q(zn,yn))Q _ 2 2(1 —cosbp,)(1 —sinby,;, cos ¢p, sinb;, ;. —cosbj, i, cosby;.)
nl 1 —cosbj, i,

= E2 ki jn, (6.56)

and

sinby,;, A6y, doni, [ d(kijnE?Z)
Eq. (6.55) = / n,i 4717-171 Dni / 2’;] nEg P;..j. Oonshell 21 0 (E Kijmn — qi)
Z?]?

qi

1 [ sin6,;, dby,don;
“ & z ‘F)’L (—)ODS ell- . 7
- nin hell (6.57)

The textbook treatment would set Oy ghen = 1 here. For us,

@onshell = @(pin *Pj, — 4n - (pjn +p2n))

E.
=0 (Ein E; (1 —cosbj, i) — 9L (1 —sinby,, cosdp,, sinb;, ;, —cosb;, i cosbp;,)
Iq/i?jVn
E.
ST () os en,in)> , (6.58)
\/ /{/['7.].7”

226



which bounds the ¢, ;, integration to the range [¢n,| € [¢;, ¢;i). The solutions for the

. 4 .
boundaries, ¢_; are given by

cos <b(j;i = + min (]ai|, 1) for at >0 and cos (b;t’i = 0 otherwise,

ai_iV%WUMQ—HWH%MMQ—DQH+C@
= (sin Hn,in sin Hjn,in)(l — COoS anzin)qiEjZn

F = EinEjn(l — COS ejn’in) = EinEjnD, D =1-—cos 9j

n,in7
H=qE; (1 —-cosbty;,)=qEi A, A=1—-cosby,,,
B =sinb,;, sinb;, .,

C =1-cosbj,;, cosb;,,

G=q.E,. (6.59)

Note that the expression under the square root is always positive. The usual approach to
azimuthal averaging is to employ the soft limit and set ©qpnshen = 1, after which the ¢, ;,
integral can be performed by contour integration. However, in our case this is not viable,

due to the boundaries on the ¢, ;, integral. Instead we will write the integral as

1 sin Hn,in den,in

Eq. (655) = q—l f (Plnjn 60n5h611>¢n,in
1 sin 6, ;. df, ;
= W [(Pinjn) 6ni (Oonshell)g, .

+op

inin \/<@0nshell>¢>n7in (1 - <@onshell>¢n’ )Cor(Pinjny @onshell>]7

(6.60)

in

where Cor(x,y) is the correlation function between two variables x and y, in context the
correlation over variation of the azimuth. Firstly note that

6(9]71,,7471 B GTL,’Ln)
1 —cosby,

I

the usual result from azimuthal averaging. We can also note that (O shen) & € [0,1] and

n,t

|Cor (P, j,, Oonshenn)| € [0,1]. By brute-force evaluation and noting Oy shen is binomially

valued, we find

Jr o —
/o) _ |¢q7i gzsq,i )
< onshell>¢n’in - T on shells

where éon shell = Oon shell‘d)nyin —gerit) and  cos ¢crit = sign(f)min (|f], 1),

1—(1—cosby.i, ) Ei, /Ejy, _4 1—cos Oy, i,
sinfy, i, siné; 1—cosb;

n,tn n,tn

(1 —cosb, i, cosbpi,)
fOnsins 05y Bins By q1) = :

n,tn

1 4sin On,iy Sinb;
1—cos O iy,

(6.61)
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The exact angular ordered result is obtained when (Ogp shen) i, = 52-]- =1, which is the
case in the strongly ordered, ¢, /@ — 0, and collinear, 6,,;, — 0, limits (here @ stands
in for any other harder invariant). The remainder of this section is used to show that the
correlation term can be neglected at least at a?L?"~1 accuracy (and for NLL thrust). It
can be skipped if the reader does not need convincing.

2 _/p2 (P )2
Now we must compute op, = <Pinjn> <B"]">¢n,in

n,in

nIn! G in 27 ndn 87 N, NN, =N ng, - N
_ 1 / dgbn,zn COS Hn,in — COS Ojn’ln +1 ?
(n;, -n)? 8r  \1—sinb,;, cos ¢y, sinb;, ;, —cosb;, ;. cosby ;. ’
(6.62)

using the substitution z = exp(i¢y i, ) this integral equals
9 B 1 7{ zdz < o8 Oy, 4, — cos b, ;.

Zn3”>¢n,in (i, -n)? Jor 2mi \ 22 —sin6,;, (22 + 1)sind;, ;, — 2zcosbj, i, cosby,;, — 22

1 ]{ dz ( z(cos b ;, —cosb;, ;)

(ni, -n)? fq 2mi \ sin? Onin sin®0; i (2 — 21)2(2 — 22)

2

cos O, i, — cosb;, i,

1
— |, (6.63
sin 6y, 4, sinb;, 4, (z — 24 )(z — 2-) + 4z> (6:63)

where

= 1 —cosbj,;, cosby;, " 1 - cos gjn,i.n cos Op i, 2 1 (6.64)
sin 6, ;,, sin6;, ;

sin en,in sin Hjmin
Only the z = z_ and z = 0 poles are in the unit circle:
1 7{ dz cos Oy, 4, — cos0;, ;. n 1
(ni, -m)? Jor 2mi \sinOy;, sinb;, i, (z — z4)(z — 2—) 4z

3
4(1—cos 0y, 4y, )2

when 0, ;, < 0;

nsyln)

_ 1 . (6.65)
— = 02 otherwise,
and
1 7{ dz 2(cos O i, — cosb;, i, )

(i, - )% Jgr 2mi \sin? O, 5, sin® 0, 5, (z — 21)%(z — 2_)?

B 1 1 2z_sign(cos by, i, — cosbj, i) (6.66)

"~ (1= cosOp,)2(cos by, — cosbj, i) (cos by.i, — cos by, i,)? ' .
Thus

2z_
~ eos O iy, —C0S 0, 52 3 . .
) (T—cos 0y, 4, )% (cos Hn,injfcos i) + 4(1—cos 0y 4y, )2 when 9n,ln < 0]7177477.’
<P2njn >¢nyln — . (667)

—cos 6

1
+(c050 ]nﬂin)Q 1

(1—cos On,i,, )2 (cos O, 4,, —COS 0 " 4(1—cos Onin )> otherw1se,

n,in

nxln)
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and so

2z

- (cos 6.

nﬂ'n_cosgjn,in)z 1 . o
9 (1—cos 0,3, )2 (co8 O 45, —COS 05y, i) 4(1—cos by iy, )2 when enﬂn < Hﬂnﬂn’
o} = ) (6.68)
nJn z_
(cos B, ; —cosB,; . )2 .
= pdn P inudn 1 otherwise.

(1—cos0,:,,)2(c08 Oy 5, —c08 05, i) A(1—cos 0y, iy )2

This has a collinear divergence that is suitably screened in Eq. (6.60) by the accompanying

phase space factor,

\/<®0n5hell>¢n,in (1 - <@onshell>¢n7in)a

as is the soft divergence from the g, pre-factor in Eq. (6.55). Cor(P;, j,, Oonshell), is bounded
above and below by 1 and —1 so at most further dampens the effect of the Ul%injn term. Asa
result it is a finite non-logarithmic correction at order ag and its contribution is suppressed
at higher orders (to be seen explicitly one could repeat the analysis of Appendix 6.9.1).
Hence, for a?L?"~! accuracy, we need only take the first term on the right hand-side of

Eq. (6.60).

6.6.3 Derivation of the dipole shower

In this section we will derive from Eq. (6.3) an evolution equation for a dipole shower for
final-state coloured radiation in eTe™. The extension to an initial state shower does not
add complexity but lengthens equations. To derive the dipole shower we will spin average
the evolution and make the leading colour approximation. To approximate the colour, we
express amplitude density matrices and colour charge operators in the colour-flow basis.
We manipulate the colour-flow basis using the mathematical machinery introduced in [11].

Before we begin the derivation let us look at Eq. (6.3) in more detail and apply some of
the knowledge we have gained from deriving an angular ordered shower. Angular ordering
is most powerful when applied to the two-jet limit in e*e™ , the mono-jet limit of DIS and
Drell-Yan. In these cases, angular ordering does not approximate the soft radiation pattern
at all. Instead, the soft radiation is colour diagonal. The diagonalisation of soft radiation
renders the conservation of momentum longitudinal to a jet unambiguous. Matching to
the angular ordered limit is sufficient to completely constrain the leading component of
momentum conservation in Eq. (6.3) (it must respect the partitioning defined by P; ;, as

given in Appendix 6.6.2). It is required that

( ('Lan))Q

soft _ 4 (P R+ P, 9%)
inJn QE% nn~ Yn Intn~ Yn
(Tndn)\2
. T . . 1 T 9, 1
i ([ Pin “Bjn___ " Pin + = Pin ]%in‘i‘(iHj))a
4 Pin " Gn Pjn - n T an Pj, 0 T - qn Pi, - Gn

(6.69)
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where T' = Zin p;, is a vector for projecting out the energy of a parton in the event ZMF
and where E,, is the energy of ¢, in the ZMF. This can be rearranged to give

SO:. %1,” + i)% An
%lngtn =5 + Asym; ;i (qn)Ri, + Asym; ; (qn)R;,, (6.70)
(indn)y2 (tndn)\2
T - p; T.p.:
Asymg () = | =P LS T (0010 (6.71)

AT - qn Pi, " 4n AT - gy Py, - dn
As previously stated in our discussions on angular ordering,
Ry, = 0" 0y, — 2 'Bi) | *(0in — Bi) + Ola1/Q).
inFjn
This recoil function is ready to use in Eq. (6.3).

Now, let us begin computing the leading colour evolution of A,(q.). We intend to

compute
Leading!?) [An(q1)] = AL ™ (q1) |7) (o], (6.72)

where A%O) "7 is the leading colour amplitude for colour flows 7 and o, see [11, 33] for details

on this procedure. Term by term in Eq. (6.3) we can apply this operation and find

Leading!?) |T(q1) An(qr) + An(qr) I‘L(qm] =2+\)(q1) 0,5 Leading®) [A,(q1)],

(6.73)
where
a0 0 (rhocr) = 22 [ ( T N [l )
injn €. N0
x R 4 Z P(ﬁ“iw 1— 2z, / 5gtm™( RC°1> Oon shell (6.74)
and where .

Riv = / [Td'i, 255, =1+ 0(a1/Q). R = / Hd4pm§:“= 1+0(q1/Q).
(6.75)

The sum over “iy,, j, c.c.inc” standards for performing the sum over partons dipoles i, j,
which are colour connected in the colour state o. ﬁvin—mvn = ﬁv,vin are the hard-collinear
splitting functions defined in Appendix A of [12]. They are the usual collinear splitting
functions with soft poles subtracted away, i.e. Py, = —Cr(1 + 2,). Note that as we are
working in the strict leading colour limit Cp = N./2. The constants );, and \;, are defined
in Table 1 of [11], in the situations we will use them (the LC limit) A;, A;, — 1/2. We can
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observe that the first term on the RHS of Eq. (6.74) is of the same form as the standard
dipole type term. Next we can take the leading colour part of the emission operators. We
spin average emission kernels, see Appendix 6.7 for details, and place carats on objects to

remind us that they are spin-averaged. We find

Leadinggp []jn(QRL) An—l (QnL) f) (in)} = VAVT(LU) (QnL) Orc Leadlngio\)n a\n |:An—1 (QnL)} )

(6.76)
where
WS (Gn 150 U {Phn1) = D> AinAj,Ne /5q I (g 1) L
in,jn C.C.INO
+ 3 A (1 z) /5qn (n 1) R (6.77)
in €final

Note that 4(?) = ~(?) as the loops do not depend on spin.

For now we will ignore the single logarithmic, hard-collinear pieces as they are easy to
introduce later on (they are uniquely attributed to delta functions of the form §(p;, —
Zn 1]3jn) in the recoil). This means that for now our final state will simply be the ¢g pair
plus n gluons. It is also typical in the strict LLA to let RSOft = 1; this will prove to be
exact with the recoil scheme given in Section 6.4 though only approximately so with the

spectator scheme in Appendix 6.8. Thus the evolution equation is

8An(qj_) Qg dS(qn+1)
L )| 2o | 22 / -2 E
q:Leadingz [ dq. 7T 47

in+1,Jnt1cC.C.in0

X 4)\Zn+1)\jn+1N /5qnzi{j_jn+1) (QJ_) @on shell 57’0 Leadlng(o) [An(QJ_)]

- / (Hd4pin> Aij Ne / 5q\ 7 (g 1) R

in,jn C.C.INO

X Oro Lead1ng(\) o\n |:An 1(an)] q1 0(qL —qn1). (6.78)

This is a modified version of the equation for dipole evolution found in [11] that was shown to
reproduce BMS evolution [16]. It has been modified to allow for the possibility of kinematic
recoil and to account for the phase-space effects from energy conservation.

By taking the leading colour limit, the colour evolution has been made diagonal. We
can trivially make the connection with squared spin-averaged matrix elements; for a given

colour flow, o,

20

" Leading® [A
- > Leading,;,/ [An(qj_)} , (6.79)

VL (q)P |0} (o] = (

231



where M is a dimensionless, spin-averaged and leading-colour matrix element, up to global
factors of 2 and 7 which have been absorbed into the definition of our phase-space measure'®.

Thus

O\ (q.)]?

qL dq.L
o dglan+1) y
S Rl DENEUUREPENRRE / 54577 (q1) Oonshett M) (g.) 2
in+1ajﬂ+1 cc.ino
20
- Aidj N / (Hd‘*pm)éq("’“k DRI (@0 1) a1 8(a — gaL):

in, ]n ccing
(6.80)
This is a generalised leading-colour dipole shower evolution equation with fixed coupling.
Commonly one would introduce a running coupling with ¢ as its argument. At this point
this would be a simple extension. We have omitted the running coupling as it does not
effect our discussion. From this point on we drop the carat denoting spin averaging, leaving
it implicit that the equations are spin averaged.
To manipulate our new dipole construction into the more usual form we now define a

7"?7, 2 Z%,L?Ln l%’ ’

where, just as in Section 6.3.3, we use i to index the (anti-)colour line(s) of parton ¢ in
a final state dressed with n soft or collinear partons. Using this we can now return to

Eq. (6.80) and manipulate the dipoles so that emissions from each half of a dipole are

separated:
,, M
9q.1
ds(Qn-H 1,0
~ ? Zn Z /5 Um0 (g1 2 @ g et | ML) |2

7L+1

« in,in ipole o/n
- E Cig/(Hd4pjn> 8q\ "™ (g 1) RO M gL 6(g1 — gn1). (6.82)
in In

We can now include the sub-leading logarithms from the hard-collinear limit along with full-
colour Casimir invariants. The Casimir invariants and collinear logarithms are each uniquely
associated with longitudinal recoil and so a single iﬁdlpde We note that Asymi% i (gn) gives
no logarithmic enhancement in the hard-collinear region, rendering the inclusion of hard-

collinear pieces simple (including the re-inclusion of g — ¢gq transitions). Thus we arrive at

-1 -2

8The usual dimensionful matrix element is retrieved by multiplying with a factor I_L.n+1 27 Gy 1
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Eq. (6.10).1 We can explicitly include the g — qq transitions by extending Eq. (6.10):

8‘M(U)|2
W "8q1

22

Z/ (154 1,8%n+1 5(q(jn+m nt1) q.) /dz Oonshell Po;, v, (2) ’M’I’(Lo.)‘Q
n+1
(& i 1$,i%n) o/n
=25 [ (TLt ) R Ry, o) 406l = ) a7
23 Jn
%s 1 15510 o
- WZ/ <Hd4pjn> %d pole Svip g Pag(2n) QMS(QSLI ) — )\M( 1]2 (6.83)
3 Jn

where Pyy(2,) = nfTrz2. The inclusion of Casimir factors and collinear physics in this
fashion ensures our shower correctly computes everything an angular ordered shower can
compute, in the angular-ordered limit. There will however be NLC errors for radiation not
ordered in angle. At the same time, the usual LC accuracy of a dipole shower is preserved.
Also note that at no point in this derivation did we restrict ourselves to a ¢g final state
for the hard process. In Section 6.3.3 we made this restriction as it allows Eq. (6.16) to
be written more simply. For more complex hard-process topologies one should sum over
showers originating from each distinct hard-process colour flow (dipole).

So far we have still not constrained the O(q /Q) pieces in the recoil function associated
with recoil in the backwards direction. These pieces are important for the computation of
NLLs. Specifying them is the purpose of Section 6.4 and Appenidx 6.8. In these sections
we study their effect on NLLs. For contrast, in Section 2 of [12] we considered various recoil
functions that specify the O(q./Q) pieces. We ensured each possible recoil prescription
would consistently produce all leading physics, however we did not check sub-leading ef-
fects. One of the prescriptions we considered was based on the spectator recoil commonly
employed in modern dipole showers [2, 35]. This approach involves partitioning the dipole
using Catani-Seymour dipole factorisation [32] and distributing the longitudinal recoil in
accordance with this partitioning. The remaining transverse recoil is then given to a third
parton, not in the dipole but colour connected to the emitting parton. In [12] we give
the functional form of mgggtn necessary to implement this recoil. Using this recoil function
instead of the one we present here gives us an evolution equation similar to that governing
Pythia8 [2].

In [10] it was shown that the standard spectator recoil prescriptions used in conjunc-

tion with Catani-Seymour dipole type showers are subject to errors computing NLLs and

19When constructing Eq. (6.10) we chose to multiply each matrix element by a phase-space factor so that
|MT ]2 = L1/ - z)| M7 |? and separate sums over emission topologies, |M.”|> — Zzg i |IM)2.

This ensures the standard dipole shower phase space can be used [2—4, 10].
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miscalculate next-to-leading colour. The errors in NLC occur because of the misattribution
of longitudinal components of recoil and so colour factors. The errors in NLLs occur as
unphysical artefacts from the shower construction do not cancel when one properly consid-
ers the effects of recoil after multiple emissions. It is for this reason that we have taken so
much care to ensure consistency between our dipole shower and angular ordered showers,

and why we take great care implementing recoil in Section 6.4.

6.7 Appendix: Spin averaging

In the derivation of an angular ordered shower and a dipole shower we had to spin average
the evolution from Eq. (6.3). We can introduce spin averaging safe in the knowledge that
the spin-correlated evolution can be computed from the spin averaged by re-weighting with
the algorithm of Collins, Knowles et al [22, 51]. In our previous paper [12] we showed that,
given collinear factorisation, the evolution of our algorithm is consistent with that of Collins
and Knowles et al. We also showed that complete collinear factorisation can be achieved
in the PB algorithm (neglecting Coulomb exchanges, which cancel in the leading colour
limit). In this appendix we will summarise the spin averaging procedure. We will do so in
the leading colour limit, as this is the limit of interest in the dipole shower case and this
limit reduces the number of indices on objects. Real emissions in the leading colour limit

without spin averaging give rise to

/an LeadingS—Og) [Dn(Qn J_) Anfl(QnJ_) DL(QnJ.)] =

T\no\n

/ AR, WP (0 V5. Leading® . [An1(gns)],  (6.84)
where
Wﬁ””h%’hg(qm;an{ﬁ}n 1 {RM), {hR}) -

in,jn C.C.INn 0O

+Z / 5¢0™ (g 1) Cin i T (RE ) b (AR ) gic0] (6.85)

and where sy, b and il (hfn) are the kinematic factors associated with a soft or collinear
emission respectively, for a fixed spin state. We have unpacked some of the recoil factors
from [ dR,, and placed them next to the appropriate emission kernels, these are the 9{50&
and i)fic"l factors. sy i and ot (h% ) are defined through the relations
shohit tgintii oy = (WSOt R AR (RE | RL| Sk Rk ),
e (B ) e () T, - To, = % (RO T B ) (i b Co [k ), (6.86)

/R p/L

in? in
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where hl-“/ R is the helicity of the parton with label i on the left/right hand side of the
amplitude. In Eq. (6.85) we again used the abbreviation “iy,j, c.c.ino” to mean that we
sum over pairs iy, j, that are colour connected in ¢. Note we have been a little sloppy by
omitting sums over trivial spin indices of partons not involved in the splittings induced by
Ci» and S» in Eq. (6.84). Spin averaging is achieved by setting {h*} = {hR} = {h} and

performing all trivial sums over spin states in Eq. (6.84). This is equivalent to replacing

An = ATH Wéa)’h%’hﬁ(%ﬂ = Wysa)’(QnJ_>v
1

shhn Tginhn T, Ty v gnin T, Ty = 3 > (ha,| Sir - Si (hs,)
hip,
. pR . pL v 1 . )
T (hit) et (b)) T, - Ty, = & Ty, - T, = 3 > (hi,|Cir - Cir |hi,),  (6.87)
h

where we denoted the spin averaged objects with a carat. We have assumed %fgi and S)f{f:l
are chosen such that they are not spin dependent, otherwise they too should be averaged

in the same fashion.

6.8 Appendix: Dipole shower with spectator recoil

It is commonplace to use local ‘spectator’ recoils in dipole showers rather than the global
approach we have opted for [2, 3]. In this appendix we introduce one such recoil scheme
and show that, despite the other improvements to our dipole shower, it suffers the NLL
errors pointed out in [10].

Following the approach of [35], we can treat each transition from an n—1 to an n parton
matrix element as being generated by a 2 — 3 parton splitting which locally conserves
momentum. The splitting is defined such that the parton with colour line i,, under goes a
primary decay into two partons, the amplitude for which is given by a collinear splitting
function. The parton with colour line 7,, acts as a spectator and under goes a secondary
1 — 1 transition where it absorbs the residual recoil from the primary decay. To this end

we introduce the following Sudakov decomposition
(q'r(zlriln))2 Py, (inin)y2 _ _p.2
2 ) (q ) -
Zn Pi, " P,
@7 p,
1—2n 2pi, 15

Dip, = ZnDin, — k1 +

qn = (1 - Zn)pin +k+

n

(q(irfn))2 1
in Zn(l _ ZTL) 2pln ;. pz,ﬁ 1 * Diy, 1 in ( )
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which conserves momentum as p;, +p; = pi, + P;, + ¢n. This decomposition defines the

kinematics of the 2 — 3 splitting. Enforcing this local recoil scheme implies that

(ad™) 4 (@) p
Ri, =|1- . 67\ 5, —P5, + 5 -
‘ ( zn(1 = zn) 2pi, - 3, T\ T i zn(1 = zn) 2pi,, - p;,

(infn) 2
- q,
x 8% (pin_znpin+kl (,1") 2p . ) IT & — b5, (6.89)

Zn
Jn?élnﬂn

where
07 (f(x)) = f'(2:)d(f(x)) = 6(z — xy),

and z; is the single root of f(x) inside the range of z over which the delta function has

support.

6.8.1 NLC and NLL accuracy of the spectator recoil

Let us begin by filling in some of the derivation of Eq. (6.26) with the local dipole recoil
specified in previous section. Starting from Eq. (6.80),

2
L) =ouy [[ < / i, / T d*pr, 6017 (g 1) AidjNe 350 9mn>

n=1 in,jn C.C.IN O kn
X O(q1 1 —q21)0 (e7F - ({p}z))
eI (o [ n)
n=1 in,jn C.C.INO

X @((hL - QQL)G (eiL - V({p}correct)> )

—CFUnH/dHQ dH1/5q(a2’12 /5611 ) (g1 1) OlqrL — 21

[/ H H d4 mzzfﬂ 9(1212 %(Sz?fbtl 9a1b1@ (eiL - V({p}2))

n=1 ky,

— 05005010 (e — V({p}eorrect)) } : (6.90)

where {p}correct 1S the set of correct momenta for the 4-body system and where 6§°§reCt =

einjn({p}COI’I‘eCt)- From this we find

(a1,b1) (ag,b1) (a1
52([/) ~ 4063 Cl% Ony /Q dqgaibl) /ln Q/‘hi 1 dyl /*qu 1 dqéaj,lg) /ln Q/q 2,19) dyQ
7T2 0 q§ai7b1) “In Q/qiaj,bl) 0 qéaj712) 71n Q/q2af!12

2
X / % [@ (e*L _ V({p}2)) -0 (e*L _ V({P}correct))] . (6.91)
0
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The kinematics are encapsulated by {p}e, just as in the global scheme given in Section
6.4. They are in fact exactly the same kinematics as those specified in Section 3.3 of [10]
and we have arrived at the same expression as B.5 of [10]. Thus, we can follow their
argument from Appendix A and Section 4 and conclude that our local dipole prescription
does suffer the same NLL errors as other local dipole prescriptions. For example, we can
consider the two-jet rate using the Cambridge algorithm, for which V ({p;}) = max;{p; 1 }.
In the limit we have considered, this reduces to V ({p}correct) = qgai’bl) whereas V ({p}e2) =
max(qi'ﬁ’bl),qéaj’b)) since the recoil scheme does not ensure that qYll’bl) > qéaj’lz) at all
points in the phase-space for parton 2’s emission. [10] show that this error generates a
incorrect NLL (N2a2L?). This was expected, as in our local dipole scheme we have only

made modifications to fix the NLC of the usual dipole shower procedure. It would be

unexpectedly fortuitous if this also fixed the NLL problems.

6.9 Appendix: Further checks
6.9.1 Thrust with NLL accuracy using global recoil

Thrust has a long history. It was first resummed to leading log accuracy in 1980 [52] and
then later at next-to-leading in 1993 [19]. More recently, it was resummed to N3LL [53]. In
this section we will analyse the consistency of the dipole shower and recoil scheme we present
in Sections 6.3.3 and 6.4 with the NLL computation found in [19]. Crucially, the calculation
of NLL thrust was performed using a coherent branching algorithm [20] (or equivalently by
analytic computation of an angular ordered shower). The coherent branching algorithm
employed in the resummation was not strictly momentum conserving and effectively only
conserved the momentum longitudinal to the two back-to-back jets. In [19] they show that
neglecting the other components is a valid approximation in the computation of NLLs for
thrust (see their e expansion of the correct phase-space). However, in [10] it was observed
that incorrect handling of transverse momentum in dipole showers can induce NLL errors
in thrust from O(a2) onwards. These two papers are not inconsistent with each other, the
situation is simply that the incorrect inclusion of momentum conserving terms can induce
NLL errors.

Our dipole shower algorithm was built around consistency with an angular ordered
shower. Its collinear radiation pattern reproduces that of an angular ordered shower with the
correct longitudinal momentum conservation after azimuthally averaging. At NLL accuracy,
it is also consistent at leading-colour with the angular ordered shower (restricted to leading-
colour since our dipole shower only has leading-colour accuracy for radiation unordered in

angle). Notwithstanding those NLC terms, there is one other main difference between
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the coherent branching resummed in [19] and our algorithm after azimuthal averaging;
ours conserves momentum completely. Thus the only remaining question is whether our
approach to momentum conservation breaks the full-colour collinear evolution and leading-
colour NLL accuracy of our dipole shower. We can compute the difference between our
algorithm’s computation of thrust and [19]. As thrust is dominated by the two-jet limit, we
initially focus on emissions from the primary hard legs (which is sufficient for NLL accuracy
in the approach of [19] by assuming inclusivity over jets from secondary jets). Afterwards
we will briefly consider the effects of secondary emissions, i.e. possible recoil effects from

the multi-jet limit. Firstly note that thrust can be defined as

T({p}n) = max > vpelpin P n’ NLL P2+ P,-%v

D> vpeiptn P Q?

where P, (P;) is the total four-momentum in the hemisphere centred on the forwards
(backwards) thrust axis. From this definition, it is clear that thrust is invariant under
boosts along the thrust axis and is invariant under global jet energy rescaling. Following
the notation of Section 6.4, the difference in the two-jet limit between our dipole algorithm

and the NLL result due to recoil is of the general form

Q4 Q4 In(knQ/dn 1) In(r1Q/q1 1)
L)~zagcn< [l [ [ a

qn L Nl J=In(knQ/qn 1) —In(k1Q/q1 1)

x 0(Q —q L)-'-@(Hﬁl%—u —qnl)
Q dg, L Qdg,, [MQ/my) n(Q/a1 1)
_/ / / dyn.../ dyr
0 dni o ¢l —In(Q/qn 1) —In(Q/q1 1)

X @(Q - qQ1 i)"'@(Qn—lL - QnL)> S (e_L - (1 - T({p}n))) ) (6'92)

where each transverse momentum is defined relative to the thrust axis and C,, is a constant
coefficient.

It is most beneficial to us if we evaluate the logarithmic order of §3(L) by starting
more generally and then applying the result to thrust. As previously stated, each k, =
1-— (’)(qil/QQQ). We will parametrise this as k, = 1 — eqiL/2Q2 where € is order unity.
Note that when e = 0, 6%(L) = 0. Eq. (6.92) is built from repeated sums over elementary
integrals of the following type

dxn dxq €x;
T, = . 1 i In(z;)
BT LH“@( 7)) - nte

a,{xi})),  (6.93)

where a parametrises the observable dependence (for thrust a ~ 1 —T), x; ~ ¢; 1 /Q and
O(f(a,{x;})) parametrises any residual more complex observable dependence. Note that

both terms in the square bracket are monotonically decreasing as z; — 0 and that the
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second is always of smaller magnitude than the first. Thus Z evaluates to having the largest
possible magnitude when O(f(a,{z;})) = 1, as every point in the domain of the integrand
adds constructively to the integral. Therefore we will work assuming O(f(a,{z;})) =1 in
order to place an upper limit on the order of logarithms produced. With this assumption

applied, Z is dominated by the term

O

@ 1#] i=1

which is in turn proportional to gan—2(a, €) — gan—2(a,0) where

gnla,e) = /al d?"’“" In (m <1 - “;)) In(z)". (6.95)

For large n, g, is difficult to evaluate. However we can navigate this by constructing a

generating function for g,

GF(a,e,v) = /al dz 2" 'In (:p (1 - “”;)) : (6.96)

so that ¢, = (0,)"GF|,=o and

o1 (2R +15+25) —a R (L5 +155 +2%))

p2 + MOE)

In(2)a” — In(2) + (2 — €) — a” In (2a — a’e)
” :

GF(a,e,v) =

_l’_

(6.97)

The Taylor series in v of GF'(a,€,v) can be computed. The series is expressible in the form

n

GF(a,e,v) — GF(a,0,v) Z (Z A nIn(a)" 'Ligs; (%) + B,Lis (;)) % (6.98)

n=0

where A;,, and B,, are order unity constants that we do not need. Thus

S(L) < fj o (Qg AinIn(1 = T)*" 2 Ligy, (@) + Bulizn (2)) ’
" (6.99)

where L = In(1 — T'), and Aim and B,, are order unity constants. Hence for T' ~ 1, the

limit in which we resum, 0X(L) < >, a;;,c’l In(1 — T7)?"~2 where C,, are also order unity
coefficients. Also note that the first logarithmic enhancement from our recoil scheme occurs
as ~ afL?. Finally, we note that this argument applies to recoil distributed along any
chain of strongly ordered emissions. Therefore recoil from emissions off secondary legs also

contributes terms to ¢3(L) that are much less than ) a;;?" In(1 — T)%n—2.20

20In fact, following the epsilon expansion arguments of [19], recoil from secondary legs will contribute
terms less dominant than ) %T?” In(1 —T)2" 4,
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We have shown that the recoil scheme for the dipole shower presented in Section 6.4
does not introduce incorrect next-to-leading logarithms into the resummation of thrust in
ete”. We did this using a very general approach, leading us to believe that for other
exponentiating two-jet dominated observables the same result will also be found. Thus,
one would only need to add a running coupling and the shower could be used to compute
the NLL resummation of thrust. In summary, we expect our formalism to be capable of
leading-colour NLL accuracy in observables that can be resummed at NLL accuracy using

the coherent branching approach and will capture much of the full-colour LL contributions.

6.9.2 Generating functions for jet multiplicity using global recoil

We will now use our algorithm with our new recoil scheme (as presented in Section 6.4)
to compute the integral equation defining the spin-uncorrelated generating function for the
multiplicity of subjets in the final state of ete~ — hadrons. The generating function was
first computed at NLL accuracy (i.e. including all a?L?"~! terms) in [54]. The methodology
has since seen a variety of applications [28, 31] (and references therein) and can be found
in graduate texts [26, 50]. We will compute the generating function at LL accuracy, though
taking care to include all a?L?"~! logs from recoil.

The generating function is defined by
$n(u,Q) = u"Ps(n,Q)=F> u"V / Aoy / do, (Q). (6.100)
n=0 n=0

It can be used for the computation of the moments of the subjet multiplicity distribution
for a process X:

d"¢s(u, Q)

(ne(ny —1)....(ny —n+1)) = du™

(6.101)

u=1

Here F' is some flux factor for the hard process and Ps(n, Q) is the probability of finding
n partons/subjets in the final state of a process with centre-of-mass energy (or hard-scale)
Q. N is the number of partons in the hard process and (ny) is the mean number of subjets
in 3.

For ete™ — qg, i.e. computing ¢gq(u, @), it is a textbook result that at our accuracy
generating functions factorise as ¢qq(u, Q) = ¢q(u, 7)pg(u, 7) where ¢q(u, 7) is the generat-
ing function for subjet multiplicity within the jet from a single parton a. 7 = 2F sin(0/2) is
the scale of an individual jet and can be thought of as its maximum transverse momentum, F
is the energy of each jet and 6 the opening angle of the jet, e.g. ¢gq(u, Q) = ¢q(u, Q)Pg(u, Q)
as § =m and E = Q/2 [28, 50].

We will now construct an integral equation for ¢,(u, 7). To do so consider also com-

puting Ge+e-_qqlg) (4> ¢1 1), Where the next hardest jet (if one occurs) is a gluon jet of scale
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q1 1. For the computation of ¢+ _sqqq (u,q, 1), the hard process can be approximated as
H(e+€7_>q‘j[9])(q1 1) =Ao(q11) +uAi(q1). Hence

Pet e —qqlg) (W qL1) = FZU"/dHBOm <u2/d07(LAO)(Qu) +u3/dH1/dU§LA1)(Qu)>,
n=0

(6.102)

where dllgym = dH(Q) dH(q)

BornA 5o 1S the Born phase-space for the qg pair’l. We can rewrite

this as

gbe"'e‘ —qqlg] (u7 q1 1) :¢q(u7 q1 1)¢Q(U, q1 1)Tr(VqL 1,Q ° Vtu 1,Q) + / dHBorn / dHl

« [ams [ar, A6y (1411) deg(u, 1 1) A6y (1 911)
diP, diP, d'P,

x Tr (VQMQ Vg0 <D1 -D1> ) NP, — q1), (6.103)

where we have employed azimuthally averaged result of Appendix 6.6.2 since the equation is
independent of the azimuth of the gluon. We have also spin averaged at this step. We also
note that Eq. (6.103) is equal to ¢gg(u, Q) by necessity, i.e. dgg(u, Q) = Pete——qqlg) (4> 9L 1)
as within the strong ordering approximation the next hardest jet of an eTe™ — ¢ process

must be a gluon jet. After a little work,

Daa(u, Q) = 30q(u,q11)Aq(q11, Q) dg(u, g1 1)Aq(q11,Q)

Q@ q 1-35 - -
nar @) [ dePue) dufus 010w 02)

11 qJ— 2Q
+ (g4 9), (6.104)

Qg

+ ¢g(u, g1 1)Aq(QL17Q)27T/
q

where

7 d¢ u,q rimar
buea) = [ A, atp, S g (20,

~ d

dutuan) = [ a1t atpy oI gemien 5 i),

~ d d

) = [ G atn, LU P — ) ~ by (1= 2a). (6109

and where the recoil functions, using the same definitions as Section 6.4, are given by
. e ~
%Iq)flmary — 5j <Pq1 — Z:‘Qq A(q, q)pq> s

%secondary 5J <5q1 A(q7 Q)]Djn - PN’J”) ’

2!The Born phase-space on the momenta of partons after momentum conservation has been taken into
account and includes the momentum conserving delta function §*(P; + P,) as well as a delta function fixing
the energy.
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i.e. each ¢ is simply related to each ¢ by momentum conservation. At our accuracy,
momentum conservation simply maps E, — z1E, and E; = (1 — 21)E, since kq, and the
Lorentz boost are unity at our desired accuracy (noting the argument for neglecting the
changes in phase-space due to our recoil scheme given in the previous subsection also holds
for this resummation as the measurement function is unity and we are resumming logs up to
aL?"~! accuracy). The limits on the z integrals partition the phase-space in the lab frame
(replacing the dipole partition at NLL accuracy) whilst still using a k; ordering variable.

Ac(a,b) is a Sudakov factor

(cil)
bdk(Cﬁ) -5
Adab) =exp | o= [ Sl | 0™ dePel2) | - (6.106)
27 Ja ki) 20

We can factorise Eq. (6.104) as

bqq(u, Q) :<¢q(U,QL 1)Aq(q11,Q)
Q 1-35 y .
5 [T A 01,Q) [ e P(2) byl 0103w 00)

2m g1 41 %
X (q < §) + O(a?). (6.107)

keeping only terms first order in os?2. From this, we can identify

¢q(u’ Q) :qu (’LL, ql I)Aq(QL 1 Q)

Q 1—4L

o dq 20 - ~

or | o A0 Q) / dz Py (2) g u,41) @1 qL). (6.108)
T Jauy 4t i

This expression is correct at LL accuracy with complete colour and only requires the cou-
pling to run as ag(z(1 — 2)gy) in order to capture the full NLL (a?L?"~!) result. We also
can note that the correct NLL resummation might not have been achieved using the local
dipole prescription presented in Appendix 6.8. This is because the recoil could introduce
a correction in the n > 3 jet limit of the form ¢g(u, g1 1) ~ ¢g(u, |d11 —qi2|) (the wavy
arrow implying that it will approximately go to). This correction prevents both the usage
of naive azimuthal averaging and the factorisation ¢,3 = ¢4¢g (which naturally emerged
between Eq. (6.104) and Eq. (6.107)), though it is possible that these features could re-
emerge once the phase space of each jet has been inclusively integrated over. Due to the
other known NLL limitations of this recoil scheme, we did not think it worthwhile further
proceeding to evaluate the order of these errors but rather conjecture that NLL errors will

also be likely here.

22The O(a?) terms can be computed by instead starting with H(E+ci_’q‘7[g“g])(qg 1) = Ao(g21) +
uAi(g21) + u2A2(q2 1) and proceeding as above.
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Chapter 7

Publication: Improvements on dipole
shower colour

“The greatest teacher, failure is”

— Yoda, Star Wars: The Last Jedi

7.1 Preface

In the previous chapter we presented improvements to the dipole shower framework. In
particular we addressed NLL errors due to mistreatment of momentum conservation and
corrected colour factors for emissions that are concurrently order in k; and angle. In the
work that follows we address the assignment of colour factors for emissions not concurrently
ordered in k; and angle.

Before presenting the solution, let us first sketch a review of why our work in the previous
section did not correct these disordered colour factors. We derived angular ordered and
dipole showers from our amplitude level evolution equation:

4. ({Ai(qu)li <n};q0). (7.1)

Here we’ve introduced a very abridged notation E(...; ¢, ) which is an evolution kernel which
is a linear operator on the set of amplitude density matrices {A;(¢q1 )i < n}, defined at a
scale ¢, . We have dropped the explicit particle momentum dependence of A, (g, ) which
can be restored as A, (q1) = A,({p}n;q1). E is defined so that it returns the variation of

A, (q1) in a logarithmic slice of the scale ¢ :

dA,(q1) =E({Ai(qu)[t <n};q1)dIng,. (7.2)
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E can be read off at a given perturbative order from Eq.(4.7). There were two main steps
to deriving an angular ordered shower, described by an evolution equation

0Tr (A, (0))

f 00

=K({Tr (Ai(0)) i <n};0), (7.3)

where we’ve used the same abridged notation for the evolution kernel. The angled brackets
() imply azimuthal averaging and 6 is an angular resolution scale. It is important to note
that A, (6) # A,(qL) as the former is A,, viewed at a given angular resolution (i.e. all
partons are separated on the momentum-space celestial sphere at least by the characteristic
scale 0) whilst the later is A,, viewed at a given k; resolution (all transverse momenta are
large than ¢, ).!

When deriving the angular ordered shower, we showed that after azimuthal averaging
and in the ‘mostly collinear’ limit?,

OTr (An(qL))

qL N = Tr (E({Ai(qL)]i <n};q1))

~ K({Tr(Ai(q)) i <n}sqr). (7.4)

In words, the trace of the evolution kernel E in the ‘mostly collinear’ limit after azimuthal
averaging is equal to the evolution kernel for an angular ordered shower, K, viewed at a
fixed k; resolution scale. Next we changed ordering variables. Note that inclusivity over

radiation at all scales requires that

Q

, K({Tr(Ai(gq1)) i <n};qi)dIngy

),

_ [ ; 1< ny; n 9—/ i

=/ K({Tr (A;(0))]i <n};0)dl 0+0<W> +0<5>. (7.5)

Thus, we change change ordering variables by applying

1li 0 le
Jim i [ g,

7\
where 6 is the smallest angular separation between partons in A, (g, ), to both sides of
Eq. (7.4):

) OTr (A,(d))) . . 0
Jim 07T (T (A0 < i) + O (W>
_ 9T (afzn(H» ) <i> ‘ (7.6)

LOf course it is necessarily true that, when computed at equivalent accuracies, limg_oAn(0) =
liqu ~0An (QJ_)~

2Up to one parton is allowed to be emitted at arbitrary angle whilst every other particle is assumed to
be collinear, picking up a collinear log.
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In this way we derived angular ordering.

The ‘moral’ of this discussion is that we only had to show
Tr (E({Ai(qu)li <n}iqr)) = K{Tr(Ai(qL)) [i < n}iqu), (7.7)

to know that the two formulations were equivalent at the accuracy we were considering.
Let us now look at the dipole shower, here we found an evolution equation of the form

0 Leading(A,,(q1))
q1L
dq.

= Leading(E({A(q1)]i < n}iqr))

= L({Leading(A:(q.))}i < n}iq1), (7.8)

where Leading is an operation for taking the leading colour piece. L is a dipole shower
evolution kernel derived from the soft limit. Importantly, we found that L had to be

greatly constrained so that
(L({Leading(Ai(qr))|i < n};q1)) ~ Leading(K({Tr (Ai(qL)) [i < n};q1)), (7.9)

else the dipole shower is inconsistent with the angular ordered shower in the ‘mostly
collinear’ limit. This informed us how recoil and hard-collinear physics should be imple-
mented into L. The problem is that both sides of the expression are still in the leading
colour approximation. To extend L past leading colour we made the following observa-
tion, assigning Casimir colour factors in-accordance with the presence of collinear poles and

letting Cp = 4/3 in L guarantees that

(Lop=a/3({Leading(A;({p}i; q1))li < n};0)) = K({Tr (Ai({p}:; 0) [i <n};0),  (7.10)

where 6 is the smallest angular separation between partons in A, ({p}n;q1). We therefore
set Cp = 4/3 throughout the dipole shower. However, this only correctly introduces full
colour accuracy to L(...;qy) for particles separated by the angular scale  (where (L) coin-
cides with K). Therefore, setting Cr = 4/3 throughout the dipole shower we achieved the

following

(Lcyp—a/3({(Leading(A;(q1))|i < n};qu))
~ K({Tr(Ai(qr)) i <n};qy) forq /E ~ 6,

(7.11)
where F is the energy of the softest parton in A,,, and
Leading (<LCF:4/3(Leading(Ai(qJ_))]i < n}; QL)>)
~ Leading(K ({Tr (A;(qL)) i <n};q.)) for g /JE > 6. (7.12)
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However

(Lep=a/3({Leading(A;(q1))li < n}iq1))
# K({Tr(Ai(q)) i <n};q1) forq /E > 0. (7.13)

Thus sub-leading colour errors may appear in wide angle radiation for which their angular
scale is ordered differently to their k; scale.

In the work that follows we introduce new dynamic colour factors, defined so that

<Ldynamic({Leading(Ai(QL))’i < n}; QL»
~ K({Tr (Ai(qL)) i <n};qu) for g1 /JE > 6. (7.14)

We initially motivate the dynamic colour factors by fixed order calculations with two soft
gluons dressing a hard process. Two are required since for one soft gluon ¢, /E =~ 6, thus
Eq. (7.11) holds and there isn’t a sub-leading colour error. We then generalise the dynamic

colour factors to all orders.

Additional note on context

The following paper was released at the begin of 2021. As the paper was being concluded,
reference [1] was also released. Omne solution that [1] provides to improve dipole shower
colour, by dividing the emission phase-space and subsequently assigning colour factors Cy
or Cz /2 in accordance with QCD coherence, appears to be similar to the solution presented
here. The authors of [1] state that their method for correctly assigning colour factors “..
can be applied to almost any dipole or antenna shower.” As of August 2021, the following

chapter and [1] remain state of the art.

References

[1] K. Hamilton, R. Medves, G. P. Salam, L. Scyboz, G. Soyez, “Colour and logarithmic
accuracy in final-state parton showers”, 2020, arXiv: 2011.10054 [hep-ph].

249


https://arxiv.org/abs/2011.10054

Declaration

The subsequent work is mine and my collaborators. It is without plagiarism.

Each section in the paper is my own research.

This work has received funding from the UK Science and Technology Facilities
Council (grant no. ST/P000800/1), the European Union’s Horizon 2020 research
and innovation programme as part of the Marie Sklodowska-Curie Innovative
Training Network MCnetITN3 (grant agreement no. 722104), and in part by the
by the COST actions CA16201 “PARTICLEFACE” and CA16108 “VBSCAN”.
JH thanks the UK Science and Technology Facilities Council for the award
of a studentship. We would also like to thank the organisers of the “Taming
the accuracy of event generators” workshop (2020) for facilitating enlightening

discussions. We especially want to thank Gavin Salam for valuable discussions.



Improvements on dipole shower colour

Authors: Jack Holguin, Jeffrey R. Forshaw, Simon Platzer

Abstract

The dipole formalism provides a powerful framework from which parton showers can be
constructed. In a recent paper [1], we proposed a dipole shower with improved colour
accuracy and in this paper we show how it can be further improved. After an explicit check
at O(a?) we confirm that our original shower performs as it was designed to, i.e. inheriting
its handling of angular-ordered radiation from a coherent branching algorithm. We also
show how other dipole shower algorithms fail to achieve this. Nevertheless, there is an
O(a?) topology where it differs at sub-leading N, from a coherent branching algorithm. This
erroneous topology can contribute a leading logarithm to some observables and corresponds
to emissions that are ordered in k; but not angle. We propose a simple, computationally
efficient way to correct this and assign colour factors in accordance with the coherence

properties of QCD to all orders in a.

7.2 Introduction

Parton showers typically are constructed using one of two basic approaches: angular-ordered
showers (based on the coherent branching formalism) and dipole showers. Angular ordering
is a very powerful approach, providing next-to-leading logarithmic (NLL) accuracy in some
observables,? but it fails to capture physics salient to the description of multi-jet final
states in hadron colliders and non-global observables. By comparison, dipole showers are
typically restricted to leading-colour accuracy but they can be applied across the board. In
recent literature, much attention has been focused on improving the framework upon which

dipole showers are constructed [4-14]. Substantial progress has been made demonstrating

3Many ee™ observables share the property that their distributions exponentiate:
E(as, L) = (14 C(as)) exp(L gr(asL) + g2(asL) + ...),

where 3 is the fraction of events for which the observable is less than some value, v = e~L. NLL accuracy
corresponds to correctly computing the functions g1 and g2 [2, 3].
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their capacity for NLL resummation [1, 15] and methods for partially addressing sub-leading
colour have also been proposed, by extending dipole showers beyond leading- N, colour flows
[16-19]. In arecent paper [1], we constructed a dipole shower that has the virtue of inheriting
some of the colour dynamics of an angular-ordered shower, which improved sub-leading
colour accuracy. In this paper we perform a fixed-order cross-check of that approach. We
do so by comparing the improved shower’s assignment of colour factors to the corresponding
exact eTe™ matrix elements, computed with second-order QCD corrections. Motivated by
these calculations, we are able to further improve our dipole shower’s description of colour,
in a way that is applicable to evolution with an arbitrary number of emissions.

In [1] we derived an improved dipole shower in the context of e¥e™ — ¢g collisions?,
starting from an algorithm for the evolution of QCD amplitudes first presented in [20].
The shower can be understood by considering a few key features of angular-ordered and
dipole showers. When a shower emits a parton, three new degrees of freedom (DoF) are
introduced, describing the new parton’s energy and direction. Angular-ordered showers
average over one of the DoF (a contextually defined azimuth) which allows the effects of
QCD coherence to become manifest. In turn, this reduces the shower to a Markovian
sequence of parton decays (1 — 2 transitions). Thus the final-state partons produced by
the shower have a unique branching history with colour factors assigned in accordance
with QCD coherence. The angular-ordered approach is very powerful; by harnessing QCD
coherence, NLL resummation can be achieved for a broad class of global observables [2].
However, averaging a DoF limits the approach.

In contrast to angular ordering, the dipole approach retains full dependence on the DoF
of each emitted parton. Instead it approximates the colour structures in the shower by
emitting partons from colour-connected dipoles. This restricts a basic dipole shower to
leading-colour accuracy. Thus a dipole shower is built from a Markovian sequence of 2 — 3
transitions and, as a result, dipole showers lack a unique branching history of parent partons
and their decay products. However, a branching history can be constructed by introducing
a dipole partitioning, which probabilistically assigns the emitted parton to one of the two
parent partons in the dipole. Modern dipole showers use this partitioning to assign colour
factors and momentum conservation, and to facilitate hard-process matching. In effect, our
approach in [1] was to define a partitioning so that, after averaging over azimuths, each
branching history and its relative weight matches with a corresponding branching history
generated by an angular-ordered shower. Through this link, we could assign colour factors
beyond leading colour in the dipole shower. As we show in this paper, when applied naively

(as was done in [1]) this procedure does not completely eliminate sub-leading colour errors

4Though the framework to extend the shower beyond eTe™ was presented in the appendices of [1].
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in the dipole shower for some observables, even at LL accuracy. The problem arises since
the ki-ordered dipole shower necessarily involves branching histories disordered in angle:
soft, large-angle emissions can appear anywhere in the branching history. These particular
branching histories complicate any attempt to assign colour factors in a dipole shower
(a point previously noted in [21]) and were not completely accounted for in our original
approach. In this paper, we solve this problem by introducing dynamical colour factors,
i.e. we fix the LL, sub-leading colour errors in event shape observables and increase the
shower’s sensitivity to full-colour NLLs (falling short of full-colour NLL resummation).
The rest of the paper is structured as follows. After a review of the double emission
matrix element in Section 7.3, we repeat the calculation for our original dipole shower
in Section 7.4 and compare the two. We find that the shower works as intended, i.e.
the colour factors assigned to partons whose emissions are ordered in angle agree with
those of the fixed-order result. However, for emissions unordered in angle, the shower has
only leading-colour accuracy. The understanding brought about by the fixed-order analysis
allows us to construct a new method for the correct assignment of dynamical colour factors
for emissions unordered in angle. The specific partitioning we introduced in [1] plays a
crucial role in the construction of the new colour factors. The approach we take involves
altering shower kernels by introducing a dynamic colour factor that is a function of the
branching history. This method involves a computational complexity that asymptotically
grows logarithmically with the parton multiplicity. Finally, to illustrate the importance
of the dipole partitioning, we compute the O(a?) difference between exact squared matrix
elements and those calculated using a dipole shower employing a different (Catani-Seymour
[22]) partitioning. We find that, in the limit the emissions are strongly ordered in energy
and angle, the O(a?) difference does not vanish, with the possibility of a LL, sub-leading
colour error, as was noted in [21]. For specific observables (e.g. thrust) this error may
be removed at order O(a?) from a dipole shower employing a Catani-Seymour-type dipole
partitioning by using our dynamic colour factors. However, the error will likely re-emerge

at higher-orders.

7.3 A recap of the O(a?) QCD squared matrix element

First we recap the calculation of the O(a?) ete™ — qggg squared matrix element when the
gluons are either soft or collinear. Figure 7.1 illustrates our labelling of the partons and the
angles between them. This calculation is essentially a recap of Section 5.5 in Ellis, Stirling
and Webber [23] and Chapter 4 in Dokshitzer, Khoze, Mueller and Troyan [24]. To start,
we will only take the limit that lab-frame energies satisfy E, < Ej, E;, E}, (i.e. the pure
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Figure 7.1: One of the Feynman diagrams contributing to the O(a?) ete™ — qggg matrix
element used to compute Eq. (7.15). In the present work we calculate these in the soft
approximation for which the second gluon is assumed to have energy much less than the
first emission.

soft limit for ¢). Thus our starting point is®

d3p, 2a dE dQ
|M2|2ﬂ STr (T Tjwlj + T Tkw]k + Ty - Tiwkz) ‘Ml(phpj’pk‘)‘ ,
2E, E, 4nm
(7.15)
where
E? .
Wep = M' (7.16)
Pa - PqgPb - Dq

and where | M (p;, Py, pk)|? is the O(as) squared matrix element. At leading colour (LC)

we have

d? pq N, dE, dQ,

|My |2 (wij + wji) — E, ir — L M (s, By D) |- (7.17)

~

This can be interpreted as a sum of emissions from two independent dipoles, (ij) and (jk),
and is the basic result on which dipole showers and the Banfi-Marchesini-Smye (BMS)
equation [3] are built, see also the discussion in [25] for a more detailed analysis in the case
of more general processes.

Without approximating colour, we can simplify the matrix element by only keeping
terms which are logarithmically enhanced in the two-jet limit (i.e. terms that diverge as

0;;/0i, — 0). To do this, we write each wy, as
Wap = Pup + Ppa, (7.18)

where

E.E, Equ
Pa Pqg  Pb-Dq

2P = Wep + — (719)

®In this case, as the three-parton matrix element is diagonal in colour, we have (M (...)|T;-T;|M1(...)) =
Tr [T, - T;] M1 ()
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Figure 7.2: Diagrams illustrating the angular-ordered interpretation of the four terms in
Eq. (7.23). The relative lengths of lines depict the relative energies. Likewise, the relative
angles between lines are indicative.

and

2 1
/ déq Py = O(Oag < Oap)- (7.20)
0

2T 1 —cos g

Here gi)((la) is the azimuth as measured around the direction of p,. We define the following

shorthand for averaging the azimuths:

o (dcosBag) dol® 2™ dple
chb]:( 4;) ! /0 2; Fap. (7.21)

[a]

Importantly, P ;' only depends on parton b via the theta function constraining the angle of

emission. We now consider the limit ¢;; < 6;;, = 7, whence we can assume

Pl ~ Pl ~ Pl

i)’ (7.22)

where (ij) refers to the momentum P(ij) = Pi + pj, which is approximately on-shell in the
collinear limit we consider. By employing this and similar relations we can simplify the

matrix element:

d? 20 i i dE oL
|M |2 pq ~ 25Ty (TZQF)ZH TQP[J] —I—T P[ ] » + T(’l])P([( ;)]) ?ﬂMl(piapj,pk)P,
q

T J° g k(i
(7.23)
where 15([@(;;)} = ([z(;;)]@(a(ij)q > 0;;). The four contributions are illustrated in Figure 7.2

and Table 7.1 tabulates each term in Eq. (7.23) across the entire emission phase-space for

q.

It is important to note that when deriving Eq. (7.23), terms such as

)

A= % (Pi[,? — PPy Pm) , (7.24)

were set to zero by approximating the direction of ¢ and j with a combined direction (i5). For

finite 0;;, these terms are only subject to energy divergences and therefore are negligible so
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by 6 2 pli 2 pli] 2 plk] 2 plis)]
a g | TTIR) | TP TR A | BT, P
<1 <t1| ceP) | axpl | cePl,
<1 >1| CpPl 0 Cr Py 0
] ]
] 5169)
>1 >1 0 0 Cr Pk(ij) Cr P(ij)k:

Table 7.1: The contributions to Eq. (7.23), the azimuthally-averaged squared matrix element
in the limit 6;; < 0;;. Terms where wide-angle, soft physics has been lost as a result of the
collinear approximation are underlined.

long as we insist that a collinear logarithm is picked up. However, because we azimuthally
averaged and neglected these pieces, some wide-angle physics is lost which is otherwise
captured at LC in Eq. (7.17) (and consequently in dipole showers and BMS evolution).
These soft poles are crucial to a complete description of non-global logarithms. Regions of
phase-space for which some wide-angle physics has been set to zero are underlined in Table
7.1. Crucially, all wide-angle soft physics is included in the limit 6;; — 0.
Eq. (7.23) can be generalised to include the situation where the parton energies are no
longer strongly ordered by introducing hard-collinear physics:
dEE;q — dELZq(l + hard-collinear). (7.25)
For instance, in the limits defining the rows 1 through 3 of Table 7.1, Eq. (7.23) with

hard-collinear physics is

k

d3ﬁ 20 i j S 5 o

M| 2E,

where Py, is an unregularised splitting function and 1 — 2, ~ E,;/E,, with E,, the energy
of parton m before the emission®. Likewise, Eq. (7.23) in the limit defined in the last row
of Table 7.1 becomes
M2 LT 205 (PN dzeg) Pog + Pithy Aok Pag ) 1M B B, ) (7.27)
2 2Eq . (ij)k (i7) "aqq k(i) k qq 1\Pi, P> Pk)| - .
7.4 Computing the squared matrix element with the dipole
shower

Now we want to compute the same squared matrix element using our k;-ordered dipole

shower. We wish to test that it correctly reproduces the terms in Table 7.1 and the hard-

5We have ignored the recoil. See Section 7.5.1 for a discussion on its inclusion.
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Figure 7.3: The relevant colour topologies in a dipole shower corresponding to Eq. (7.23).

eSS

collinear physics in Eqgs. (7.26) and (7.27). The relevant contributions are pictured in
Figure 7.3.

Consider a generic kp-ordered dipole shower, for which emission from a dipole (a,b) at
a given slice in k; is generated by an emission probability of

dProb /d(bas

ke ) 2m 7

(Cagabpg_)aq(zab)dzab + Cbgbapgﬁbq(zba)dzb“) , (7.28)

_ pd
where P, (2) = Py, (z) and P

a—qg 999
are sub-leading in colour and only contribute a NLL for doubly-logarithmic observables’.

(2) = ng(z). We neglect g — ¢ transitions, which

qu (z) and ng(z) are the usual dipole splitting functions, stripped of their colour factors:

CFP;I(Z) = Pyq(2),
C C
%ng(z) + 7A7’§g(1 = 2) = Pyy(2), (7.29)

and where C, = Cp or Cy /2 if parton a is a quark or gluon. The g, are dipole partitioning
functions, they define how colour factors and momentum conservation should be distributed
across the two members of a dipole and are functions of the momenta of all partons emitted
so far. Functions g, can be smooth or discontinuous functions of the parton momenta.
Since we are neglecting momentum conservation in this section, g5 + gpe = 1. The relevant

kinematic variables are

(k)2 = 2Pa - PqPb " Pq 1 _ ab _ Pa Py
Pa Db Pa Db
20 - D DL - D
(kJ_)QZ Di - Dj Pk p]7 (7'30)
Pi - Pk

and ¢ is an azimuth so that l;:"f’ = k%(sin ¢ iy + cos ¢ iia) where 71 2 are two mutually

orthogonal and normalised transverse vectors in the (a,b) dipole zero-momentum frame.

"For single-logarithm, collinear-sensitive observables they contribute a leading logarithm at sub-leading
colour.
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After two emissions, the shower gives

dk? d¢

k” k
o o O <k

d? p iiva.ij . CA j ji
M 12 AP i . [(Cpgszdq(z])dz]—l- gﬂpd( J )dzﬂ)

dk* dg

C
+< A 9P (M)A 4 Cpgiy P (299)d k]) kjk o

: —okF < /-cl)] | M (D5, 55 D) -

(7.31)

7.4.1 O(a?) with emissions ordered in angle

We will first consider whether our dipole shower can recreate the physics in rows 1 through
3 of Table 7.1. The diagrams contributing to this limit will be produced in our shower
when the parton transverse momenta and angles are concurrently ordered. For now we will
neglect recoil and hard-collinear pieces. Keeping only the soft parts, we have

dE, d?Q,
E, 4w

d3 p 205 Ca ij
| Mo |2 A - [<Cngjwij + 29jiwij> Ok, <ki)

Ca dE, d2Q ; I
+ <2gjkwjk: + Cngjwjk> ?q 47rq (K < k) [|IM (i, 55, 50) 2 (7.32)
q

Our dipole shower is built using the partitioning
1
Gab = 5 + Asyma,ba (733)

where [1]

ab ab
o BE)? T opy (K1)
AT -pg pa-pg 4T -pg Db Pq

AsymaJJ

] , and T=) p, (7.34)

where the sum over ¢ is a sum over all partons in the event. T plays the role of projecting
the lab frame energy when it is contracted with a momentum vector. Roughly speaking,
this way of partitioning a dipole corresponds to splitting the dipole in half in the laboratory

frame; it is defined specifically to ensure

Gab Wab = Pab7 (735)
and therefore
d3 p 20 E,d
24" Pq s Qq ij
Mo gD =2 (cops+ ) 2T on <)
C dE, d2Q
+< 2‘* ]k+cFPk]> 7 O < k) |[Ma (5. )P (7.36)

258



After azimuthal averaging:

Mo Pd Py zi [(C P4 (’;AP“]> Q(a(k” <ki)

C dE . o o
+ ( ~ Pl + CrPy] }> oL < m)] M5 )P (7.37)
As we are working in the limits defined in rows 1 through 3 of Table 7.1, and in the soft

limit for g, the k; ordering theta functions all saturate and can be removed. Thus, we find

2a

d? i j dE Lo
MaP I 22 (0Pl s on P+ o) M 0. (739)
q

This is the same as the fixed-order result given in the previous section.
We will now relax the soft approximation and check whether our dipole shower correctly
includes the hard-collinear physics too, i.e. that it reconstructs Eq. (7.26). We can once

again start from Eq. (8.6):

dkf® - pde dE, d%Q,
d s ab .
ada — YaYabWa 1 h
Cag bPa,—>aq( ) k:ab dz o JapWab = E, 2n %(1 + hard pieces)
dE, 4%,
= CyPyp—2——2(1 + hard pieces), (7.39)
E, 2m

where the ‘hard pieces’ part depends on the splitting function:

Psﬁaq = qu : hard pieces = (2%°)2,

Psﬁaq = P;ig : hard pieces = (2%°)3. (7.40)

Since the collinear limit requires 8;, or 0;, < 0;; < 0;,, we can let 2% 2~ 2, where 1 — z, ~
E,/E, and where E, is the energy of parton a before the emission is generated. Thus ‘hard
pieces’ does not have any azimuthal dependence® and so azimuthal averaging proceeds as
before. We find that

Ca

BF, 205 ([0 .
Mo G0 =2 (| Pl Py Pflazy P )| €Y < )

L o Ca ; Lol
+ [PHlas i1 - 2 + Bl P O < ) ) Mg P
(7.41)

Once again, the collinear limit results in Pj[f] = P][k} The small-angle approximation for ¢

saturates the ordering theta functions and so

2a

d Qg 7 1 - - -
Mo \2 pq N <Pi[j]dzi Pgq + Pj[?]de Pog(zj) + Pk[ﬂj)dzk qu> | M (5, 95, 0%) P (7.42)

8hard pieces’ do contain azimuthal dependence if we include spin correlations. In [20], we discussed using
the Collins and Knowles algorithm [26, 27] to re-introduce spin correlations by re-weighting after the shower
has terminated.
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This is equivalent to the fixed-order result of Eq. (7.26).

An important part of this section was to assume we can neglect recoil and that further
emissions do not modify momenta in such a way that these correctly computed matrix
elements are destroyed. As we showed explicitly in Section 3.1 of [1], our global recoil does

not mess the computation of NLLs at this order. This is further discussed in Section 7.5.1.

7.4.2 O(a?) with emissions unordered in angle

In the previous section we validated our dipole shower’s ability to reproduce rows 1 through
3 of Table 7.1. In this section we wish to test the shower’s ability to reproduce the last
row of Table 7.1 and the LC limit in Eq. (7.17), which is applicable across all the limits
considered in the table and also when 0;; & 0;;. To start we will test our dipole shower in
the limit that g is soft whilst 6;; < 0;, but 6;; ~ 6,4 > 0;; (i.e. we will compare against row
4 in Table 7.1). We describe these emissions as unordered in angle since they are produced
in the shower with angles out of order; the k; and angle of these are emissions are not
concurrently ordered. However, these emissions can still have a strong angular hierarchy
allowing them to produce a LL, i.e. 0;; < 0,4 =~ 04 < 8;;. The region of phase-space which
has this hierarchy is highly restricted, due to the opposing k; ordering, but is nevertheless
present and its mistreatment can induce a (small) LL error in some observables, for instance
thrust [21]. At the end of this section we will check the crucial soft, wide-angle limit, where
parton ¢ is soft but all angles are unconstrained.

We will begin from Eq. (7.37), which was derived from our shower by only assuming

parton ¢ is soft. Employing 6;; < 6;;, allows us to replace P,El;} ~ P,g;] R~ ngj), i.e.

|M; \2d Py ziS[(CFP}” - %P[ }> dEQG(/w ki)

C dE L
+ < 2A Pl + Ce P )> qu@(kjf < ’u)} | M (D5, 95, D) - (7.43)

Now we take the limit that 6;,,0;, > 0;;, thus Pi[;] = Pj[g] =0 and Pj[g ~ P([Z.(;g I)g] which gives

rise to

a? Ca [ dE i I
Mot G0 20 ( 5 Pl +Cr Pi’?lp) O < k)M By PO (744
q

We should add to this the contribution where parton ¢ is emitted first. Doing so gives

a3p,

2 q

M| 2E,
205 | (CA 4, Gk (ij)k pliig)] k] | dEq Lo o2
- < > Ok """ <k1)+CrOk"" > k1) | Piye + CrPyij B, | M (9%, Dy, Pr) |

(7.45)
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Comparing with row 4 of Table 7.1 we see an N 2 suppressed error in the colour factor of
the P([Z.(;gli] term. This error is due to the parton angles being disordered and is not present
in an angular-ordered shower. However, in our dipole shower the disordered configuration
is present and important, since it is required to get the correct wide-angle, soft physics
beyond the two-jet limit.

Following the same logic as before, it is simple to show that our dipole shower includes
the hard-collinear physics in Eq. (7.27) with the same N2 suppressed error as in Eq. (7.45).

Finally, a good dipole shower should encode Eq. (7.17) and therein BMS evolution in
the limit that the emission is soft. Starting from Eq. (7.36) and taking the leading colour

limit:
d3p, agN, dE, d*Q y
2 q s-'c q q 7]
~ P + Pj;
Mo 2, [( + Bii) B, 4n OT <ki)
dE, d*Q,

+ (Pjk + Pyj) —

P B < k)| m el (0
q

This is equal to

d3ﬁq NasN

g , dE, d*Q
2Eq e [w”@(kj < kJ_) + wjk@(kik < kj_)] — .

E, 4rm

’M2’2 |M1(m;]3}7ﬁk)|27 (747)

which is equal to Eq. (7.17), modulo the use of k; instead of energy as the ordering vari-
able, which does not hinder the logarithmic accuracy [28, 29]. Hence the dipole shower
correctly handles wide-angle soft radiation in the LC approximation. To go beyond the L.C

approximation generally requires amplitude-level evolution [20, 25, 30-33].

7.4.3 Summary

In this section we have evaluated the accuracy at which our original dipole shower recreates
the squared matrix elements summarised in Section 7.3. In summary, when parton ¢ is
emitted from parton ¢ or k the matrix element is reproduced without error. When parton ¢
is emitted from parton j there is an N. 2 suppressed error. We can look at different limits
of the phase-space for partons j and g and evaluate the colour accuracy of our shower in

each limit as follows:
1. Qz‘j < 1:

(a) 0j4 < 6;;: in this region an angular-ordered shower has full colour accuracy and
our shower agrees with an angular-ordered shower (see rows 1 and 3 of Table
7.1).
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for 6?7;]‘ <1

q
xO(0;; > 0q)+ /4/] xO(0;4 > 0;)0(04 > 91']')4((*}.2
Oiq 0;; )

(b)

Figure 7.4: Diagram (a) is generated using our dipole shower, after partitioning. This
topology is where the N2 error emerges. Diagram (b) represents the re-arrangements
of (a) that can be made in the limit §;; <« 1. These diagrams correspond to those of
an angular-ordered shower. The red factor is the N2 suppressed error produced by our
original dipole shower.

(b) 64 ~ 0;;: in this region an angular-ordered shower cannot recreate the complete
matrix element and our shower only guarantees LC accuracy in the soft limit.
This region does not contain a strong angular hierarchy so at most can contribute
a NLL and is suppressed further in event shape observables only sensitive to

perturbations from the two-jet limit, for instance thrust.

(c) 0jq = 6iqg > 0;: in this region an angular-ordered shower has full colour accu-
racy and our shower currently lacks complete agreement with an angular-ordered
shower beyond LC (row 4 of Table 7.1). This is the region we will address in
Section 7.5.

2. 0;; ~ 1: angular ordering cannot describe this region and our shower only guarantees

LC accuracy.’

In Figure 7.4 we illustrate the origin of the N2 suppressed error: the erroneous factor is
shown in red. The diagram in this figure is sufficient to enable us to read off the correct

colour factor, and we make heavy use of this perspective in what follows.

°In this limit (which is potentially subject to all manner of soft and non-global logarithms), it is difficult
to make statements on the logarithmic accuracy of the shower beyond the leading accuracy of soft logarithms
achievable through the BMS equation [34], which is embedded in the dipole shower approach. Though, with
this in mind, Dasgupta et al. [15] have demonstrated LC NLL accuracy in non-global observables for dipole
showers with carefully constructed global recoils and lab-frame based dipole partitionings. Our shower has
both these properties and our fixed-order tests of the shower [1] are consistent with their results. Note that
Dasgupta et al.’s definition of NLL accuracy encompasses NLL in the exponent but is also applicable to logs
that do not resum into an exponential form such as non-global logs.
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7.5 Colour factors for emissions unordered in angle

In the previous section we computed the double-emission matrix elements squared corre-
sponding to ete™ — ¢ggg, comparing the result from our dipole shower formalism with the
relevant limits of the exact matrix element. We showed that, when the two emissions are
strongly ordered in angle (with one emission collinear in the direction of one of the hemi-
spheres), the matrix elements calculated from our dipole shower were correct except when
a gluon is emitted with an angle larger than the opening angle of its parent dipole. In such
a configuration, the coherent branching calculation would correctly assign a colour factor
Cr, whilst the dipole shower gives Cp /2 (see Eq. (7.45)). At this order, we can correct the

colour factor by replacing C; in Eq. (7.28) with a dynamic colour factor of

Cij(0ig, 0i5) = <CF5§‘1) + %“5@) 0(60:q < 0,5)

Ca
+ (2(554)@(.‘1) + 01969 + Cp (8081 + 559)5]@)) 0(0;4 > 0;;), (7.48)

where 51@ (52(9 )) is one when the parton i is a quark (gluon), and zero otherwise. We stress
that this correction leads to the correct result only because our way of partitioning is able

to encode angular ordering via

dcosb,,) d () p2m qple) ”
( 4;) %0 /0 fjr Gab Wap = P, (7.49)

which ensures that the error is localized in the colour factor of Eq. (7.45). Our partitioning
satisfies this requirement exactly.'”

It is not too difficult to generalize to higher orders, and the solution is particularly
straightforward in the absence of ¢ — ¢ branchings, which will be discussed at the end
of this section (see also [35]). Figures 7.5 and 7.6 illustrate errors that occur in the case
of three emissions. They highlight a key feature: the colour factor of the last emission is
incompatible with coherence only when it is emitted at an angle larger than the angular
extent of the colour charge distribution of the chain of partons leading to the emission.

Figure 7.7 shows the generalisation to an arbitrary fixed order!!. As a consequence of
using a partitioning which defines a unique branching history of 1 — 2 transitions, the
collection of partons in an event can be divided into m branches for an m parton hard
process. Each branch contains one of the hard-process partons and the radiation emitted
from it. Each parton in the branch can also be assigned a unique sub-branch consisting

of the parton and its “parental chain”, see Figure 7.8. We only need to modify colour

10T 7.9 we discuss tests for checking whether other partitionings are consistent with the requirement at
NLL accuracy.
11 7.8 we show that the planar diagrams arising after azimuthal averaging do generalise to higher orders
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xO(a > )

x0(a > B)O(B > 0)+ xO(a > 0)0(0 > B)

x0(0 > a)O(a > B)%#

Figure 7.5: Diagram (a) is generated by our dipole shower and is chosen because it contains
an incorrect colour factor. Diagram (b) represents the re-arrangements of (a) corresponding
to an angular-ordered shower. The red colour factor is the N2 suppressed error produced
by our original dipole shower.

factors for gluons which cannot probe the largest angle in their sub-branch. We do this by

extending the definition of C;; to

C C
CZ‘J(GZ‘q, QLJ) = <CF51(q) + 214(51(9)) H(GZq < (9[“]) + <2.»45§g) + CFéffq)) G(HZq > HLJ),
(7.50)
where J is the hard parton in the sub-branch and L is the parton in the sub-branch emitted

at the largest angle. r; is the angle between L and J.'? One should use these newly
defined dynamic colour factors in both emissions and in the Sudakov form factors, i.e. so
that the two are related by unitarity.!> The computation of the dynamic colour factor grows
at most linearly as the shower progresses and on average logarithmically.'

In summary we have constructed a dipole shower which encodes the physics of QCD
coherence just as in an angular-ordered shower. The resulting dipole shower, at LC, re-

produces BMS evolution and, after using the CMW running coupling [37], will match the

129, ; = 7 for an emission with a sub-branch of length 2.

13 All current dipole shower implementations [4, 6, 36] could directly employ our algorithm using existing
methods such as the Sudakov veto algorithm.

14The average sub-branch length for a multiplicity, n, of partons in the branch is > % <Inn+1.
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Figure 7.6: A second possible ordering of angles that also leads to an incorrect colour factor.

NLL-accurate dipole showers with global recoils discussed in [15]. In all, we expect our
dipole shower to achieve full colour LL accuracy in any observable for which an angular-
ordered shower can also be used to resum LLs. In the case of eTe™ — ¢g, the NLLs of

5 in which case

some observables (i.e. thrust) do not directly depend on g — ¢ transitions'
our shower is accurate to NLL at full colour. Our methodology of assigning colour factors
by mapping branching histories onto those of an angular-ordered shower could be gener-
alised to assign the correct colour factors after including ¢ — ¢g transitions.'® However,
because these transitions introduce more quark lines into the parton cascade, there would
be the need to correct incorrect factors of 2Cr. This would worsen the computational effi-
ciency. Whether the decreased efficiency is mitigated by the relative infrequency of g — qg

transitions in a typical shower is beyond the scope of this paper.

7.5.1 The effects of momentum conservation

In the paper so far we only briefly mentioned momentum conservation, which is vital for
any implementation in an event generator, and needs to be treated very carefully. Bad
implementations of momentum conservation have the potential to modify the phase-space
boundaries of partons in the cascade or the matrix elements, leading to NLL errors [21].
In a dipole shower, emissions are on-shell and their momentum is typically expressed using

three components: momentum longitudinal to the emitter, momentum transverse to the

15Such transitions are restricted to secondary branchings, the remnants of which can be resummed into
the CMW coupling and are otherwise rendered trivial by the angular-ordering constraint [2].

1 Furthermore, our arguments also generalise to a hard process with more than two coloured, hard legs
provided each of the dipoles found in the colour flow for the hard process is evolved in its back-to-back
frame as is done in an angular ordered shower [38]. See Appendix A of [1] for a more complete discussion
on generalising our shower beyond ete™ — ¢q.
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: Cy/2
xO(0; > 0)+ xO(0 > 0,7)7pL

(b)

Figure 7.7: The generalisation of Figures 7.5 and 7.6 to an arbitrary fixed order. Cones
7 and J represent a unspecified number of parton branchings, each at angles smaller than
017, which is the largest angle in ¢’s sub-branch. As before, diagram (a) is generated by
our dipole shower and contains an incorrect colour factor associated with the emission of
g. Diagram (b) represents the re-arrangements of (a) corresponding to an angular-ordered
shower. The red colour factor is the N2 suppressed error produced by our original dipole
shower.

emitting dipole and momentum in the ‘backwards’ direction (collinear to the other parton
in the dipole). A momentum map is used after an emission to ensure energy-momentum
conservation in the shower by distributing ‘recoil’ across the partons in an event whilst
keeping the partons are on-shell.

In [1] we presented a momentum map with the idea of being as simple as possible whilst
preserving the matrix elements computed by the shower. In the map, longitudinal recoil is
trivially handled correctly (it is conserved between the emission and the parent parton as
dictated by the dipole partitioning) and does not spoil anything. The other components are
handled by a Lorentz boost and a global re-scaling of every momentum in the event after the
emission. The emission kernels are invariant under both of these (as both 2%° and dk% /k%®
are invariant under boosts and re-scalings). Thus only the phase-space is modified by the
momentum map, not matrix elements. In Section 3.1 of [20] we showed that the changes
to the phase-space due to recoil will generally not produce a log-enhanced term at O(a2)
and that, for global two-jet observables such as thrust, artifacts in the phase-space from the
recoil after iterated emissions produce terms beyond NLL. Alternative global momentum
maps with similar constructions have also been studied in [15] where the NLL accuracy of

the maps was demonstrated for a wide range of observables. The momentum maps in [15]
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Figure 7.8: An illustration of a branch containing hard parton J. The sub-branch for parton
q contains the partons with solid lines, these form parton ¢’s ‘parental chain’. Partons with
dashed lines are in J’s branch but are not in ¢’s sub-branch. The sub-branch length is the
number of partons in a sub-branch: parton ¢’s sub-branch has a length 4 whilst parton i’s
sub-branch has a length 3.

were designed so that their action preserved key features of the Lund plane [39, 40] (for
instance preserving the separation between emissions on the plane). They have the added
benefit of conserving ‘backwards’ components of momentum locally in a dipole, minimising
the affect of the map on the phase-space available to partons in the shower. Any of these
global prescriptions could be implemented into our shower without effecting the results in

this paper.

7.6 Errors in other dipole showers

In this section we want to emphasize the role of the dipole partitioning to our findings. To

eliminate sub-leading colour errors, the partitioning function g,, must satisfy

dcosbag) doy” 77 dgl” a
(dcosbyq) dog / Pq Gab Wap = Pch} + negligible. (7.51)
0

4 27
In 7.9 we discuss the term labelled ‘negligible’; the remainder after azimuthal averaging
when compared to the strict angular ordering result. Our dipole algorithm was carefully

} being

constructed to not produce such a contribution at all. Note that the demand of PLEZ
proportional to a theta function cannot be satisfied with a zero remainder if g, is positive
definite and only zero at a finite number of points in the phase-space. On top of this, since
PCEZ] has no dependence on the energies of the partons in the dipole, any partitioning that
retains such a dependence after azimuthal averaging will result in a non-zero contribution
remainder.

An interesting example to illustrate how wrong results can be obtained is that of Catani-

Seymour (CS) dipole factorisation. The errors due to using a CS factorisation to construct

the dipole partitioning have been previously noted in [21]. Here we give a complementary
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discussion. The CS partitioning contains both the issues described in the previous para-
graph; the partitioning function is positive definite and has strong dependence on parton
energies after azimuthal averaging. The partitioning that generates Catani-Seymour dipole
factorisation is

K2 pa-py €™

= , 7.52
2pa * Pq (pa + pb) " Pq 1+ e2n ( )

Gab =

where 7 is the dipole-frame rapidity of parton ¢ (n — 0o as py/Eq — pa/E, and n — —o0
as pq/Eq — pv/Ep). We must compute

2T d (a) 2T d (a) E2 Da * Pb
/ 490 oy = / % 1 . (7.53)
0 27 0 27 pqg - DPq (pa + pb) * Pq

Using the basis
Pa = Eq(1,0,0,1),

= FEp(1,8in 04,0, cosb,),

Pg = Eq(1,in 604, cos gbé“), sin f,4 sin gbé“), cos byq)

gives
/27r d¢(a)g o /27" d(b((]a) (1 — COS eab) (754)
o o 0 2T (1 - cosfag) (D —sinfgpsin gy sin 6”)
where

EyD = E, + Ey — Eq cos04q — Ejp cos 0,45 cos 4.

Note D > siny;, sin 0,4 for all momentum configurations. It is therefore easily shown that

21 (a)
d 1 — cosfy,
/ ;S Gab W ( ) . (7.55)
0 (1 — 08 04q) \/ D? — sin? 0, sin? 0,4
For all momentum configurations other than 6,, = 7 and Ey = E, this results in
ol _ (dcosfag) Aoy’ /2“ dgy” _—
ab 4 o 27 ‘

Using this azimuthal averaging of the Catani-Seymour partitioning we can compute the
azimuthally-averaged squared matrix element in the limit that emissions are strongly or-

dered in angle and energy:

Mo \Qd Py zQW [<CFWH CAW[”> 1Ok < k)

C dF,
+< Wi+ oo }> q@(kﬂ“ < ln)] M (B3, 55,90 (7.57)
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As k‘f’ ~ k" = E4044 in this limit and since energies are strongly ordered, the k; ordering

theta functions are saturated and we find:

Maf*5

d3 20 . C
Pq z:[CFWJ} A<W[J]+WH)+C W,L’;l] LMy (5, 9y, pr) - (7.58)

We can subtract this from the correct result (for rows 1 through 3 of Table 7.1) to find the
erTor:
d3p,
5 2 q ~
Mal5 E,

20CR
T

Ca

plil i 4 plt Ky, Ca
(P —Wi +P W,fj)+20F

. . . dFE L.
(22 = wil - wil) | GG 7 0
(7.59)

Of course the error vanishes if Cp = C /2. The error becomes large when E; < E; = Ej,.
In this limit

W‘[i] ~ (dcosbjq) dqb((f) (1 —cosbyp) ’ (7.60)
J 47 (1 —cosbjq) |cosbj, — cos b
when 0;; % 0, and 05 % 0,,'7, and where b = i, k. Also in this limit
Wb[?] - (dcosbiqg) dqﬁ((;) Ey(1 — cos by;) (7.61)

47 Eq(1 — cos bpg)?’

once again this is only valid when 6;; % 6;, and 0, % 0, (equivalently 6;, % 0 and 6, % 0).
Thus

20,C [(d cos 0;) Aol (@(eiq <0;)  Ey(1—cosby)

3=
5|M2|2dpq ~ — )—l—(i(—)k)

2E, A 1 — cos b, Eq(1 — cosbq)?
N Ca 2@(9jq <0y) (1 — cosb;j) B (1 —cosbji)
2CF 1 —cos b, (1 —cosbjq) |cosBij —cosbjq| (1 —cosbjq) |cosb, — cosbgl
()
E,
w AL n) SO0 S0 Mty 1,5 ) P (7.62)
Ey

Note that the C'y/Cr piece contains a non-cancelling collinear pole when 6;, — 0 and so
is capable of generating logarithms in observables that probe secondary emissions even in
the limit of a strong angular hierarchy, where 0, < 0;; < 6;;)x, since the numerator of
WJ[Z] goes as 0(91-2]-) whilst the numerator of Pj[f] goes as O(1). Also note that this error
cannot be fixed by using the dynamic colour factors C;;(6;q,6r.7) since in the limit we are
considering the dynamic colour factors reduce exactly to the usual colour factors already

present in Eq. (7.62).

'"In the region where 0;; % 6;, terms in E;/E; are not negligible as they screen the divergence 0;; = ;4.

269



We can also compare the error made using a CS-partitioned dipole shower with row 4
from Table 7.1. Here we find

B, 20sCr [, 165 ~
2 %Py _ 205 ) _ gyl plkl Al
Mg, = [(P Gk ~ Wi + Py = W)

_ O (il ) | 95 S s 2

This error is potentially LL, since with a strong hierarchy in emission energies and angles
the functions W are singular and so capable of generating double logarithms. Of course this
too vanishes if Cp = Ca /2. If the dipole shower instead used colour factors C;;(6iq,0r.)

this limit would be improved since the error would instead become

B, 20:Cp y ,
2d°py 205 () i, plk [K]
0| M| °E, (Pipk = Wij + Priizy = Wiiz)
1] iy Ca®©054 <O0Ly) (1] 1\ | dEq RN
+ @(ejq > GLJ)(Wji + ij) - 20 (VVJZ + ij) E’Ml(piapjapk)’ ~ 0.

(7.64)

However, this improvement may not extend to higher orders since 01 ; as computed with
the CS dipole shower branching history will not necessarily equal 67 ; as computed from
a branching history matched to the angular-ordered description. This problem, combined
with Eq. (7.59), is sufficient for us to assert that CS dipole showers employing the dynamic
colour factors C;(0iq, 01.7) will still be subject to LL errors in some observables that angular-

ordering can completely describe at LL.

7.7 Conclusions

We have performed a fixed-order cross-check of the dipole shower presented in [1] and shown
that the shower performs as it was designed to: the shower inherits its handling of collinear
radiation from an angular-ordered shower whilst improving over angular ordering in the case
of the leading colour, wide-angle soft radiation. We also highlight a limitation of our original
approach, showing how the dipole shower will not assign correct colour factors to emissions
disordered in angle, though they will be correct at leading colour. We then introduced a new
method for correcting these colour factors. The new method is efficient: the computation
time on average grows logarithmically with parton multiplicity. Using this method, our
shower will match the LL accuracy of an angular-ordered shower in cases where an angular-
ordered shower has LL accuracy. When enhanced with the CMW running coupling [37], our
shower will include all leading logarithms and leading-colour, next-to-leading logarithms in
the two-jet limit for continuously-global observables. As it stands, the shower will not be

capable of the full-colour NLL resummation of global observables, due to the absence of full
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colour g — ¢q transitions. These transitions could be included as described in [1] but would
generate sub-leading colour NLL errors: however, they could be included at full colour by

extending the methods outlined in Section 7.5.

7.8 Appendix: Drawing planar diagrams at arbitrary order

In this appendix we demonstrate that the planar diagrams representing re-arrangements of
our dipole shower into an angular ordered shower, in Figure 7.4, are not just a feature of our
dipole shower at O(a?) but rather can continue to be used at higher orders if we continue to
assume that the branching history produced by our shower has a strong hierarchy in angles.
We do not assume a hierarchy in angles that is concurrently ordered with their k;. At a
scale k|, a given n-parton state produced by our dipole shower has a weight at a point in
the n-parton phase-space dS, (k). We consider dressing this state with one further gluon,

q, produced by the shower. This gives an (n + 1)-parton state:

d3
dS,+1(k
Snt1(kL) 5= 2E
(on abs 1 a dIn k%d a
o <caJ<eaq, 01.7) G Psag(z)d= + (@ > b)) TTLRD 5k — k) a8 ()
a,bc.c.

(7.65)

where c.c. means a and b are colour connected in the n-parton state and J is the hard parton
that initiated a’s branch. All other symbols have the same definitions as in the previous

sections. We can azimuthally average exactly as in Section 7.4, and find

43p;
dSn—l—l(kJ_) 1 =
2E,
s (caj(eaq,ew) PAIpd . (z)dz + (a & b))&(kib — k1) dSu(k1). (7.66)
a,b c.c.

Just as we have already demonstrated at O(a?2), the weight assigned to the (n+1)-state after
azimuthal averaging uses the same LC emission kernels as an angular-ordered approach. We
can make this very explicit by exchanging the sum over colour lines with a sum over parton
indices. To illustrate this, at LC we find

d*py _

2E,

dSn+1 (kl_)

s 5 <CA PAIpd (2SR — k1) + 55;”0 P Pd | (29€)dz6 (k4 — k L)) dSa(k ).
v
(7.67)

We can exchange the non-singular dependence on b and ¢ in Egs. (7.66) and (7.67) with that
of J (or the other hard parton J’ if either b or ¢ are in the opposing hemisphere). Similarly,
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for the non-singular region 0,, > 0,7 we can exchange the dependence on a with J so that
Ouq ~ 0j4. Thus, just as in an angular-ordered framework, emissions are generated with a
weight

CPYPL (=)

when they can probe the jet and
J !
C P PI gz

when they cannot. At LC, C' = Cx/2 when a is a quark and, when a is a gluon, C' = Cy
if ¢ can probe the jet (determined by the angular ordering constraint embedded in Pa[f]] 18)
and C' = Cx /2 when ¢ cannot. It is these properties that our planar diagrams are defined
to encapsulate, validating their usage at arbitrary higher orders. The planar diagrams led
us to define Cq(0aq, 01.7) so that the sub-leading N, terms are included in accordance with

Figure 7.7.

7.9 Appendix: Current limitations of our dipole shower

An important part of our dipole shower is its partitioning. However, the form of our
partitioning, gq, (defined through Eqs. (7.33) and (7.35)), might cause complications in a
computational implementation of our shower. In this appendix we will discuss the issues
and possible solutions.

A dipole shower is fully differential in the parton phase-space and so emits by sampling
from the distribution gupwe to populate a 3-dimensional phase-space for each parton.!?
However, g,pwqa, has two undesirable properties (illustrated in Figure 7.9): firstly gapwap
is negative in some portions of the emission phase-space, introducing negative weights into
the shower; secondly ggywgp contains an integrable singularity when 6, = 604, < 7 and
gb((la) = 0 (i.e. ¢ is in the plane of partons a and b). Both of these features can be handled
in a modern dipole shower: the Herwig dipole shower already contains all the necessary
machinery [6], as do others [41]. However, both features will hinder numerical convergence.
Fortunately the two features counter balance each other: gg,wq, is most negative when
Oag = (1 4 €)0yp, for € < 1 whilst strictly positive, and gb((la) = 0. The negative weights and

integrable singularity are linked such that, when 6,4 = 041, gayway azimuthally averages to

8This constraint is saturated by using an angular ordering variable in an angular-ordered shower and so
would typically be omitted if one where to write Eq. (7.66) specifically for such a shower.

¥Tncluding hard-collinear physics, the shower samples from gayPJ, where P, is a dipole splitting function
but this does not effect our discussion here.
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(a) B4 = 2 and qS,(,a) = 2, i.e. q is out of the plane  (b) 0, = 2 and ¢E;‘) = 0.05, i.e. q is only slightly
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(¢) O = 2 and ¢¢(1a) =0, i.e. ¢ is in the plane of the
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The negative weights and integrable divergence are
present when 0 = 04p.

Figure 7.9: Graphs of gg,wgs as a function of 044, 044, qﬁ((za) as measured in the lab frame.

a well behaved quantity,

2 d¢((1a) 1
e S 7.68
/0 on Jabtab 2(1 — cosbyq) (7.68)
eaqzeab

A simple solution to the two issues would be, in regions bounded by 6, = 64, + 96 (for
00/04 < 1), to sample emissions according to the azimuthally averaged distribution,
Eq. (7.68). This would entail sampling emissions from a discontinuous distribution but
would alleviate the undesirable features whilst only introducing a power correction in §6 to
azimuthal correlations in the shower.

Alternatively, one might use an alternative partitioning, g, free from negative weights
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and integrable singularities, that satisfies

—_— =~ P .
A gab Wab (7 69)

(d cos Baq) gl /27r gy ol
0 27

This gqp» would be suitable for use with our proposed dynamic colour factors and retain our
shower’s accuracy concerning LC NLL physics. It is possible that a pre-existing partitioning
employed by another parton shower might already achieve this. We have demonstrated that
the Catani-Seymour partitioning [22] does not satisfy this requirement but there are others
on the market that we have not tested [15, 41-43]. An acceptable partitioning should at

least satisfy

(dcosbyg) d¢q o
4(1 — cosbyq)

(gab - gab) Wap =

(d cos fq) dgi™ /2” dgl®
4dr 0 2m
(7.70)

where the ellipses denote all other kinematic quantities on which f depends but ¢’s emission

kernel otherwise does not, and where

/lnE dE, QdE /QdE/ 1on-2 Ba dBa
TQ Q E, E, Q E,

1

X 7 Oaq F(Ey/Ea,0ag, Oap; -.) Oy < vg) = O(In" T 1), (7.71)
T aq
1
/ 0", dbp / d@aq / / 22 deab
T Oab Oab
QJ4E
< [ FEa/BaBugy b ) O, < ) = O 1 ), (7.72)
TQ q

where v, , is the shower ordering variable. These ensure that f at most contributes loga-
rithms of the form a?L?"~2 to the expansion of an observable. In most two-jet event shape
observables, towers of a? L?"~2 logarithms which first appear for n = 1 are NNLLs in the
resummed observable. If one were to perform these tests using the Catani-Seymour parti-
tioning, each of Eqs. (7.71) and (7.72) evaluates to O(In" " 7); a LL error (the calculation

of which follows almost exactly the same structure as the thrust calculation in [21]).
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Chapter 8

Publication: Coulomb gluons will
generally destory coherence

“Well, I'm a hair’s breath from investigating bunnies at the moment, so I'm

open to anything.”

— Rupert Giles, Buffy the Vampire Slayer Season 6

8.1 Preface

In our publication “Parton branching at amplitude level” (Chapter 4) we carefully study
the factorisation properties of our parton branching algorithm. The factorisation of QCD
amplitudes is of broad interest [1-7] and underpins the application of DGLAP evolution
to phenomenological studies of protons at the LHC. In the following publication we use
the insight gained from the factorisation properties of our parton branching algorithm to

evaluate corrections to DGLAP evolution due to factorisation violating logarithms.
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Coulomb gluons will generally destroy
coherence

Authors: Jack Holguin, Jeffrey R. Forshaw

Abstract

Coherence violation is an interesting and counter-intuitive phenomenon in QCD. We discuss
the circumstances under which violation occurs in observables sensitive to soft radiation and
arrive at the conclusion that almost all such observables at hadron colliders will violate co-
herence to some degree. We illustrate our discussion by considering the gaps-between-jets
observable, where coherence violation is super-leading, then we generalise to other observ-

ables. We end with a general discussion on the logarithmic order of coherence violation.

8.2 Introduction

The collinear evolution of hadronic parton densities is accounted for using the equations of
Dokshitzer, Gribov, Lipatov, Altarelli & Parisi (DGLAP) [1-3]. It is often assumed that, as
a result of QCD coherence, this collinear evolution can be factorized from any wide-angle,
soft-gluon emissions [4]. However, Coulomb/Glauber exchanges can destroy coherence and
invalidate the factorisation [5, 6]. In this letter, we explore the circumstances under which

this happens.

8.2.1 Case study: gaps between jets

Oderda & Sterman (OS) [7-9] presented the first calculations of the rate for the production
of two or more jets subject to the restriction that there should be no additional jets located in
the rapidity interval between the two highest pr jets (the dijets) with transverse momentum
(or energy) bigger than some value, Q9. This observable is sensitive to logarithmically
enhanced, wide-angle, soft-gluon emissions. According to OS, the leading logarithmic (LL)

contribution to the gaps-between-jets cross-section at a hadron collider is

doos

Doy 4B — 140 Q) (0, QTr(Va,oHV, o) (8.1)
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where H = |My)(My| is the QCD hard scattering matrix (|Mp) is the lowest-order, QCD
hard-process amplitude for dijet production), dB = dyd?p, /16725 is the measure for the
on-shell (Born) kinematics of the final state dijets, f4,p are parton distribution functions

for the incoming hadrons A and B, @ is the jet transverse momentum and

go(YT? — mT§)> : (8.2)

V.0 = exp <_ozs In
™

The rapidity separation between the dijets is Y, T? is the colour-space operator correspond-
ing to the colour exchanged in the ¢t-channel and T? corresponds to the colour exchanged
in the s-channel. For example, if the hard process is ab — cd then T? = (T, + Tp)? =
(Te+Tq)? and T? = (T, + T¢)? = (Tp + Tq)?. The Sudakov operator V¢, ¢ corresponds
to no soft-gluon emission directly into the region between the dijets with transverse mo-
mentum greater than Qp. Eq. (8.2) is a good approximation for Y > 1 (the terms we have
neglected are proportional to the unit matrix in colour space, which means their neglect
does not affect what follows).

Following the discovery of non-global logarithms by Dasgupta & Salam [10], it became
clear that the OS analysis was incomplete because it did not account for the Sudakov sup-
pression associated with partons originally radiated into the out-of-gap region. Including
this physics makes the problem considerably more complicated/interesting. Notwithstand-
ing the role of this non-global radiation, our focus here is on the collinear evolution of the
incoming partons and for that we will continue to neglect the non-global corrections. We
do so for pedagogical reasons, fully aware that non-global corrections are important. That
said, let us return to Eq. (8.1) and notice that it is still not quite right.

To see what is wrong, let us consider only the order ay correction to the collinear
evolution of the parton densities above the veto scale (g. For simplicity, we only consider

quark evolution from hadron A. The result is

Q 1-kr/Q
/ dbr / % Puu(2) (21, Q)

N [G(z — %q) fa(Ta/z, Qo)

d:):ad:rb dzgdzy dB

1
FTY(VQOJCT TthkTQHV T VIQO:ICT>

a

— 2fa(za, Qo) Tx(Vo@HVY, )| - (8.3)

Here T2 = Cf since we are supposing that parton a is a quark and we are following

convention in writing
1+ 22
1—2z°

P, =Cp (8.4)
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In the case of no jet veto we have the familiar result for the dijet cross-section including the

evolution of the parton distribution functions in terms of the plus prescription [1-3, 11],

Q@ 1—kr/Q 2 b
/ dkT/ dz P(2)[0(2 — 24) fa(za/2, Qo)

— 2fa(7a, Q0)| Tr(Vgo.@HVY, o) fB (w1, Q),

/Q i / (1 . Zz >+ fa(wa/z, Qo) fB (6, Q) Tr(Vg,, QHVQ(() Q))‘
8.5

dxadmb aB ~

In the first line, it is safe to set the upper limit of the z integral to unity, which allows us
to write the second line in terms of the plus prescription.

The problem in Eq. (8.3) is the non-commutativity of the colour emission operator
T, with the Sudakov operator, which can be traced to the Coulomb/Glauber ir term in
Eq. (8.2). In the case of the gaps-between-jets observable, expanding Eq. (8.3) order-by-

order in o reveals an unexpected double logarithmic enhancement starting at
~ 2 NZY o log®(Q/Qo)

relative to the inclusive dijet cross section. These are the super-leading logarithms first
reported in [12]. Notice that the im terms do not cancel because [T?, T?] # 0. This is what
spoils our ability to factorize the collinear evolution into the parton distribution functions
since, in the absence of any im terms, we would recover Eq. (8.5) due to the fact that
[T., T?] = 0. The problem is also entirely a problem with emissions collinear to one of
the two incoming partons; emissions collinear to the outgoing partons do factorize since
[Te.q, T3] = 0 and T4, T7] = 0.

8.3 General considerations

We now consider more general pure QCD processes in hadron-hadron collisions (we will
consider electroweak processes later). We continue to neglect non-global logs and other
important sources of logarithms, for instance from the running coupling and recoil. We

begin with a generalisation of Eq. (8.3):

doy _ Qs Q@ dkT 1-kr/Q q,
T — P,
dxgdzy, dB /u / > 4q(2) ui(k) fi(zp, Q)

X [@(z — Zq) fA(UCa/Z”MF)i

T T
Tg Tr(VHF K TaVkTQHVkT ,QT:[IV#F ko )

— 2 fa(a, ) Tr(V QHV] )], (8:6)
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where @ is the hard scale and

(i5) Iy
dq (i) InQ/qy - 2m d¢(zy)
ZT T/ / >/0 o (1= un(g, {a}n1))

an/ ('L])

Vo~ Pexp<

+ 47T 1n —

Z ) (8.7)

The measurement function corresponding to n emissions with respect to the Born process

is u(q,{q}n-1), where ¢ is the most recent emission momentum and {q},—1 is the set of
all previous emission momenta. In Eq. (8.6) we only need u(q,{}) = ui(q) and u(q, k) =
ua2(q, k)ui(k). In Eq. (8.7),
(qiij))Q _2pi-qpi-q
Pi - Py

is the transverse momentum defined in the zero momentum frame of partons i and j; y()
and ¢(¥) are the rapidity and azimuth in the same frame. The sum over i and j in Eq. (8.7)
is over all prior real emissions and as such it is context dependent.

Eq. (8.6) will generate coherence violating terms at some perturbative order if the

Coulomb terms do not entirely cancel. For this cancellation to occur we require

[Re(In V., ), T2] = 0. (8.8)
This is because if Eq. (8.8) is satisfied we can write V| VS‘;;LVI ), Where V;If;u =
™ Vik,) and (VLH}@) (VLH}CL)A. This permits the cancellation of the outermost

Coulomb terms and then, since
[Re(InV, 1, ), Ta] =0, (8.9)

a cascade effect leads to the cancellation of all other Coulomb terms [4, 13, 14].
Eq. (8.8) can be generalized to a statement that there be no coherence violation in oy,
i.e. for any number of collinear emissions, thereby allowing all-orders DGLAP evolution up

to the hard scale ). For this to be so, it is necessary that

[Re(ln Va,b) ) Tg]

g">> —0, (8.10)

where ’M(()n)> is the Born amplitude dressed with n soft or collinear partons. Eq. (8.10)

means that
Sremes = (T4 )( X+ X )reme, ]
i#] i=a,b  i#ab j=ab j#ab
-2 ¥ ¥ moma, -0 1)
i=a,b j#a,b
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and it is understood that the commutators are to act on ‘M(()n)>. In other words, we only
need to check the commutativity of a Coulomb exchange with any soft interference term
between an initial and a final state parton in order to check for coherence violation.

For topologies with fewer than two coloured incoming particles Eq. (8.11) is automati-
cally satisfied since T? is a Casimir. For all other processes, the commutator in Eq. (8.11)

only vanishes if Q,; = ijl. Quite generally,

8 .dg' ) dylab)qelad) o Da-pi
Qi :/ L / (ab)y2_ Pa"Pj 1 — un(q, e
I e (@ (") D, ! (¢, {¢}n-1))

% O <a < fPelBi e d (ab) ﬂ) : (8.12)
Pj - q Pa - Pb

where j labels a final-state particle. Written this way, we see that €2,; = €)p; only when

Pa-Pj = Py - pj- This must hold true for all j, which restricts all final-state partons to be at
90 degrees in the (ab) zero-momentum frame. This means that all observables at hadron-
hadron colliders that have any sensitivity to soft gluon emission will violate coherence to
some degree. As pointed out in [15], this includes Drell-Yan and gg — H hard-processes,

since their colour can become sufficiently involved after emitting two or more gluons into

the final state (i.e. coherence violation will first appear in dfao(-isz)'

8.4 The logarithmic order of coherence violation

For the majority of pure QCD observables, coherence violation will emerge for the first
time at O(a?) in the fixed order expansion (relative to the order of the Born process).
That’s because one needs at least one soft gluon, one collinear emission and two Coulomb
exchanges.

The logarithmic order at which coherence violation will occur is process dependent. We

consider a general measurement function which produces logarithms Inv~! = L:
u({p}) =Y Fi({ph)O (v - Vi({p})). (8.13)
J

Observables for which F; = 1 are known as event-shape observables [16-18] and observables
for which F; # 1 are weighted cross-sections [18-22]. We will give specific examples of the
functions F; and V; below. To get the leading coherence-violating logarithm we must take

the z — 1 limit of Eq. (8.6). As anticipated, the first potentially non-vanishing term occurs

! Alternatively, the commutator will vanish if Q;; = Q,;/ for all 5, ' € {a,b} and i € {a,b}. However this
is kinematically impossible when j is hard and j’ is soft.
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at O(a) relative to the Born result:

dUl
dz,dz,dB

N Qdky, (9 dk;f 2m d¢3 Q dkyy (9 dkio [ db
~ D Ay dys i —
- pe Ral Jig, k kLD kot Jik,, k11 Jo 02

% (u(ks) — u(ks, ka)) Okat < Q) + (13 2) + (3 4) + (1 & 2,3 4),  (8.14)

where the collinear parton is parton 2 . Parton 3 is a real soft wide-angle gluon and partons
1 and 4 are Coulomb exchanges, w;; = (k ab)/ k:(” )2 and

dog

as\4
Aij = (?) Coj fa(@a, i) f (@, Q) = 5

where Cj; is a non-zero constant built from the colour algebra and numerical factors:
Cij = (im)*Tx ([T2, T - T] (T[T h]T] — T2[T2 ),

and where mh = H. i < j indicates swapping partons ¢ and j in the k; ordering
and likewise altering the order of colour charges in Cj;. As parton 3 is a wide-angle gluon
its angular integrals, which are bracketed in Eq. (8.14), produce observable dependent,
finite not-logarithmically enhanced terms when restricted by the two parton measurement
function, 1 — ug(ks, k2). Though these terms may not factorise from Eq. (8.14), they can be
ignored in the subsequent discussion as they do not effect the logarithmic power counting.
In Eq. (8.14) we have used that in the soft-collinear limit ko /E, ~ (1 — z2)02. The theta-
function defines the available phase-space for the collinear parton. ug is the factorisation
scale, below which proton evolution is completely DGLAP. It is optimally chosen to have the
largest value such that for all k3 with k::(,ff) < pp or kg with ko) < pp, u(ks) —u(ks, ko) =~ 0
whilst u(kz2) % 0.

There are three scenarios that we must study when evaluating Eq. (8.14). Firstly we
can consider when max(ko,) > up, where max(ky ) is the smallest value of ko) such
that for all ko with ko > max(key) both u(ks) =~ 0 and wu(ks, ko) ~ 0. In this situation,

each of the 5 nested integrals generates a logarithm (the infra-red safety of the functions

doq ~
' dxgdxy

a2LP. Secondly we have the case max(ko ) &~ w pup, where w > 1. This means that the

F; means they do not alter the logarithmic counting in this limit). As a result

observable restricts the phase-space in the collinear region such that upper limit on ko
in Eq. (8.14) can be exchanged with w up. Consequently integrals over dky J_dk:(;ib)dkg 1
generate a term proportional to (Inw)® ~ O(1). However, in this scenario logarithms
requiring resummation are still generated, though the (1 <+ 2) terms are sub-leading and

thus the logarithms are produced with smaller numerical prefactors since fewer topologies
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contribute. Logarithms are still produced since either the dkﬁb)

logarithm or both the dk‘gaf) and the dfs integrals generate logarithms. As a result

integral generates a single

doq
) dzgdxy

doq
dzqdxy,

oL or ~ a2 L? respectively. Examples of both oL and a2L? observables are given
in the following paragraph. Finally, there is the case up = max(ky ). This can only occur if
u(ka) —u(ks, ka) = 0 for all kécf) ~ ko, which means the observable is completely insensitive
to wide-angle radiation and so the hadron evolution can be completely described using
DGLAP evolution without soft resummation. In other words, the observable is trivially
without coherence violating logarithms. Observables of this form include the modified
massdrop tagger [23] and N-point energy correlators [22].

To illustrate matters, we will review coherence violation in event shape observables
that are continuously-global. The effects of coherence violation on continuously-global ob-

servables was first evaluated in [24]. For these, the measurement function can be written

u=0(v—V({{p})), where V({p}) is the value of the event shape,? and [25]

e for a single, soft emission, k, that is collinear to hard parton i,

(in)

h
V{ph) = d, (5) e gi( ).

where d;, h,l; are constants, and g;(¢) can be any function of the azimuth for which
the integral [ dln ¢y g;(dr) exists. kﬂfn) is the transverse momentum relative to parton
1 and any other arbitrary direction given by the unit vector 7. In the limit that k is

both soft and collinear to ¢, the choice of 7@ is sub-leading. To be global, all of the
d; # 0.

e for a single, soft emission, k, that is not collinear to any hard parton,

v ~ (K

where h has the same value as in the collinear case above. This ensures the observable’s
scaling in transverse momentum is continuous across all logarithmically enhanced

regions of phase-space.

The continuous scaling in transverse momentum of these observables allows us to set
MF%Qe_% and wug(ks, ko)—0. If the collinear parton is soft and collinear to parton a and

V(ka) ~ k‘glﬁé“, we can replace

la
u(kz) = (ko104 < Qe ).

2Here we have let F; — 1 but the argument is easily generalised provided F; are infra-red and collinear safe
polynomial functions of the parton momenta, as is typical of observables built from weighted cross-sections
[21, 22].
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Thus Eq. (8.14) gives 799 ~ oL for I,/h < 0, and -39 ~ o*L? for I,/h = 0. When

dxgdaxy dxgdaxy

la/h > 0 both terms contribute and —9%— ~ o2L®. In [24] it was identified that l,/h < 0

dzqdxy,

is the case for ‘standard’ rIRC observables (such as transverse-thrust, for which l,;, = 0),
whereas [, /h > 0 typically occurs in ‘exponentially-suppressed’ rIRC observables.
Now we consider all other (i.e. not continuously-global) observables. These observables

cannot be written in the form

u({p}) = F({p})©(v = V({p})), (8.15)

where InV ~ hln kfb) and F' ~ A(1+ (k&lb)/Q)h/), for constant h, A, and b/, over the entire
phase space of a soft parton with momentum k. Therefore the phase-space of an emission can
be divided into, at least, two regions, ¢ and s, between which the scaling of the observable
differs (i.e. gaps-between-jets where in the jet regions h = 0 but in the gap region V' can be
approximated by letting h = 1). Each region has an inclusivity scale, p. or s respectively,
such that the observable is insensitive to radiation emitted into that region with k; < fics-
The inclusivity scales are functions of the parameter(s) defining the observable in the given
phase-space region. As the observable is not continuously-global, . and s do not scale
proportionally to each other under variation of the observable’s parameter(s) (ue 2% ps).
Let ¢ contain the region collinear to parton a, thus u(ks) — u(ks, k2) = 0 for ko) < p. and
for ké‘f) < min(pe, ps). Hence pup = min(ue, ps). By construction max(ks; ) ~ p. (this

is a consequence of unitarity in the collinear region around parton a). Therefore either

max(ko) ) > pup = ps or max(kyy) = pp = pe. When max(koy) > ur, da?:dlacb ~ adL?
and so the observable suffers coherence violating logarithms. This is typical of a non-
global observable, for instance gaps-between-jets where up ~ Qo and max(ky; ) ~ Q. As
previously discussed, when max(ky ) = pp the observable is trivially insensitive to soft
radiation and so is not of interest to us in this paper. We note that some observables
only become not continuously-global after a particular multiplicity of partons has been
reached; these are known as dynamically, not-continuously-global observables [26]. We can
extrapolate the argument given in this paragraph to higher multiplicities of radiation. The
value of ur should be fixed independently of the order of perturbation theory at which the
observable is computed; thus either ur = p. for all multiplicities of radiation in the regions
s and ¢, or up < e due to not continuously-global effects (even if they only appear at

higher multiplicities). As we have stressed, if ur < . then the observable will suffer o L

coherence violating logarithms.
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8.5 Conclusions

Our analysis shows that in hadron colliders all observables with sensitivity to wide-angle soft
radiation dressing the initial state hadrons will suffer coherence violation. In the previous
section, we computed the logarithmic order of this violation at fixed order in ag. We see no
arguments for why our analysis cannot be extrapolated to nth order in perturbation theory.
Provided the observable under consideration has leading logarithms of the form o L?", we

expect coherence violating logarithms of the form:

e a6 or a?L?"~7 in standard continuously-global observables [16, 25].

e aL?"=3 in ‘forward suppressed’ continuously-global observables (with I,/h > 0 as
defined in the previous section or aj2/bi2 > 0 in the notation of [24]). Though,
as these logarithms first emerge at O(aZ) they will formally contribute to the LL

exponent if they can be exponentiated.

e aL?"=3 for not continuously-global observables. When a not continuously-global
observable has leading logarithms of the form afL", coherence violating logarithms

will become superleading.

A remark on the role of electroweak hard processes. In [5, 6] it was noted that two
Coulomb exchanges are not needed to ensure real coherence-violating terms emerge in re-
summations dressing electroweak hard-processes with non-trivial colour flows (for instance
the hard process is the sum of s and ¢ channel amplitudes for q¢ — g¢’ hard processes
mediated by W or Z bosons). This is because the hard process itself can supply a complex
phase, which allows terms with a single Coulomb exchange to contain a real piece that
can contribute to the cross-section. Thus for such hard-processes there is a possibility for
O(a?) coherence-violating logs to emerge as well as the O(a?) and O(ad) we have studied.
By repeating the analysis of the previous section, we see that coherence violation could

nL2n—2

contribute logarithms of the form o in the case of an electroweak hard process.
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Chapter 9

Conclusions and outlook

“True education is a kind of never ending story — a matter of continual begin-

nings, of habitual fresh starts, of persistent newness.”
— J.R.R. Tolkien

QCD dynamics in the infra-red limit is highly non-trivial. This thesis has concerned
itself with the development of new algorithmic techniques for computing infra-red and
collinear QCD radiation from inelastic hard processes with large momentum transfers. The
parton branching algorithm this thesis introduces in Chapter 4 accurately computes full
colour matrix elements for QCD radiation in the neighbourhood of the leading soft and/or
collinear divergences. We have been careful to try and present the algorithm in such a way
as to make the extension beyond leading-order possible. We have studied the properties
of the algorithm, most notably we deduced how collinear factorisation is manifest in the
algorithm in the presence of Coulomb/Glauber gluons.

The parton branching algorithm provides the theoretical basis for the development of
new computer codes that systematically resum enhanced logarithms due to soft and/or
collinear partons. The algorithm reduces the computation of complicated distributions of
QCD radiation to a Markov chain of amplitude density matrices. The Markovian nature of
the algorithm makes it well suited to numerical evaluation. The parton branching algorithm
provides the backbone to CVolver [1-4], an amplitude level code for the computation of QCD
radiation including interference effects at full colour. Indirectly, the algorithm provides the
theoretical motivation for improvements we have proposed to the dipole parton shower
formalism. We arrived at these improvements by deriving evolution equations, starting
from our parton branching algorithm, for the radiation in both dipole and angular-ordered
showers. We found that consistency between the two approaches, over regions of phase-
space where both shower formalisms should be accurate, constrained the dipole shower.

The newly constrained dipole shower differs from current models [5-7] in a few key ways: in
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how it conserves momentum (the focus of Chapter 6), and in how it assigns colour factors
(the focus of Chapter 7). We found that accurately handling both these features hinges on
using a dipole partition which is symmetrical in the event centre of mass frame, not the
dipole frame of an emission as is most commonly used. We studied the accuracy of our new
dipole shower model and found it did not suffer from the errors plaguing common dipole
showers, highlighted in [8]. Our findings are in agreement with, and are complementary to,
those in [9, 10] where similar conclusions were arrived at by studying the phenomenology
of the Lund plane [11] for QCD radiation.

Our final chapter looks at the phenomenological relevance of coherence violating log-
arithms (CVLs). CVLs originate from the breakdown of the complete collinear factorisa-
tion of QCD amplitudes due Coloumb/Glauber gluons. They appear as corrections to the
DGLAP evolution of a proton due to soft wide-angle radiation. As we have mentioned, in
Chapter 4 we studied the factorisation properties of the parton branching algorithm in the
presence of Coulomb/Glauber gluons. We found a general form for corrections to DGLAP
evolution arising from the lowest order CVL. From this general form, we studied the loga-
rithmic order at which CVL appear in the resummation of various classes of observables. We
found that in many observables studied at the LHC, which are sensitive to soft radiation,
CVLs will contribute to the leading logarithmic exponent if they resum into an exponential
form.

There are many open questions which stem from the completion of the work presented

in this thesis. Two immediate potential research projects are:

1. Extending the parton branching algorithm to next-to-leading accuracy. This would
entail computing the next-to-leading order corrections to Eq. (4.7) and then solving for
the amplitude density matrices A,,. Next-to-leading corrections take two forms: next-
to-leading power corrections to the leading operators, and next-to-leading (O(a2))
operators. Many of the ingredients for this already exist in the literature: next-
to-eikonal soft gluons [12], next-to-leading differential anomalous dimension matrices
[13], next-to-leading collinear splitting operators [14, 15], and the running coupling
[16]. However, combining every component is undoubtedly a large task (perhaps
aided by a better choice of ordering variable [17, 18] though this too is an open
question). Concurrently, it would be pertinent to understand the formal accuracy in
the resummation that the next-to-leading algorithm would achieve. We can compare
the ingredients needed for the next-to-leading algorithm against those needed for

other approaches to the resummation of selected classes of observable [19] and notice

that, at least superficially, the next-to-leading algorithm might be capable of NNLL
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resummation for some observables. However, broad statements on accuracy across

classes of resummed observables are well known to be difficult to make [9].

Optimising the current leading order parton branching algorithm. This is likely more
easy to achieve than extending the algorithm to next-to-leading order but also consti-
tutes a more loosely defined project. What do we want from an optimised version of
the algorithm? By fusing the work presented in Chapters 4 and 6, it could be possible
to improve the algorithm by using the dipole partitioning and global recoil to merge
the operators for soft partons (S,,) with the operators for collinear partons (C,,). Such
aesthetic improvements could also lead to increased computational efficiency. The only
obviously non-trivial element to this task is correctly handling the spin correlations
carried by hard-collinear partons in the presence of Coulomb/Glauber gluons (which
prevent the use of the algorithm by Collins and Knowles [20, 21]). More practically,
there could be great benefit to recasting the algorithm as a functional Fokker-Planck
equation (such an equivalence has already been demonstrated for the soft physics
contained in the algorithm [22]). It is known that such equations can be solved by
the stochastic integration of an associated Langevin equation, and the resummation

of soft gluons via this approach has recently seen a great deal of success [23, 24].

In Chapters 6 and 7 we derived current popular parton shower models from the parton

branching algorithm. This proved a fruitful task, since our derivations highlighted ways in

which the accuracy of these models could be improved. In the same spirit, it would also

be interesting to formalise links between our parton branching algorithm and soft-collinear

effective theory [25]. Whilst we could not state the immediate phenomenological benefit of

this task, a dictionary for translating between the methodology of perturbative QCD and

soft-collinear effective theories would be interesting.
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Appendix A

Definitions and identities

“The true work of improving things is in the little achievements of the day, and

that’s what you need to enjoy.”
— Celine, Before Sunset

A.1 Dirac algebra and polarisation sums

In this section we provide some identities useful in the computation of Feynman diagrams.
The proofs of these identities are widely available [1-3] and so won’t be given here.

Spinor identities:

u®(p)a’(p) = 5(1 + 2575, v*(p)v° (p) = 5(1 — 2s75)p,
> wt(p)ut(p) =p+m, > v (p)vi(p) = p — m. (1.1)

Polarisation identities for massless vector bosons:

kung +nyky,

Z 62(]{3)6;/\(]6) = —Guw + T when k2 = 0,
A
kyn, +n,k ntn?
= —9u + !;fn £ 2(k-n)2 when k2 # 0. (1.2)

The latter equality for when k2 # 0 is an analytic continuation for unphysical polarisations

of off-shell vector bosons. Clifford algebra identities:

WP =2, wpkt =dp-k, vupkdrt = —2gkp.  pp=0r"
tr(pkdl) =4[(p-k)(g-1) = (p-a)(k-1) +(p- (g k)],  te(pk) =4p-Fk,

tr ( 11 ﬁ%) =0. (1.3)

odd n
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A.2 Spinor-helicity identities

Here listed are identities useful for the spin-helicity formalism. We employ the following

short hand notation so that identities can be written in a compact fashion:

lp) =Ipt), Ipl=p—), ®I=p-], [pl =+,

ot =otl, '=ol. (1.4)

In this notation:

lpt) (p£[ =p- o5, (1.5)
(p=| ot [pE) = 2p", (1.6)
(p£| aF) = — (ax] pF) , (L.7)
(p*| ot la£) = (¢F| ok IpF) , (1.8)
(p£| okol |aF) = — (aE] ook [pF) - (1.9)

Note that to retain covariance with the dotted and undotted indices, a bra/ket state should
always be contracted with a o4 of the same sign and a o+ should always be contracted with
a o4 of the opposite sign. For example, the above identities are allowed contractions whereas
(p+]c” " |g+) is not allowed as it contains two incorrect contractions. A consequence of
identity (1.7) is (pp) = [pp] = 0. Identities (1.8) and (1.9) can be generalised for odd and

even numbers of os respectively

(k| o810t H2n [ go) = (gF] o2 oo o)

(p£|ok'o ? o qF) = — (q£| o .okl pF) . (1.10)

As is indicative of the bra-ket notation (p£|A|q)* = (g| A |p%) where A is any hermitian

operator, such as the o matrices. As previously stated in Section 3.1.3,
| (pg) I* = |[pq]|* = 2p - 4, (1.11)
which is easily shown using the identities above,
| (pa) [> = T (Ip=) (p—| lg+) {a+]) = puas Tr(o20) = 2p - q. (1.12)

An extension of identity (1.11) is

(p102) 23] (pspa) [papr] = T (Ip1=) (pr=| [pa) (po-+ s =) (pa—| [pat) (pa-t1)
= pispipi Tr (of 0”0l oT)

=2 (g;wgpr = Gup9vr + GurGuvp + ieuplﬂ') plfpgpgpzl—‘ (1.13)
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Finally there are the Fierz identities, which are useful when combining multiple matrix

elements:

(p1p2) (P3p4) = (P1p3) (P2p4) + (P1pa) (P3D2) » (1.14)
[p1p2] [p3pa] = [p1p3][p2pa] + [p1pal[p3p2), (1.15)
(p1+] o [p2+) (p3+| o4 [pat) = 2[p1ps] (pap2) | (1.16)
(p1—| " [p2—=) (p3—| o [pa—) = 2 (p1p3) [Pap2], (1.17)
(p1+] 0’ [pa+) (p3—| o 1 [pa—) = 2[p1pa] (p3p2) , (1.18)
which when applied to the polarisation vectors gives
k) = Y21 o kan VRN (0]
e = £ = Ty
. _ V2IkE) (n] _ V2|nt) (k|
or-€(k,£1) = T ) or-€(k,£1) = T (1.19)

A.3 Sudakov decompositions, kinematic variables and phase-
space measures

It is often desirable to express a 4-vector into terms of two reference vectors and a vector
transverse to the plane of the reference vectors (for this Appendix these are P*, Q*, and k*
respectively). In Section 3.1.1 we employed a light-cone decomposition which was of this

form. A general decomposition for n vectors is given by

Pl = P* + J1Q* + kY,

Pl = a; P* + B3;Q" + kI,

Pl = an P* + B,Q" + ki, (1.20)

where kI'P, = k#'Q,, = 0 for all i. If P and @ are light-like this is referred to as a light-cone
decomposition (LCD). In an LCD, k; is space-like and so it is typical to define k? = —kiz i

where k:l2 | s positive.! Some more useful relations in a LCD are:
_pi-Q pi- P
PQ PQ

Tt is also common to use k; = k., particularly if P and @ are back-to-back in the lab frame and define
a beam/jet axis in which case k;; is the transverse momentum from the axis.

(671 /Bz = (1.21)
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If p; is light-like, then its pseudo-rapidity in the frame where P and @) are back to back
(known as the PQ dipole frame) is given by

11 (074
= — 1N —
Yi 2 517

where P defines the +oo pseudo-rapidity axis. In this decomposition, the phase-space

(1.22)

measure for a particle with momentum p; is given by

(P+Q)? (P+Q)*

d*p; = 5 daidﬁid%szaidﬁidki L do, (1.23)

where ¢ is an azimuth in the plane transverse to P and Q.
When looking at a 1 — 2 particle transition (with momentum p;; — p; + p; where p;
and p; are massless and on-shell) it is common to use a LCD of the following form

k2
i = 2Pt QN Y,

z2P - Q
pli = (1—2)P"+ LQ“ — Kkt (1.24)
J (1-2)2P-Q ’
where
G
i = P .
ri =P g ep ¢

This is known as a Sudakov decomposition. In the limit that p; goes collinear to p;, with

the scaling given in Section 3.1.1,
P =zP+ 0\, pi=(1-2P'+00), pij=P+0N). (1.25)

Note that complete momentum conservation in the transition is O(A\?) and so is typically
not relevant at leading (and often next-to-leading) order. With this Sudakov decomposition,
the Lorentz invariant phase-space measure is decomposed as

dp; o by dz o, dkidydo
2E; kg 1—z2r Y kL 21

(1.26)

where ¢ is an azimuth in the plane traverse to P and @), and y is a pseudo-rapidity in the
P, @ dipole frame. Typically the kiﬂ' pre-factor is absorbed into the integral kernel so that

the phase-space is dimensionless and the azimuth is normalised.

A.4 Dimensional regularisation

Integrals can be regularised via a variety of methods. Often, the most intuitive of which
is to introduce a cut-off scale that limits the domain of integration so that divergences
are avoided (for instance limits of the momentum which can be transferred). However,

one of the most useful but less intuitive regularisation procedures is that of dimensional
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regularisation (dim reg). This thesis does not find much need for an extensive discussion
of regulators, as they are mostly only required when presenting introductory material in
Chapters 2 and 3. However, as we do make use of dim reg in those chapters, we will now
collate some basic results found in the application of the procedure (we follow the overview
in [4]).

Dim reg regularises integrals by allowing the space-time dimension to be a variable. For

instance,

< qiz
haliiad 1.27
| % (1.27)
diverges for dimensions d > 2 and otherwise converges. The most popular dimension to use

in modern day particle physics is d = 4 — 2¢ for |¢| < 1, which regularises all integrals which

diverge logarithmically in d = 4 dimensions.? Using this regulator, UV diverges, such as

00 d4726f
At

are regularised for € > 0 and IR divergences, such as

1 d4—26i.‘
A Tt

are regularised for ¢ < 0. Often the regulator is analytically continued so that it is si-

multaneously positive and negative, regulating both UV and IR diverges. In which case,
scaleless integrals evaluate to zero since UV poles are allowed to cancel the IR poles. We
can demonstrate this by making the substitution £ = Ay for a constant A:

o) d4—26 = 00 d4—26 =
]/ q417::A26j[ Y (1.28)
0 T 0 Y

hence the scaleless integral must be equal to zero.

Integrals in dim reg are most commonly evaluated by using an analytic continuation
of spherical polar coordinates: d*=2¢% s |Z]372¢d|Z| dQ4_2 where Qg is a solid angle in d
dimensions, defined by the relation

27.[.d/2
Qg = ———= 1.29
where I'(d/2) is the Euler gamma-function. If # is Lorentzian it must be Wick rotated

(2% — —iz¥ ), so as to become Euclidean, for spherical polar coordinates to be used. The

prototypical integral for dimensional regularisation is

/‘ME 1 (=1)* T(a —d/2) 1 (1.30)

2The factor of 2 is included to cancel factors of 1/2 which commonly appear in calculations.
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where we have replaced the usual ie from the Feynman propagator with 0 to avoid confusion.
The additional factor of 7 on the left hand side is to account for Wick rotating the vectors.
Integrals with polynomials of k in the numerator can be found by taking derivatives with

respect to p:

/ A9k k (=1)* (o — d/2) 7 (L.31)
( .

2% (K2 95 K72 4i0)" (M2 Tla) 2 472 o)

Most divergent integrals over propagators in loops can be reduced to one of these funda-
mental forms by using Feynman parameters and completing the square. For more on this
we point the reader to more comprehensive sources in the literature [1, 2, 4]. Additionally,
for more information on computing generalised integrals over solid angles in d dimensions

we direct the reader to the Appendices in the seminal paper [5].
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