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Abstract

The “gap between jets” cross-section is a well studied example of a non-global
observable. The non-global nature of this observable is reflected in the miscancel-
lation of soft virtual and real gluon radiation corrections arising from primary and
secondary “in gap” virtual gluons and throws light on the underlying Quantum
Chromodynamic (QCD) processes at work. Due to the complexity of the underly-
ing QCD processes, these effects have been most easily studied in the “large N.”
approximation, as manifest in the Banfi-Marchesini-Smye (BMS) evolution equa-
tion. This thesis presents work aimed at calculating the corrections to the Born
cross-section for the process of electron-positron annihilation to form a quark-
antiquark pair, keeping the full N = 3 dependence. The corrections arising from
both primary and secondary real-virtual miscancellations are calculated for zero,
one and two gluons outside the gap. It is intended, eventually, to use the results of

these calculations to provide a measure of the accuracy of the BMS equation.
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Chapter 1

Introduction

The process of electron-positron annihilation to form a quark-antiquark pair
(e~ e — ¢q) can be represented as the production of two outgoing jets (one quark
jet and one antiquark jet) of co-moving particles separated by a rapidity gap Y. If
the jets are of a transverse momentum (k7 ) scale Q (the hard scale), it is possible
to define a “gap between jets” such that no third jet with transverse momentum
greater than a maximum transverse momentum Qg (the veto scale, where Q >> Q)
exists within the gap [1, 2, 3].

Though the incoming electron and positron are “colourless” the quark-antiquark
pair carry colour charge and thus give rise to real gluon radiation (bremsstrahlung).
The nature of the gap definition means that any of this radiation, with a transverse
momentum greater than Qg, cannot be found within the gap. Both the quark, an-
tiquark and any subsequent real gluon bremsstrahlung may also be dressed with
virtual gluon corrections which being virtual may be present within the gap. The

gap between jets observable is a “non-global” observable in the sense that it is
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sensitive to radiation only within a restricted part of phase space [4, 6]. The pres-
ence of virtual gluons and the absence of real gluons, with transverse momentum
greater than Qg, within the gap give rise to corrections to the Born cross-section,
as explained below.

If k" is the four momentum of a radiated gluon and p* is the four momentum
of the parent parton then a “soft” gluon is one for which all k* < maximum p*.
Corrections due to soft gluons can be accurately described using the “eikonal”
rules (as described below) [5]. Eikonal comes from the Greek etkevat to “re-
semble” (i.e. each eikonal gluon added is a copy (albeit with lower energy) of the
previous one and the lowest order kinematics are left unchanged). The eikonal
rules give rise to logarithmic corrections of the form In (%) to the cross-section
[5]. It is only soft gluons that give rise to logarithmic corrections of this form
(hence the utility of the eikonal approximation).

Exponentiation of a,ln <%> (where ay is the strong coupling constant) then
describes the addition of any number of virtual loop corrections at markedly de-
creasing transverse momenta (the strong ordering approximation) such that Q >
kit > kor..... > Qp [6]. The gap cross-section o may then generally be expressed
as a perturbative expansion (also termed a “resummation) in the strong coupling

constant of the logarithms of the hard scale Q to the cut-off scale Qg i.e.

o =0y (1 + agln (%) + a?1n? (%) +....alln" (%)) (1.1)

where the logarithms reflect the contribution of the uncancelled virtual corrections

and oy is the Born cross-section. This is the “leading logarithmic approximation”
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where leading refers to the powers of the logarithms being the same as that of the
strong coupling constant. The eikonal approximation is thus sufficient to encom-
pass the leading logarithmic corrections. The use of the eikonal approximation to

calculate amplitudes produces expressions of the form:

/d4k D3 D4
(2p3-k+ie) 2ps-k+ie) (k% +ie)

(12)

(where p3, ps and k are the four momenta of the antiquark, quark and virtual
gluon respectively). By contour integration over energy, the dimensionality of
the loop integral may be reduced by one. This integration produces both a real
(f d*k) and a complex (im i d’k) integral. The real integral (of the virtual gluon)
is associated with the exchanged gluon going on shell; this is termed the eikonal
gluon contribution (eikonal is here used in a different sense from that applied to the
soft corrections). The imaginary part results from the quark/antiquark propagators
going on shell; this is the Coulomb gluon contribution [6]. For the e "e™ — gg +
ng cross-section the complex (i) terms produce only an unimportant change of
phase [8] and thus can safely be omitted in this work.

The Bloch Nordsieck Theorem (BNT) states that (any number of) soft (real
and virtual) gluon corrections to the cross-section cancel exactly for an all inclu-
sive observable (i.e. in this case the unrestricted four momentum phase space).
This is sometimes expressed as the “sum over cuts” of geometrically equivalent
diagrams is zero (see Figure 1.1 where the diagrams represent cross-sections for a
real gluon emission in the upper two panes and a virtual emission in the lower two

panes, from quark and antiquark lines. The black dots represent the the photon-
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Bloch — Nordsieck Theorem

& b

and @ and @
=0

Figure 1.1: Bloch-Nordieck Cancellation

quark-antiquark vertices. The curved lines represent the quark and antiquark with
the arrows indicating fermion flow, whilst the looped line represents a gluon (the
electron, positron and photon lines are not shown). The the wavy vertical line
represents the cut between the two components of the inner product).

If a cut-off in transverse momentum is introduced whereby no radiation within
the gap is allowed with transverse momentum above the cut-off (Qp), then a mis-
cancellation in the BNT is introduced. This is due to the presence of virtual gluons
in the gap with transverse momenta above Qg that have no real gluons within the
gap to cancel against (i.e. the lower two panes in Figure 1.1 can be present within
the gap but the upper two cannot). This is the origin of the “global” [1, 2] loga-
rithmic correction (Table 1.1).

The global logarithms are a product of “primary” virtual in-gap gluons which

have vertices only on the fermion lines (see Figure 1.2). Thus there are no gluons
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Table 1.1: Global Logarithms

| | rapidity inside gap rapidity outside gap
kr > Qo virtual gluons only real/virtual cancellation
kr < Qg | real/virtual cancellation | real/virtual cancellation

Primary Emaissions

real

Figure 1.2: Primary Gluon Emissions

outside the gap contributing to the global correction.

There is, however, a further source of virtual corrections that need to be con-
sidered in the in-gap region; the so called “non-global” logarithms [4, 8]. Primary
real emissions may be dressed with secondary virtual corrections connecting the
existing quark, antiquark and gluon lines in all possible ways (see Figure 1.3,
where the left hand pane is understood to encompass secondary virtual gluons
connecting outgoing real partons in all possible ways). Primary eikonal virtual

gluons may also be dressed with secondary virtual gluons (Figure 1.3 centre pane

where the darker gluon line represents the eikonal gluon).

The secondary virtual corrections are cancelled, again as an application of
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Secondary Emissions

secondary virtual gluon secondary real gluon

Figure 1.3: Secondary Gluon Emissions

BNT, by further real gluon radiation emitted off of quark-antiquark lines (after
a primary emission) or off primary real gluon lines (Figure 1.3) where the right
hand pane is understood to represent a second real gluon emitted from any of the
three outgoing partons).

Again, both in the gap with transverse momenta below Qg and out of the gap
at all momenta, both real and virtual secondary gluons can coexist, leading to
complete cancellation of logarithms. Crucially however, the secondary virtual
corrections may originate from primary real and (subsequent to) eikonal gluons
lying outside the gap with transverse momenta above Qy, and may radiate back
into the gap. Thus in Figure 1.4 a cut across a two gluon diagram is illustrated.
The right hand pane represents a primary out of gap real gluon with k7 > Qg

radiating a secondary virtual gluon with a lower k7 but still above Qg back into

17



Origin Of Non — Global Corrections

disallowed allowed

WU WU U v W U w w T

Figure 1.4: Origin Of Non-Global Corrections

the gap. The left hand pane shows the diagram that would be needed for Bloch-
Nordsieck cancellation of this virtual gluon to take place. This real gluon with
kr > Qo cannot exist within the gap and so there is nothing for the virtual gluon
to cancel against.

To account for all of the leading logarithms, it is therefore necessary to include
both the global logarithms arising from no gluons outside of the gap and the non-
global logarithms arising from an arbitary number of soft real and virtual (eikonal)
emissions with k7 > Qg outside the gap, dressed with virtual gluons with k7 > Qg
radiating back into the gap.

The colour algebra is reasonably straightforward when exponentiating virtual
corrections as described above. However when calculating the out of gap real
gluons responsible for the non-global correction, the colour algebra becomes very

complex. One approach to calculations has therefore been to approximate the
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colour structure using the large (number of colours) N, approximation. This has
been done both numerically [4] and by the derivation of the Banfi-Marchesini-
Smye (BMS) evolution equation which resums all the leading global and non-
global logarithms [9].

It would be valuable to assess the accuracy of the BMS equation by com-
parison with a method that places no approximation on the colour structure but
accounts for all the leading logarithms to a fixed order. This body of work at-
tempts to calculate components of such a cross-section that can subsequently be
used to compare with the BMS equation.

This thesis will describe the derivation of the eikonal rules from Feynman
rules, illustrating where the momentum and colour factors come from. The colour
operators will then be used to derive the “Anomalous Dimension Matrices” (ADM)
I" [5] that describe the addition of the virtual in-gap gluon dressing. These will be
derived for zero, one and two gluons outside the gap.

The non-global corrections for the out of gap gluons involve the sum of the
in-gap virtual dressing of real out of gap gluons (emitted by the D matrices) plus
the dressing of the eikonal virtual out of gap gluons (emitted by the y matrices)
[5].

In addition to the ADM’s then, the D and y emission matrices will be derived
for one and two gluons outside the gap. Finally the corrections will be used to
calculate the modification to the Born cross-section to O(c)? for zero and one
gluon outside the gap and to O(ca)? for two gluons outside the gap. To this order,
the ADM for two gluons outside the gap (which are of O(cs)* and higher) are not

necessary; they will be used to examine the BMS equation up to O(a;)? in further
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work.
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Chapter 2

Methods

2.1 Derivation Of Eikonal Rules

The principle behind the eikonal approximation is that the four momentum of the
parent parton either before the emission of a soft gluon or after the absorption of a
soft gluon can be approximated as the four momentum of the parent parton alone.

As an example of the derivation of the eikonal rules from the Feynman rules,
the emission of a soft gluon off an outgoing antiquark from a generic quark-
antiquark scattering process (A, represented by the black circle in Figure 2.1)
will be derived.

The amplitude has the form

(P3+k)yut+m
(p3+k)> —m?+ie

M= l/_t(p4,S4)A (i ) 8(); (ka)\f) (_igstajiya) V(p3,S3> (2.1)

where m is the mass of the antiquark and g, is the strong coupling constant; p3,s3
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Eikonal Emission Of A Gluon From An Antiquark

Figure 2.1: Eikonal Emission Of A Gluon From An Antiquark

and p4, s4 are the four momentum and spin of the antiquark and quark respectively;
k and A are the four momentum and polarization of the gluon respectively; j and
i are the colour indices of the antiquark before and after emission of the gluon
of colour a; —1,j; are the components of the colour operator —¢, (a Gell-Mann
matrix) for the emission of a gluon from the antiquark line.

For massless particles m =0, p> = 0 and for soft gluons all k&* << maximum p* .

Therefore (p3 +k)* = 2p3.k and v (p3 +k) = v (p3).

The antiquark propagator is:

; ((p3 "‘k)H Yu +m)

2.2)
(p3+k)> —m?+ie

and
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(p3+k)H yu+m= Ev(p3+k,s’3)V(p3+k,s3>

s 3 "3
therefore

v(p3,s5) v (p3,s3)

$h,S " .
M = u(pysa)A | i 2p3k+ie eq (k1) (—igstajiv®) v(p3,s3)

If the amplitude for the process without the radiated soft gluon is M, where

M, = E u(pa,sa) Av (p3,s3) (2.3)
54,85
then
M =M, im € (k )“) (_igsta 'iya) V(p3 S3>- (2.4)
2p3.k+ig | O J ’
As
—’)/Hpuv(p,s) =my (p,S) (25)

by Dirac, then
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—(p.s)yuv(p:s)p* = mv(p,s)v(p,s)
S0
5 (p,s) yuv (p,s) p* = 2m?, (2.6)

Now

V(p,s)yuv(p,s) = Apu (2.7)

where A is a constant, therefore

—Ap* =2m* 2.8)
SO
A=-2 (2.9)
therefore
V(p3,53) Y7V (P3,53) = =25 8y, (2.10)
SO
i
M=My—— (—1,) (—2igspF e’ (k,A)). 2.11
O(2p3.k—|—i8) ( aﬂ) ( 18sP3 80( ) )) ( )
The eikonal propagator is thus:
i (2.12)
(2p3.k—|—i£) ’
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Whilst the eikonal vertex is:

(—taji) (—2igsp¥) €5 (k, A) (2.13)

The derivation of the eikonal propagators and vertices for (incoming and

outgoing) quarks and gluons follows the same method (see Table 2.1). The four

o
momentum terms 211; ; 7 and colour terms —7,;; may then be used to calculate the

required emission and dressing matrices.

2.2 Eikonal Rules.

Table 2.1: Eikonal Rules For Radiated Gluons

‘ Process ‘ Propagator ‘ Vertex ‘

o | Ca) (2igp”) g (6 7)
eTXEET) (—taji) (—2igsp°) €5 (k, 1)
(Zpk ie) (—taji) (—2igsp?) €5 (k, A)

Incoming Anti-quark | 57— k B (taij) (—2igsp”) € (k, 1)
(2pk—ie)
(2p-k+ie)

Outgoing Quark 7 k .

Outgoing Anti-quark 5 k r

Incoming Quark

(ifacb> (_2igspa) 8; (k7 )\')
<_ifabc> <_2igspa) 8:; <k7)")

Incoming Gluon 7 k =

Outgoing Gluon . T

The convention of the first index (a) referring to the colour of the emitted
eikonal gluon has been adopted for the colour operators. The order of the second
and third indices are read against fermion flow for fermions and against the four
momentum of the parent line for gluons. This is illustrated in Figure 2.2 (with

reference to the colour operators in Table 2.1) for gluons emitted from outgoing
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Outgoing Quark  Outgoing Antiquark Outgoing Gluon

Figure 2.2: Colour Index Labelling Of Eikonal Emissions

quark, antiquark and gluon lines. The arrow on the fermion line indicates fermion
flow.

All colour operators are expressed in covariant tensor form for clarity. Early
alphabetic labels (a, b, c,e, g, h) are used for the colour of gluon lines whilst mid-
alphabetic labels (i, j, k,[,m,n) are reserved for quark/antiquark lines.

The colour factor for an incoming (with the indices read against fermion flow)
quark or outgoing antiquark line is —7,;, whist for an incoming antiquark or out-
going quark the colour factor is 4;;. For an incoming gluon radiating a gluon the
colour factor is i f,,.5, whilst for an outgoing gluon radiating a gluon the colour fac-
tor is —if,pe (With the indices read against the four momentum flow of the parent
line) [10].

The following calculations were all performed with N = 3. In further work it

is intended that the results will be presented in the full N. form.
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2.3 Colour Algebra

The following identities are extensively used in the succeeding calculations:

(taij)”

Laii

Laijla jk

laijlpji

Laijtp jktakl

Laijlp jkEcki
taijtpjk (—ifabe)
taijth jk (dabe)
dabc

dapb

dacedpee

[fabe

(ifape)”

deab feab

Jace foce
ifbagifgbatifack
i fbagifgbadach

if bagdgbadacb

Laji
0

4

3 Ok
6ab

2

1
- gtbil

|
Z (lfabc + dabc)

3
itcik
5
gtcik
dacb

0

5
gab

_if ach
_ifabc = ifacb
0

30
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5 lf abc
3
Edabc
5
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24 Calculation Of Anomalous Dimension Matrices

The colour “basis” for a scattering process represents the independent colour
structures, expressed as tensors in colour space, that contribute to the process
[10]. The ADM’s T" act to dress the amplitude on which they act with one virtual
gluon in all possible ways [5]. Their components are found by forming the inner
products of the ADM with the colour basis tensors for the amplitude in question.
For example, for a scattering process that has two basis tensors ¢; and c¢;, the

components of the ADM are found by evaluating:

<c1lTer> <e|Tex >
1iEle 1|flez (2.14)

<02|I“C1 > <Cz|r‘62>

The ADM for an azimuthally symmetric rapidity gap of length Y in a colour

basis independent notation for 2 — n particle scattering is [10]:

r = lYth—Fl'JTT].Tz—l—lZ_p(Y;zb;iDTiz

2 416
1

T 2 E )‘(Y;|yi|+’yj}7}¢i—¢j})Ti.Tj
(i<j)eL
1

+ 5 > AWkl e-e)TT, (2.15)
(i<j)eR

T; is the generic colour operator of parton i, whilst the notation is modified
slightly to T ; for the generic operator that emits a gluon of colour a from parton

i. T,2= (T+Ts+ Tk)2= (T2—i—T4)2 is the colour transferred in the ¢ channel. T |+

28



T, are the colour operators of the incoming partons, whilst T3 and T4 are the
operators for the outgoing fermions and T are the operators for the out of gap
gluons.

The rapidity gap between the principal jets is Y; the rapidity of jet i is y;
(whether this is a fermion or out of gap gluon) and the jet cone radius is R. Thus
if Ay is the magnitude of the difference in jet rapidities then Ay = |y3| + |y4] =
Y +2R.

p is a jet function where:

sinh (|y|/2+Y/2)

sinh(y/2—¥/2) ©

p(¥:2y) = In

A is another jet function where:

1 cosh(|y,~|+}yj’+Y) —sgn (yij) cos(¢)
Y; i ily = =1 : -Y
A( ”)’H’b’J‘ [ > ncosh(lyiH}yj] —Y) _san (yi,j) cos (¢)

F are the final state partons and L and R refer to (both initial and final state)
partons on the left and right hand sides of the gap. The i < j device is used to

ensure that each parton is counted only once [6, 10].

In general the ADM ’s for the dressing of gluons on different sides of the gap
will not be the same due to the different combination of colour operators present in
the Y and A terms. The method of calculation is clearly the same whichever side
the out of gap gluons are emitted on. For consistency all of the ADM calculations

for e~et — gg will be for gluons emitted on the left.
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By way of example in order to check the above eikonal rules and demonstrate
the method of calculating the ADM components, an element (the term propor-
tional to Y) of the I'j3 matrix component for quark-gluon scattering as calculated
in [10] is reproduced. The ADM and basis vector ¢3 is are taken from this paper.

The 13 subscript on the ADM indicates that the basis is a # channel basis.

24.1 A Cross-Check

In this case:

1 _ 1
T; = 5YT,2 +inT 1. Ta+ 4 pjer (Y |AY]) (T3+T3)

c3 =

1
——lfcpole
\/ﬁ fcbg ckn

Identifying the incoming and outgoing quarks as partons 1 and 3 and the in-
coming and outgoing gluons as partons 2 and 4, means T | =t and T3 = t3. Thus

if ¢; 1s the colour exchanged in the ¢ channel, then:

t, = (t1+13)

therefore

2 =t] 15+ 2t).13 (2.16)

To calculate the %Y th element < ¢;3 }%Y (t% + t% + 2t .t3) } c3 > must be eval-

uated. The three virtual gluon elements are illustrated (both the incoming and
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qg— > qg tl.t1

Figure 2.3: Cross-Check (First Component)

outgoing partons are represented. The large black circle represents the scattering
process whilst the small circles represent the gluon vertices) and calculated below.

The first combination is the t;.t; gluon (see Figure 2.3) where:

Y | B | Yy | 4 .
(5) ﬁ (lfebgteki)>|< (_tami) (_tanm) ﬁ (lfcbgtckn) = ﬁteiklfegb (gam) lfcbgtckn

Y
= — Etenktcknf egbf cbg

- E <_36ce> Lenkt ckn

- gtcnktckn

_ Y (0
6\ 2

2Y

3
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qg— > qg t3.t3

Figure 2.4: Cross-Check (Second Component)

The second combination is the #3.¢3 gluon (see Figure 2.4) where

(Y) ! (ifongtent)” tanmt ! (i fepgteni) Yt 1 (46 )'f t
— ) — (i . — (i N = —t. _ i .
2 P ebgleni) tanm'amk \/ﬁ cbglcki 24 eint)egb 3 nk cbglcki

Y
= T3 Leikt ckifegb febe

Y

= _E (_3ace)teiktcki
Y

= gtciktcki

_ Y (b
6\ 2

2Y

3

The third combination is the .23 gluon (see Figure 2.5) where
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qg— > qg t1.t3

Figure 2.5: Cross-Check (Third Component)

Y 1 . % 1 .
(E) E (lfebgteki) Lakn (_tami) E (lfcbgtcnm)

Therefore 2t,.t3 = % and thus the sum of the

33

Y
- ﬁ (ifegbteik) Lakntami (ifcbgtcnm)
Y

— (—=30¢¢) tagntamit eikt
24 ( ec) akntamileiklcnm

Y
- gtcik (takntcnmtami)

Y 1
- gtcik - gtcki

Etciktcki

Y [ Oec
s (7)
Y

12

three gluon contributions is



ZTY+%Y + % = %Y in agreement with the same matrix element in [10].
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Chapter 3

Results

3.1 ADM Calculations For ¢ ¢™ — ¢g

3.1.1 Zero Gluons Outside The Gap

For the process e”e™ — gg the sum of the quark and antiquark colours, by colour
conservation, must be zero, i.e. the un-normalized tensor must be 8;; where k and
[ are the colour labels of the quark and antiquark respectively. As 0y; 0 = O = 3,
then the normalization factor must be % and thus the normalized basis tensor for
this process is %6;{1.

With reference to the general ADM, T 1+ T, are the generic colour operators
of incoming partons (both being zero for e e — qq_) whilst T3 and T4 are the
operators for the outgoing fermions. Identifying T'3 = —t3 as the colour operator

for the anti-quark on the left hand side of the gap, T4 = t4 for the quark on the

right respectively and T, = —if), the colour operator for outgoing gluons for one
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and two gluons outside the gap. T, the colour transferred in the ¢ channel, is
therefore T?= (T3)*= (T'4)*. Thus with only two coloured outgoing particles and
values of zero for the A functions (as there is only one outgoing particle on each

side of the gap), the ADM for zero gluons outside the gap Iy simplifies to:

1 1 !
Lo = YT+ 7p(r20ys)T3+7p(¥,2 1) T

which as T3 = T3 further simplifies to:

1 1 !
Lo = S¥T3+ 3oV 20)T3+ 5p(Y.2 )73

Thus the T% element is (see Figure 3.1):

1 * 1 1
(%6@) (_thlm) (_thmn) (%6kl) = gankthlmlhmnakl

= Zlhmthmi

W] AW =

Therefore

2 1 1
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Zero Gluons Outside The Gap t3.t3

Figure 3.1: Zero Gluons Outside The Gap Dressing

3.1.2 One Gluon Outside The Gap

To calculate the virtual dressing for one gluon outside of the gap a basis tensor
with one quark, one antiquark and one gluon index is needed; the basis tensor
(there is clearly only one) for this process is therefore #,;;. As tuxt. = 4 then the
normalization coefficient is % and the normalized basis tensor is %takl. The ADM

I is:

1 1 1
I = EYthﬂLZZP(YQ\YiDT%ﬂLE > AWl |- ) T T,
ic (i<j)eL

for one gluon emitted to the left, the anti-quark side of the gap, identifying g and

q as partons 3 and 4 respectively and the gluon as parton 5. Therefore T?= (T 3+
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Figure 3.2: One Gluon Outside The Gap Dressing

T5)? and the ADM transforms to:

1 1 1
= S¥(Ts +Ts5)2 + p(r:2 y3|)T3 + 2PY:2 |val) T3

1 1
+ P20ysNT5+ A (Vslys |+ [ys|, 193 — ¢s)) T5.Ts

Thus the colour operator combinations we need are: T%, T%, T5.T5,T5.T;and
T2. AsT3.Ts = T5.T3 and T3 = T} this simplifies to T3, T2 and T3.T's.

The T3 operator is —t3. Therefore the T% element is (see Figure 3.2):
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1 1

5 (tckn))k (_thlm> (_thmn) 5 (tckl>

The T's operator is —if,, thus the T% element is:

%(takl)* (_ifhbc) (_ifhab>

| —

(tckl>
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Ztcnkthlmthmntckl

1/4
Z galn Tenktcki

Lelktekl

)

3
1
3
4
3

—tatk fehb fanbteki
(30ca) taikt ek

Teiktekl

B
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The T'3.T 5 element is thus:

1 o 1 .
E(tekm> (_thlm) (_lfhec)i(tckl) = Ztemklhlm(_lfhce)tckl
1 .
Ztemktckllhlmlfche
1 3
Ztemk _Etekm
. 3
as tcklthlmlfche = _5 ekm
= _gtemktekm
_ 3 (e
8\ 2
B 3
2
Thus
14 3 1 4.1 4
- —v(242(-2 “o(Y:2ys)(2) 4 S p(Yi2lya) (2
O = rGe2(=3)+3+ pazbad 3+ ppirizhu )
1 1 3
b 3p(r2lys)(3) 4 22 (e ys| + Dys] s — 5] (—2)
2 1 1 3
= Y +3p(2ys]) + 50(¥:20al) + 2 p(¥32[ys))
3
- ZA(Y;\y3|+|y5|,|¢3—¢5\)

3.1.3 Two Gluons Outside The Gap

For two gluons outside the gap a basis is needed that connects a quark, anti-quark
and two gluons. The basis chosen for this calculation is the gg — gq basis from

[10] where:
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¢ = —— 0wy

NGY

3
¢ = Edcabtckl
c 1, Sfeant
= l
3 \/ﬁ cab'ckl

The convention of putting the internal gluon line first (¢ ) has been adopted for
the basis vectors. The ADM will again be different for the cases of two gluons on
the right and one on each side. The method of calculation is the same in each case
and so the ADM for two gluons emitted on the left (the antiquark side of the gap)

will be calculated.

The ADM for two gluons on the left I'; is:

S A (Yl + |yl [0 —0)|) TiT
(i<j)eL
(3.1)

N =

1 1
Do = SYTy 47 Y p(Y:2ni)T7 +
2 4 £

Therefore identifying g and g as partons 3 and 4 and the gluons as partons 5

and 6 respectively, (with T; = T3+ T 5+ Tg), transforms the ADM to:
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1 1 1 1
r, = QY(T3+T5+T6)2+ZP(Y;2|y3|)T§+ZP(Y;2|y4|)Tﬁ+ZP(Y;2|y5|)T§
1 1
+ Zp(Y;2|y6|)T§+§)»(Y;|y3|+|y5|,|¢3—¢5|)T3.T5

1 1
+ 57» (Y3 ly3|+|yel, 93— ¢6|) T3.T6+ 57» (Y3 lys|+ |yl |95 — d6]) T5.Te

Thus the colour operator combinations required are:

T3,T5.T5,T3.Ts,T2,T5.T¢(as T3 =T3and T2 = T2).

Therefore:

1
r, = 5Y(T§+2T§+2T3.T5+2T3.T6+2T5.T6)
1 2 1 2
+ Zp(Y;2!y3DT3+ZP(Y;2\y4|>T3
1 2 1 2
+ Zp(Y;2!ysDT5+ZP(Y;2\y6|)T5
1 1
+ EA(Y;!)BH|y5\7\¢3—¢5|)T3-T5+§7L(Y;IY3|+IY6|7\¢3—¢6|)T3~T6

1
+ EA (Yslys| +[vsl s |95 — ¢6|) T5.T6

Each of these combinations needs to be evaluated for each combination of basis

tensors i.e. I'; for two gluons out of the gap is a 3 by 3 matrix.

(e1[Tafer) (er|T2]ex) (er|T2]e3)
(e2[T2fe1) (e2]T2fe2) (e2]T2]e3)
(e3|T2]e1) (e3|T2fex) (e3|T2]e3)

Thus for each matrix element we require the components

<Cl' | T%,Tg.T5,T3.T6,T§,T5.T6 | Cj>.
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Two Gluons Outside The Gap t3.t3

Figure 3.3: Two Gluon Outside The Gap Dressing

For (¢; | T3 | ¢1) the following inner products are needed:
(€1 |T3,T5.T5,T5.T6,T3,T5.T6 | c1). The T3 operator is —t, therefore the T3

element is (see Figure 3.3):

1

(OapOt) = == (Owp) (Out) thimthmn

(‘%b&cn)ﬂ< (_thlm) (_thmn) 24

1 1
v/ 24 v/ 24
= Stpimthmi

4
3

The T's operator is —if,, thus the T% element is:



1 «( . 1 1
e (8e61)™ (—ifnga) (—ifheg) NG (0apOu) = 21 (Okk) fhgb fnbe
_ 9,
g
= 3
The T5.T 5 element is thus:
1 . 1
NGri (8¢60m) " (—thim) (—ifhga) NG (0apOr) = 0
as OmOxithim = thmm = 0
The T5.T ¢ element is:
1 . , 1
\/ﬁ <5ag5km) (_thlm) (_lfhgb) ﬁ (6ab6kl> = 0
as 5km6klthlm = thmm = 0
The T5.T ¢ element is:
1 £ : 1 1
Vi (8egOit)" (—ifhea) (—ifngp) 7 (Oapbp1) = ~52 (Okk) fngbJngh
3
= —— (39
= -3
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Thus:

Iy

14
5Y(3+23+20+20-23)

1P:20ys)) (g) +4p(r2) (g)
%p(y;2|y5|) (3) +%P(Y§2|)’6|) (3)

1 1
S (Vilyal 4 [ysl 163 = ds]) (0 + 52 (V3 [yal + Iyel .93 — d) (0

1
34 (Vslys| =+ [ys| - |95 = s [) (=3)

21 1 3 3
3V + 305200+ 30(V320val) + 20(V32ys)) + 7p(Y32ye)

3
> (Y51ys|+1ysl, @5 — ¢el)

where the i and j indices on I'y;; specify the base tensor combinations.

For (¢ | T212 | ¢2) the following inner products are needed:

(¢1|T3,T3.T5,T3.T6,T3,T5.T¢ | c2)

The T% element is:

1 " /3
ﬁ(aabak;» (_thlm) (_thmn> %(dcabtckl) = 0

as 5badcab =dcaa =0

The T% element is:
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1 5/ . 3
ﬁ(éebékl) (—ifhga) (—lfheg)\/%(dcablckz) =0

as Optek = tekk = 0

The T5.T 5 element is:

1 . 3 1 /3.
ﬁ ((Sgb(skm)>|< (_thlm) (_lfhga) % (dcabtckl> = ﬁ Elfhgadcgathlmtcml
0

as ifhgadcga - 0

The T5.T ¢ element is:

1 " . 3 1 3.
ﬁ(éagékm) (—thim) (—ifngp) \/ E(dcabtckl) = ﬁ-\/ %lfhabdcabthlktckl
0

as ifhabdcab =0

The T5.T ¢ element is:

3
(6eg6kl>* (_ifhea> (_ifhgb) an (dcabtckl) =0

1
24 20
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as Optek = tekk = 0

Thus:
I'yip = 0

For (¢ | T213 | ¢3) the following inner products are needed:

(¢1|T3,T3.T5,T3.T6,T3,T5.T¢ | c3)

The T3 element is:

(6ab6kn)* (_thlm) (_thmn) (ifcabtckl> =0

1 1
V24 V12

as 6bafcab = fcaa =0

The T% element is:

(6eb6kl)* (_ifhga) (_ifheg) (ifcabtckl) =0

1 1
V24 V12

as Opafeab = feaa =0

The T3.T 5 element is:
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1

1 ) | B
NG (8e60km)™ (—thim) (—ifhea) Niv) (ifeabtek) = _T\/Ethlmfheaf caetem

b (o
- 12\/5( D) )fheafcae

1
24\/§fceafcae

1
= —m (—30cc)

5=

The T5.T ¢ element is:

1 x : . 1
ﬁ <6aeékm> (_thlm) (_lfheb) E (lfcabtckl) = _mthlmfhabfcabtcml

B 1 Ope
- _m (7) fhabfcab

1
- T\/ﬁf cabf cab

— _; (3§CC)

24+/2
1
V2

The T'5.T ¢ element is:

\/% (8egSkt)" (—ifngh) (—ifhea) \/% (ifcapters) = O
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as Olers = tekk = 0.

Therefore

1

1 1
r = V|2—&4=-2—F%

]
+ A (Yslysl+ysls |93 —

2

= A Y ly3|+1ys| s |93 — os])

2f

¢5|)7

1
A (Yslysl+ |yl . [¢3 — ¢sl) (ﬂﬁ)

(Y;|Y3| +1ys|, [¢3 — ¢6])

For (¢ | T2, | €2) the following inner products are needed:

(¢, | T3,T5.Ts,T

3.T6,T3,T5.Tg | 2):

The T3 element is:

3

* /3
E (dc’abtc’kn> (_thlm) (_thmn> E (dcabtckl)

The T% element is:

49

3
% dc’batc’nkthlmthmndcabtckl

3
%dc’ba c'nk ( 5ln) dcabtckl

—toitckide baleab

5
1 /6.~
g (%) dc’ badcab

1
E dcba dcab

1 5
10°3%¢

Wl &



/3 «( . 3 3
E(dc’ebtc’kl) (_lfhga) (_lfheg) E(dcabtcko = _%dc’betc’lkfhgafhegdcabtckl

3 S,
= - %dc’be <%) fhgafhegdcab
3
= - Edcbefhgafhegdcab
3
= - mdcbe (_fahgfehg) deap
3
= _Edcbe (_36616) deap
9
= Edcbadcab
9
= Edcabdcab
95
= 203
= 3

The T3.T 5 element is:

3 " . /3 3i
% (dc’ebtc’km) (_thlm) <_lfhea> % (dcabtckl> = 2_0dc’betc’mkthlmfheadcabtckl
3i 5
= %tc’mkthlmtckl gfhc’c

5
as fheade'pedcab = thc’c

then
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3i 5 1
%-gtc’mkthlmtcklfhc’c = gtckl

. 3
as Tpimlc'mk (lfhc’c‘) = —5lcik

SO

16 ckltclk 16- )
B 3
4
The T5.T ¢ element is:
3 N )
% (dc’aetc’km) (_thlm) (_lfheb> % (dcabtckl> =
as fhevdeapdeea = _%fhcc’
then
3 5 o

50 gtc’mkthlmtcklf hee! — gtckl

; 3
as tnimlemki fpee = Slclk

51

()

3

3i
%dc’eatc’mkthlmfhebdcabtckl

3i 5
Etc’mkthlmtckl - gfhcc’

3
Etclk



SO

16 ckltclk — 16" 2
B 3
4
The T'5.T ¢ element is:
3 . , 3 3
% (dc’egtc’kl) (_lfhea> (_lfhgb) E(dcabtcko = _%dc’getc’lkfheafhgbdcabtckl
3 S0t
= _%dc’ge (%) fheafhgbdcab
3
= _Edcgefheafhgbdcab
3
= _Efehafhbgdgcedcab
3
=  TrJeahJhbgtlgceleab
40f Jibgdgced
33
= _m-idabcdcab
as feahfhbgdgce = _%dabc
SO
9 9
_%dabcdcab = _%dabcdabc
95
= -2
80°3
B 3
2
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Therefore

3 3 3 1 4

T = sv(2423-22 23 03 L oo (2) + 2 o2
22 = P\ TP T e T ey T g ) TP el 3 ) TPl 3

3
) A (Y5 |ys| + sl s |¢3—¢6|)( 4)

2

= 2y gp0ri2ll) 4 3p(:2lyal) + (12 )s]) + 3 p(7:2ye)

3 3
- gl (Y5 lysl +[ysl |3 —¢5|) - gl (Y;|y3| +|ysl, |93 —¢6|)

3
- ZA (Y5 |ys|+ |vsl, |95 — ¢6])

1 1
+ gp(i2lys[).3+ 7 p(Y:2]6)).3

4>|w

1
t 3 A(Y5|ys|+1ys| . |3 — ¢s))

I\)IUJ

l
t 3 A(Y5|ys|+ el s |95 — ¢sl)

/\/—\

For (cy | T'223 | €3) the following inner products are needed:

(¢2| T3,T3.T5,T3.T6,T3,T5.T¢ | c3)

The T3 element is:

3 1 . i
% (dc’abtc’krt)* (_thlm) (_thmn> \/ﬁ (lfcabtckl) = mdc’batc’nkthlmthmnfcabtckl

= 0

as dc’bafcab = dc’abfcab =0
The T% element is:
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3 « /. : . i
E (dc’ebtc’kl) (_lfhga) (_lfheg) ﬁ (lfcabtckl> = _mdc’betc’lkfhgafhegfcabtckl

Oc'c
= 4\/_ ’be ( ) fhgafhegfcab

= — ﬁ cbefhgafhegfcab

i
= S—ﬁdecbfacbfhgafheg
=0
as decbfacb =0
The T3.T 5 element is:
3 ] : 1. 1
% (dc’ebtc’km) (_thlm) (_lfhea> \/? (lfcabtckl) = _mdc’betc’mkthlmfheafcabtckl
1
= _m detpe fheaScab-— (lfchc +depe)
as Lexithimt /' mk (lfchc +dchc )
SO
1 .
_mdc’befheafcab (l che’ +dchc’) = 16\/_ (ldc beSneaScabSfene + derve fheafeabdene )

dealing with the first part of the expression initially:
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as fheafabcfcc’h =

then

as debc’ f ebd — 0

idc’ bef heafcabSehe'

3
- jf ebc’

5 dc’ bef ebc’

_idc’befheafabcfcc’h

. 3
= _ldc’be <_§febc’>

= 5debc’ f ebc’

dealing now with the second part of the expression

dc’ bef heaf cabdchc’

= dc’befheafabcdcc’h

3
= dc’be (_Edebc’)

3
- = Edc’ bedc’ be

35
= 56’0’

23
= —20
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therefore

_%\/gdc’befheafcab (ifchc’ + dchc’) = _ﬁ (_20)
5
= 4\/3
V5
T4

The T5.T ¢ element is:

3 « . . 1
E (dc’aetc’km) (_thlm) (_lfheb> \/ﬁ (lfcabtckl) = _mdc’eatc’mkthlmfhebfcabtckl
1
= _4\/5 eaShebfeab-— (lfc reh +der ch)
as Legithimlc'mk (lfchc + dchc )
SO
1 .

- mdc’eafhebfcab (lfc’ch + dc’ch) = 16\/_ (ldc eafhebfcabfc 'ch + dc eafhebfcabdc’ch)

dealing with the first part of the expression initially

idc’eafhebfcabfc’ch = _idc’eafhebfbacfcc’h

= cea< feac)
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3
as fhebSoacSech = — jfeac’

then
3i 3i
Edc’ eaf eac — Edc’ eaf cea
=0

as dc’eafc’ea =0

dealing now with the second part of the expression

dc’eafhebfcabdc’ch = dc’ch <_fehbfbcadac’e)

3
= dc’ ch (Edhcc’ )

3

= Edhcc/ dhCC’

3/5
=2 (5%)

= 20

therefore

- ﬁdc’befheafcab (ifchc’ + dchc’) = - %\/g (20)
_ 5
= 4\/§
W5
T4
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The T5.T ¢ element is:

3 ) | i
20 (dc’eg c’kl) ( lfhea) (_lfhgb) ﬁ (lfcabtckl> = _mdc’getc’lkfheafhgbfcabtckl
i Oy
= _mdc’ge <%) fheafhgbfcab
i
= _Vdcgefheafhgbfcab
3
= 8\/_ cab fcab
=0
as dcgefheafhgb = %dcab and dcabfcab =0
Thus
1 5 5
Tpy = S¥(0+20+2. % 2, £+2 0)
1 1 1
+ ZP(Y;2|)’3|)-O+ 1 PY32ya]).0+ 2 p(¥:2]ys]).0
\/_

+ 4P(Y 2|}’6|>0+2)‘(Y 3|+ 15|, |93 — ¢s]) . —

1 5
+ E)L (Y3 |y3|+ el s |93 — d6]) <—§> +§7» (Y |ys| +|vel » |d5s — ¢s|) .0

5 5
= %A(Y;Uﬂ +|ys|, |93 — s]) — %A (Y3 [y3] 4 |vel » |93 — ds])

For (¢35 | T'233 | ¢3) the following inner products are needed:

(¢3|T3,T3.T5,T3.T6,T3,T5.Tg | c3)
The T% element is:
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1
(ifc’abtc’er)* (_thlm> (_thmn> \/11—2 (ifcabtckl)

S

where (ifupe)" = (ifach)

therefore

L 1 1
V12 (lfC’abtcl’kn)* (_thlm) <_thmn) \/ﬁ Ofcﬂlbtckl) - _EfC’batc’nkthlmthmnfcabtckl

1 4
- —Efc’batc’nk <§5ln> fcabtckl

1
= - _fc’batc’nkfcabtckn
9

1 (%
= _§fc’ba <%) Jeab

1
- Efcbafcab

The T% element is:
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1. _ : r . 1
ﬁ (lfc’ebtc’kl> (_lfhga) (_lfheg) ﬁ (lfcabtckl> = Efc’betc’lkfhgafhegfcabtckl

1 6c’c
= Efc’be (T) fhgafhegfcab

1
= _fcbefhgafhegfcab
24
1
= - ﬁfcbefahgfehgfcab
1
= - ﬁfcbe (366!6’) fcab
1
= - gfcbafcab
1
- 73 (—36cc)
=3
The T5.T 5 element is:
| B " . 1 . i
\/ﬁ (lfc’ebtc’km) (_thlm) (_lfhea> \/ﬁ (lfcabtckl) = _Efc’betc’mkthlmfheafcabtckl
i (3
= _E Efc’hc Lermithimt cki
as fopeSneafcap = %fc’hc
then
i 1/3
—gf Chelemitnimlek = =g \ Sthml ) thim
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- 3
as temitekt (ifne) = Stnmi

then
3 3 (S,
16 hmlthim 16 )
_ 3
4
The T3.T ¢ element is:
. x . . i
ﬁ (lfc’aetc’km) (_thlm) (_lfheb> \/ﬁ (lfcabtckl) = _Efc’eatc’mkthlmfhebfcabtckl
i 3
= _E (_ifc’ch> Lokt him? cki
as foeafnebSeab = _%fc’ch
then
i 1 3
gfc’chtc’mkthlmtckl = g _ithml Thim
as ekl ekl (ifc’ch) = _%thml
then
- 3 [ Oun
16 hmlthim 16 >
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The T5.T ¢ element is:

1. . . 1. 1
\/ﬁ (lfc’egtc’kl) ' (—ifhea) (_lfhgb) \/ﬁ (ifcaptert) = Efc’getc’lkfheafhgbfcabtckl
1 Ot
= ﬁfc’ge (%) fheafhgbfcab
1
- ﬁfcgefheafhgbfcab
1
- ﬁfgcefeahfhbgfcab

1 3
= ﬁ (_Efcab) fcab

1
= —E (366C)
3
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Thus:

1 3 3
it ()
+ Lo |>‘—‘ Loty 2
4P y3 3 4 Y4 3
1 1
+ ZP(Y22!y5\)-3+4 p(Y;2]ys|).3
1 3
“A(Y: 2
+ 2“ s|yvs| -+ 1ys) s |93 — ¢s]) ( 4)
1 3 3
+ E)"(Y;b’3|+|y6|v‘¢3 3) ( Z) A(Y;lys|+ysl |¢5—¢6D( 2)
2 1 3
= 3¥+3p p(Y;2]ys|) + ( ;2 [yal) + (Y 2ys|) + (Y 21ys])
3 3
- g)‘(Y;|y3|+|)’5|7|¢3_¢5|)_g}‘(Y;|J’3|+|)’6|:|¢3_¢6|)
3
— Z)‘(Y;|J’5|+|y6|a|¢5_¢6|)

The ADM is clearly symmetric and thus the full matrix for two gluons emitted

on the left I'y; is:

Y + 303+ 304
+%P5 + %P6 0 2—\15)»35 - 2—\1/5)%6
—3As6
Y4303+ 304
0 +305+ 306 — 335 %A% — %A%
—3 236 — 3As6
2Y + 303+ 504
55— 2\/ s — % s +305+ 306

3 3 3
—3A35 — gh3e — 756
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where the arguments have been omitted for clarity.

3.2 Out Of Gap Gluon Emission Matrices

The I matrices calculated above add the virtual in- gap gluon dressing to the
amplitude on which they act. For the zero gluons outside the gap case they are
the only element needed. For the case of one and two gluons outside the gap it
is necessary to calculate the out of gap gluon emission matrices. The out of gap
gluon emissions matrices may either add a real gluon D, (where n is the out
of gap gluon, a is its colour index and u is the Lorentz index) or an eikonal y
(real part of a virtual gluon - after integrating over rapidity and azimuth) gluon to
a basis, the I matrices then dress the result. Using the appropriate sequence of
D, y and I" matrices allows the corrections from emission and subsequent in gap

dressing of any number of out of gap real gluons.

3.2.1 The D Matrices

Each Dy, matrix increases the dimensionality of the colour space on which it
acts by one [5]. The bra basis tensor must therefore have one more gluon index
than the ket basis tensor. Two D, matrices need to be calculated. Dy, adds a

real gluon to gg whilst D4, adds a (second) real gluon to ggg.

64



DOau

TheDy,,, matrix calculation is <qqg | Doy | qq>. The gq basis ¢ is %6;{1 (by

colour conservation) whilst that of ggg, c is %takl .

Dy, is given by [5]:

2 Tq.hiy

1

where:

1. piu
hip =~k
" 2 Tpl'.k

(3.2)

(3.3)

and k7 is the transverse momentum of the emitted gluon, p;, is the 4 momentum

of the i emitting parton and k is the 4 momentum of the emitted gluon.

Therefore identifying g and g as partons 3 and 4 respectively and the gluon as

parton 5, means the colour calculations <c/ | —t, | c> and <cl |2, | c> are needed.

For <c/ | —t, | c> the calculation is (see Figure 3.4):

(%takm)* (—taim) (%@d) =
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Figure 3.4: Primary Out Of Gap Real Emission

And <c’ 2. | c>

1 ¥ 1 1

5 Lami Lamk % 6kl = mtakmtamk
1 ( Oua )
= 2\/§ 5
B 2
V3

Therefore

2

Doy = 7 (hap —h3y) (3.4)
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Figure 3.5: Secondary Out Of Gap Real Emission

Dlau

The Dy, matrix calculation is <qqgg | Digy | qqg>. The ggg basis (now redes-
ignated ¢) is as above whilst there are now three basis vectors for gggg, (as
used previously in the two gluon outside the gap calculations) €} = ﬁéabékl,
ch= \/%dc/abtc/kl and ¢} = \/%i Ffapter- T3 and T4 are the antiquark and quark

operators as above, whilst Ts = —if .

(1| T3+T4+Ts|c)
Digy is thus the 3.1 matrix | (¢} |T3+T4+7Ts|c)
(€5 | T3+T4+Ts|c)

The following results are therefore needed: (¢ | —t, | ¢) (see Figure 3.5)
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1 1

% 1
—2(5ac5km) (_talm>§(tckl) = _z—mtalktakl

=

_ _;(%)
o 2v24\ 2
1

{er]tale)

1 1
ﬁ (6a66ml)*tamk§ (tckl) = 2—\/ﬁtalktakl

(€ | —ifalc)

1 1 i
—— (8p011)" (=i — (¢ = ————fuact,
\/ﬂ( ab kl) ( fabc) > ( ckl) szaac cll
=0
as both f,,. and z.;; are zero.

(e[ —tal€)
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* 1 1 3
% (dc’actc’km) (_talm>§(tckl) = _5 z_dc’catc’mktalmtckl

5
_E Etalmtaml

5
as tc/mktCkldclca = gtaml

S35 3 (O
12\ 20 @imtam 12V2\ 2
(c)|talc)

* 1 1 /3
%(dc’actc’ml) tamki (tckl) = 5 z_dc’catc’lmtamktckl

contracted as above, therefore

1 /3 5 3

5 z_dc/catc/lmtam/CtCkl = E %lclktckl
_ 5 /3 (O
o 12V2 0\ 2
_ ]2
N 12

eyl —ifalc)
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3 i /3
E(dc/abckl) ( lfabc) (ckl) = _5 0 Cbafabcclkckl

= 0

as dc’bafabc = dc’abfcab =0

(ch|—ta]c)

\/—— (lfclac ¢ km) ( z‘alm) % (tckl) = i

1 3
——. =t
2\/5 2 amltalm

as —i c catclmktCkl = %tﬂml
it t = i (%)
4\/ﬁ amltalm 4\/ﬁ >
3
V12
(¢s]ta] €)

1 i
\/_ (lfc/ac c ml) amki (tCkl) = 2—\/ﬁfc’catc’lmtamktckl
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contracted as above, therefore

3
———t il
4 \/ﬁ amk*akm

- (¥

I
2—\/ﬁf gl imtamkleki

N
%wﬁ
(\9] p—

\®)

<C/3 | _ifa | C>

| =

. . 1
(lfc/abtc/kl) ’ (_lfabC) (tCkl) = ﬁfc’batc’lkfabctckl

1
V12

1
_zm (366IC) tcllktCkl

as fc/bafabc = _fc’abfcab = 366IC’ therefore

1 3
— Tﬁ '3aclctc/lkt0kl = — Wtclktckl
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Therefore
1 1
Vol gl

Dy = NEVY EV, (35)

3 3 V12
Jplut sl — 77 hsu

3.2.2 The y Matrices

Two y matrices need to be calculated.y,, adds a virtual (eikonal) out of gap gluon

to the gq final state whilst ¥, adds a virtual (eikonal) out of gap gluon to ggg [5].

where:

Pi-Pj

1
1 2
wi=ih h. = _kr U7
R 2 T(pl-.k) (pj.k)

For y, therefore, only the T'3.T4 operator combination is needed. As the vir-
tual gluons do not change the dimensionality of the colour space the basis tensor in
the bra and ket is the same and so the colour element required is (¢ | —1 (—t4.ta) | €)

(see Figure 3.6) where ¢ = \/Lgékl.
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Gamma 0 t3.t4

Figure 3.6: Calculating ¥,

<C | —% (—Ia.ta) ‘ C> = % (6nm)* (_talm)tank% (6kl)

— =T ml,
3 almtaml

_ 1 (%
3\ 2
4

3

Therefore:

L
Yo = 2 3 W34
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For the y, matrix the T3.T4 T3.T5 and T4.T 5 colour operator combinations

are needed. The colour element required is therefore

<c | —%(—ta.ta+(—ta)(—ifa)+ta(—ifa)) \c>, where ¢ = %tckl. The T5.Ts

combination has already been calculated for I'; one gluon outside the gap and

. 3
1S -3

The T4.T 5 calculation is:

(c[ta-(=ifa) | €)

The T'3.T 4 calculation is:

(e —tgty|c) =

as femnlanklcki = _%taml, therefore

l (teml>*thmk (_ifhec> (tckl>

2

N =

1 .
Ztelmthmktckllfhce

1 3
Ztelm - Eteml

- gtelmtekm

1 ¥ 1
Etcnm (_talm> Lank Etckl

- Ztcmntckltalmlank

1 1
4 - gtaml Lalm
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1

ﬁtamltalm = ﬁ
1
6

therefore:

1 3 3 1
i = 75 (—§w35—§w45+6w34)
3 1
= Z(w35+w45)—5w34

3.3 Zero,One And Two Gluon Out Of The Gap Cross-
Sections

Having calculated the matrices for adding real and virtual gluons outside the gap
and the virtual in gap dressing of these expressions, it is now possible to calculate

the cross-sections.

3.3.1 Zero Gluons Outside The Gap

The amplitude M for zero gluons outside the gap is [7]:
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2 [Qdk
M = exp (—— —TasI‘o) M,
JU Qo kT

2 (9 dkr 2 1 1
= 2 e (Zy+-p(Y.2 —0(Y,2 M
exp (2 [Pl (3732l + 30 (120 ) ) Mo

where M is the Born amplitude. The limits of integration correspond to the

in-gap region at transverse momenta above Qg and thus capture the virtual

dressing.
As
23| =2|ys| = Ay
(7]
then
2 2
Iy = (§Y+§P(Y,|A)’|))

and

2 (Cdkr (2, 2 a. Q (4. 4

2 Lo (ZY+Zp(,|A = Zmn=(=Y+-p,A

2 e (Gregeminn) = ~Zn (Srefocria)

The cross-section op=M"'M. Expanding M as a perturbation series in powers

of ay, withTo =(3Y + 3p (Y, |A])), to 0 (ay)’ gives:
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if

then

M =

SO

= ln—Fo

1, 1
(1 +a+5a2+ ga3) M,

1, 15\ 1, 14
o) = (1+a+—a —|——a) (1—|—a+—a +—a

2

as I‘g =Ty, thena' =a, so

to O (ay)’ .

(
(

6 2 6

2
1 1
l+a+ Eaz + 8613) M(T)Mo

4
1+2a+2a>+ §a3) M(T)Mo
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3.3.2 One Gluon Outside The Gap

The cross-section for one gluon outside the gap is composed of two elements one

real Qx and one virtual Qy .

2 Qdk dyd¢ d

The explicit integral is over the phase space for the out of gap gluon. Qp in-
volves the global dressing of the quark-antiquark pair (I'y) at transverse momenta
from Q to k7 followed by the emission of a real out of gap gluon Dy, at trans-
verse momentum k7 and then the subsequent non-global virtual dressing of these
three partons by I'j from transverse momenta k7 to Qo (see the left hand frame of
Figure 3.7 where the secondary virtual gluon is understood to dress the three real

partons in all possible ways).

205 (Cdky &\ 20 [ dkT :
Qr = — —1“ D —~ !

205 " di 20 (€ dk’T :
— —Ir,|D — —ITy | MM,
€Xp < - /Qo K, 1) 0u €XPp < - /kr K, 0 | MoMo

with the k7. integral being over the in-gap dressing.

Qy also involves the global dressing of the quark-antiquark pair (I'y) at trans-
verse momenta from Q to k7 followed by the emission of a virtual (eikonal) out

of gap gluon ¥, at transverse momentum k7 and then the subsequent non-global
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Real And Virtual Gluon Dressing

Real Virtual

v uu

Figure 3.7: Dressing Of One Gluon Outside The Gap

virtual dressing of these three partons (though there are no virtual emissions from
the eikonal gluon) by I'g from transverse momenta k7 to Qg (see the right hand
frame of Figure 3.7 where the darker virtual gluon in the virtual frame represents

the eikonal emission).

20 (Cdk, 2a, [T dk/,
Qy = MMyexp( -2 [ Z1r 2% / T
1% oMo exp ( 7 Jo, K, o | €Xp 7 Jo, K, 0|%Yo

20 (9 dK,
exp| — % / —,Tl"o + complex conjugate (c.c.)
T Jkr kT

The presence of a power of a; for the out of gap gluon means that the in-gap
dressings only need be expanded to O (ozs)2 , to have an overall expression to

0 (ay)’.
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Rearranging Qg gives:

D}, Do M{Moexp (—25 [€ 47Ty

exp (2 fg7 G ) exp (26 ) T ) exp (2 [ o)

now

2
D; (hap — h3u)T V3 (hay —h3p)

OuDOM =

[OSTEN
5

OOUJI-PUJI-PG\
N
=

_ h4Mh3M — h3Mh4M + h%u>
— (haphsy +hauhay)
—3 (23uhay)

4

= —Zw3
3

as h3 w= hfm = 0 for massless particles and w;; = 2h;.h;.

Dealing with the exponents, noting that I'=TyandT J{ =TI'; and performing the

k7. integral, leads to:

2 2 2 2
exp (—iln kgl"o) exp (— % In Z—TI‘I) exp (— % In Z—TI‘l) exp (— gs In 21"0
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where
4 4
= (3r+ 3o i) 35)
and
2 1 1
r, = §Y+§P(Y;2|ysl)+§P(Y;2|Y4|)

3 3
+ ZP(YQ\YSD - ZA (Y5 lys|+ |ys|, |93 — ¢s])

supressing the full arguments for clarity.

expanding the exponents in powers of o, to O (as)z with b = — 4% In %I‘l and

4ay .
a= —%ln%[‘o then:

1
exp(a+b) = 1+(a+b)+§(a+b)2
2 2
b
= 1+a+b—|—a + +ab
therefore
2 2
a“+b
Qr =2y (1+a+b+ +ab)MgMo
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¢ i
QV = ¢c&Xp (— . 0 EI‘O)
0

erforming the k/. integral, recognising T " =T, putting in the explicit
p g T g g

expression for ¥, and therefore recognising that (QV)T =Qy.

fe=(-25mgT).d= (-2 InfT) andc = (~%In 2T ) then

expanding the exponents to O (x)? as

1 1 1
exple+d+c) = l+e+d+c+ 562+§d2+§c2+ed+ec—l—dc

Therefore

4 1, 1, 1
Qy = s 0n <1 +e+d+c+§e2+§d2+§cz+ed+ec+d0) MMy (3.7)
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Then

204 /QdkT / dyd¢

4 a*+b?
MgMo(—§w34(1+a+b+ > —|—ab)

4 1 1 1
3034 (1 +e—|—d—|—c+562+§d2+562+ed+ec+dc))

Note that y = y5 and that only » depends upon y. Also note that the integral
over y is convergent as y — o since in that limit 'y = I'y, b = 2d and a = 2¢ and
the integrand vanishes.

As a further check that the Dy, and ¥, matrices are correct, with the exponents
set to zero, i.e. the undressed cross-section for one gluon outside the gap, we

would have:

20 Q dk dyd 4 4
o = / T/ DL Mo (—§w34<1>+§w34<1>)
out

which is a statement of the Block-Nordsieck theorem (see Figure 1.1).

3.3.3 Two Gluons Outside The Gap

The cross-section for two gluons outside the gap is:
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o = (2% /"” dkar / dyrdg, <_2as Q dkyy / dy1d¢1)
T Joy kot Jow 27 T Jo, kit Jow 27

X (Qr+ Qv + Qrv)

where the k17 and k7 integrals refer to the first and second out of gap gluons
respectively and ky7 > ko7 . This calculation is being carried out to O (ocsz) and
thus there is no in gap soft gluon dressing. For this case there is a more complex
structure to the €2 functions, with both a purely real, purely virtual and a mixed
real-virtual component (in which the real emission maybe the first or second
emission). This corresponds to the two gluon diagram cut in all possible ways.

The emission matrix combinations needed are tabulated below:

Table 3.1: Emission Matrix Combinations
| My | Dy (k2) Doy (k1) [Mo) |

M, | yo(k2)yg (k1) |Mo)

M; | ¥, (ka) Doy (ki) M)

My | Doy (k2)¥o (k1) [Mo)

M; Yo (k1) [ Mo)
Mg Dy, (k1) |My)
M, 1|My)

The required inner products are therefore as tabulated below:

Calculation of the inner products is as follows:

MM,
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Table 3.2: Two Gluon Outside The Gap Amplitudes
L M [ M | M | My | M5 | Ms | Mo |

MI MIMl + + + + + +
M; + + + + + + M;Mo
M; + + + + + M§M6 +
MZ + + + + + M1M6 +
M; + + + + M;MS + +
Mg + + M;Mg M2M4 + + +
Mg + MgMz + + + + +
MM, = (Di, (k) Doy (k)" (D1 (k2) Doy (k1)) MM,

For clarity the transverse momentum dependence is omitted until the Lorentz

index is contracted.

Now (Dlv (kQ)D()M (kl))T (Dlv (k2>D0u (k1>) =

;
- Jghav — 1 Tl
% (h4u_h3u)T \/7h4v \/7/13\/
\/%}Mv‘i‘ﬁ \FhSV
! Jehav — Lh

2
X \/7}14\/ \/7h3v ﬁ(h%_h?’u)

3
\/Th‘“’ + ﬁ h3y — ghw
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2
2 2
- % (h4“ _h3“) ((\}gh‘w N \}ghg,\/) < V 152h4v -V 152h3v)

3 3 V12 3 3 V12
+ | =hay + —=h3y — ——hsy | | —=hav + —=h3v — ——hsy
V12 V12 2 V12 V12 2

1 5

3
(—2h3hay) (_§h3vh4v - 6h3vh4v + §h3vh4v — 3 (havhsy + h4vh5v))

(OSTRE N

8 1
= —§h3uh4u (§h3vh4v —3(h3yhsy + h4vh5v))

— —§w34 (k1) (%wm (ky) — % (35 (k2) + wys (kz)))

- _gwm (k1) @34 (k2) + 234 (k1) (@35 (k2) + @45 (k2))

Therefore
2
MM, = (—§w34 (k1) w34 (ko) + 234 (k1) (w35 (k2) + cwas (kz))) MM,

MM,
MM, = (1) (yo(k)yo (ki) MM
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as

2
Yo = 3034
then

M:SMQ = ((1)34 (kl) W34 (kz))Mg;Mo

Ol &~

and it can clearly be seen that:

MM, = MiM,

MiM;
MiM; = (Do, (k1)) (v, (k2) Doy (k1)) MMy
now
(Do () () (k2) Do () =~ (s — i)'

(3.8)



(—w34 (k1)) (% (35 (k2) + ays (k) — 11—20034 (b))

w34 (k1) 034 (k) — w34 (k1) (w35 (k2) + w45 (k2))

O| — W|H

Therefore
1
MiM; = (§w34 (k1) w34 (k) — w34 (k1) (@35 (ko) + w45 (’Q))) MM,
and it can clearly be seen that:

MiM; = MM (3.9)

MM,

M2M4 = (DOM (kz))T (DOH (/Q) Yo (kl)) M:SM()

The (Do u) Toperator has k> dependence here to conserve momentum across the

cut.
Now
2 2 2
(Do (k2)) " Do (k) ¥o (k1) = (s = ha) 7= (s = ) G054 (K1)
8
= —§w34(k2)w34(k1)
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therefore
i 8 i
M6M4 = —§(1)34 (kl) 34 (kz) M()MO
and it can clearly be seen that:
MM, = MM (3.10)

MiM;

MIMs = (v, (k) (v (ko)) M{M
now

) otk = (omw) (Zosien)

4
= 5034 (k1) w34 (k2)

where k» is used after the re-expression of the double transverse momentum

integral (see below).
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Therefore

4
MiM; =534 (k1) w34 (ko) MM

The double integral ( /, 5(1)1 ‘2’;—2:) ( i) 5) 62?—‘;) may be re-expressed as

(L) (L)

2\ Jo, kor 0, kir )
With the range of intergration for both k7 and k7 being now over Q to Q.
This introduces a factor of % before MTMI;M;MO,MSMQ;M§M6,M2M3 and
M1M6,M2M4 in evaluation of the cross-section. Given that M;MO,M§M6 and
MZ;M6 are equal to their Hermitian conjugates then the factor of % is mitigated by
the pairing. As the argument of both y,’s runs over the full range of Q to Qo there

is no factor of a % before the M JSrM 5 expression.

Therefore
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1
(Qr+Qv+Qry) = MM +MMy+MMs+MM¢+M,Mg

2

_ G (‘%“’34 (k1) w34 (k2) + 234 (k1) (35 (k2) + 45 (kz)))
+ g (w34 (k1) w34 (k2)) + gwm (k1) @34 (k2)

4 %“’34 (k1) @34 (k2) — w34 (k1) (035 (k2) + 45 (k2))

_ gw34(k1)w34(k2)> MM,

— <—éa}34 (k1) 34 (k2) + w34 (k1) (w35 (k2) + wss (k2))

4 %W (k1) 34 (ka) — g (k1) (@35 (ka) + s (k2))

4 g(‘”% (k1) w34 (k2)) — gam (k1) w34 (kz>) MM,

=0

Therefore to O (a)*:

0'220

As for the undressed cross-section for one gluon outside the gap this cancella-
tion is a further manifestation of the Bloch-Nordsieck Theorem and again provides

a check of the emission matrices.
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Chapter 4

Conclusion

The gaps between jets paradigm, with a cut-off in transverse momentum for ra-
diation within the gap, has lead to the discovery of both global and non-global
soft gluon corrections to the basic scattering amplitude. The use of the eikonal
approximation appropriate for soft gluons leads to logarithmic corrections of the
ratio of the hard to the veto scale. The complexity of the colour albebra has meant
that global and non-global leading logarithmic corrections to all orders have only
been performed in the large N, limit using the BSM evolution equation.

An alternative method of resummation of the leading logarithms is to calculate
the corrections coming from a small number of gluons outside of the gap, dressed
to an arbitrary order with in gap virtual gluons whilst keeping the full N, = 3
dependence.

This thesis has involved the calculation of the in-gap virtual dressing matrices
for zero, one and two out of gap gluons and the emission matrices for one and

two real and eikonal out of gap gluons. The calculation of the cross-sections, as
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corrections to the Born cross-section, for zero gluons outside the gap to O (as)3,
one gluon outside the gap to the same order and two gluons outside the gap to

O (ay)? has then been performed.

The cross-section for zero gluons outside the gap to O (« s)3 is:
2,4 3\
14+2a+2a —|—§a MM, “4.1)

_ s 0
where a = —=*In @FO.

For one gluon outside the gap the cross-section to O (« s)3 is:

204 /QdkT / dyd¢

MTMO (——OO34 (1—|—a—l—b—|— > —I—ab)

3

4 1, 1, 1,
—|—§w34 l+e+d+c+ Ee +§d + EC +ed+ec+dc
where a = —ﬁln kgl"o, b= —%lnﬁl‘l ,c=a/2,d= (—%ln%I‘o)
and e = < 205 1p £ Fo>

For two gluons outside the gap the cross-section to O (« s>2 is zero.

Due to time constraints the expansion to O (a s)3 for two gluons outside the gap
could not be included in this thesis. However the Anomalous Dimension Matrix

for the scenario of two gluons on the left has been calculated and is:

93



$Y 4303+ 304

+3 05+ 3 6 0 2—\1/5)\'35 - ﬁ?%
—3As6
2Y +503+5p4
0 305+ 306305 Bhss— P (4.2)
—3 236 — 356
2Y + 303+ 3P4
2\%?»35 - 2\%?»36 VI35 — s +305+ 306

3 3 3
—gh3s — gA36 — 7456

The final calculation needed to O (as)3 is the undressed cross-section for three
gluons outside the gap.

The undressed cross-section for both one and two gluons outside the gap is
seen to be zero as predicted by the Bloch-Nordsieck Theorem and provides a
useful check of the real and virtual emission matrices.

When completed to O ( as)3 for zero, one, two and three gluons outside the gap
and expressed in the general N, form, the cross-sectional corrections will provide
an interesting comparison with the Banfi-Marchesini-Smye equation predictions
carried out for large N,.

A better understanding of gluon radiation is particularly pertinent at the cur-
rent time. The search for the Higgs boson at the Large Hadron Collider includes

looking for Higgs production in association with two jets in a similar scenario to
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that of “gaps between jets”. Higgs production in this setting can occur via gluon-
gluon fusion and weak boson fusion. Gluon radiation is different in the two cases
and thus applying a veto on this radiation between the jets allows the weak boson
channel to be enhanced [11]. A clearer understanding of gluon radiation is thus
important in studying the coupling of the Higgs boson to the weak bosons in this

channel [12, 13].
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Erratum

1. page 13; para 3; line 1. After “where «jis the strong coupling constant”
add “which we take to be fixed throughout this thesis”.

2. page 13; equation 1.1. Change to read o = U()Z cpal In" (3) where

n=0 0

cpare the logarithmic coefficients.

3. page 81; equation 3.6. Change coefficients of Y and p from % to %

4. page 76; line 12. Discard equation:

Q
_2/ dkT%<2y+2p(Y’|Ay|)> - _O‘san(4

4
Y+ op(vA
mlo, kr “\3" 3 R G Tt yl))

5. page 76; line 14. In T’y :(%Y + %p (Y,|Ayl|)) change coefficients of ¥ and
p from % to % .

™

2 3
6. page 77;line 1. InM = <1 — (70‘7 In %I‘g) + % (70‘? In %I‘O) — % <7& In %1"0) > My
insert 2 before each a.

7. page 77; line 3. In a = —<=1In 5T insert 2 before a.

Q
Qo
Q

8. page 93; line 6. In a = —%=1In @I‘o insert 2 before ag.
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