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—+ Heald & Marion Classical em radiation 3rd edition (1995) Saunders College Pub.

(right level, covers course but Gaussian units, Blackwells, Departmental library]).

Barger & Olsson Classical electricity and magnetism (1987) Allyn & Bacon (out of
print, SI units, 538.3/B17).

Vanderlinde Classical em theory (1993) Wiley (SI units, covers most of course, uses
metric tensor, 538.3/V1)

Feynman The Feynman lectures on physics Vol II (1964) Addison-Wesley. (SI units,
530.4)

Alan M. Portis Electromagnetic fields, sources and media (1978) Wiley (SI units,
538.3/P26).

* Jackson Classical electrodynamics (1998) Wiley (Third edition has SI units for every-

thing except relativistic electrodynamics (Gaussian), advanced text, covers everything,
538.3/14)

SYLLABUS

[}

Linear Algebra Revision of vectors and matrices; basis sets and components. Index
notation and summation convention. Rotational invariance and cartesian tensors.

Electromagnetic Field Equations Maxwell’s equations and wave solutions. Defini-
tion of scalar and vector potential. Poisson’s equation and electro- and magnetostatics;
multipole expansions. Electrodynamics in Lorentz Gauge.

Harmonic Sources and Radiation Multipole radiation: electric (Hertzian) and
magnetic dipole radiation; slow-down of pulsars. Interaction of radiation with matter:
Rayleigh and Thompson scattering; propagation through plasmas.

Accelerating Charges Retarded potentials and fields. Lienard-Wiechert potentials;
fields around a moving single charge. Larmor power formula; synchrotron radiation;
brehmstrahlung.

Electromagnetism and Relativity Four vectors and tensors; relativistic dynamics.
Consistency of Maxwell's equations and relativity. Electromagnetic field tensor and
electrodynamics in covariant form.
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PC3642 Cartesian vectors and tensors

Vectors
Orthogonal unit vectors: %, ¥, Z or e;, ez, e3 (but not i, j. k).
They form an orthonormal basis: e;.e;=d;;; (=D FiE5 dp=1ifi=73)

The following all represent the same vector:

X I1€e) + Tze2 + T3e3 (21, T2, 3) E Tie; Tiey
i

(note summation convention above: sum over repeated indicies is assumed)

Components of x are x; where r; = X.¢;

Length or magnitude: = = +,/z7% + 3;25 + 13

e;=(1, 0, 0) e=(0, 1, 0) e3=(0, 0, 1)

Matrices
_l'lr.fll _.-1,1'12 ﬂf.f]_3 L1 n
M x = ."1|-'.1r21 .'W*zz ﬂrffgg H ] - Y2 =¥
Mz1 M3z M3 T3 Y3

This is a matrix x column vector: elements of y are y; = > i Mijz; = Mi;z;

The transpose of M=(M;;) is MT=(M;;)

I
if x=1] z» then X =({xy %3 23)
I3

m? I1Xs I1X3
xTx = (22) xx =|mr: 23 iz
Iz T3z Ig

Rotations

If a set of rectangular axes e; are rotated to a new orientation specified by e! then the
components of a vector in the primed system is related to the components in the un-primed
system by

f A o ;
3 =R or T = E Ry
S



where the rotation matrix R has elements R;; equal to the cosine of the angle hetween the
e! axis and the &y axisr B = e‘;,e:l,

The inverse of R obviously has elements Ei.C; and so is simply the transpose of R:
R-!'=R7T. Such a matrix (and transformation) is said to be orthogonal. Since it is only
the representation of the vector that changes with choice of coordinate system (and not the
vector itself) it is obvious that an orthogonal transfomation preserves lengths and relative
orientations of vectors (x'.y'=x.y=an invariant scalar). For a rotation # about the z-axis
we have

cosf sinf 0
R=| —sinfd cosf 0
] 0 1

The matrix which represents the operator M=(M;;) in the new basis is M'=R M RT.
The matrix elements are therefore

ﬂr{:_-,l' 2 z Rik(z JFHHRE‘} = ZRikRﬂﬂ'}r}cf
k l ki

We can readily see the matrix transforms in this way by considering the transformation of
the equation y=M x where y and x are column vectors:

YyeRy=R({EMya=TAE Ra—-T MBE R - Mz

Definition of a tensor

We may generalise the above to define tensors. In n-dimensional space a tensor T of rank
m is a set of n™ quantities that transform under a coordinate rotation in the following
way:

’
abed... = Z RoiRpj R Rar.. Tijkt..
ijkl...

Thus a tensor of rank 0 is a scalar;
=i,

. L
= E F il

]

A tensor of rank 1 is a vector:

A tensor of rank 2 in 3-dimensional space is a 3 x 3 matrix:

j‘pf;j = Z R Rji M.
ki
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Mathematics I 2.2 Vectors and muatrices 21
2.2 ¥ectors and matrices Common three-dimensional coordinate systems
Vector algebra
Scalar product” a- b= |a||f|cost (21)
b o o
Vector product axb = |a||b|sindl = |a, ay a; (2.2)
b, b, b, point P
ab=b-a {2.3)
b=—k
Product rules s " =
a(btel={a-b)+(a-c) {2.5) ‘
i ax{b+4c) = [axh) +(axc) (2.68) 7\
: Lagrange's
i et (axh): (cxd) = (a-cWb-d)—{a-d)bc) (2.7)
|! Ay dy . p= (x + .1’2 2 (2.21)
(axb)-e=|b, b, b, (2.8) x=peosd=rsinflcosd {2.18) Fo e
ot i : i =(x}+ 2 427 122
i::j:: :r:lple Cx Cp € a y=psind=rsinfsing {2.19) P e ) f2pe)
ug e
=(bxc)-a=(cxa)-b (29) i (2:20) f =arccos(z/r) {2.23)
= volume of parallelepiped (2.10) | d=arctan(y/x) (2.2
Vector triple laxb)xe={a c)b—(b-c)a (2.11) coordinate system: rectangular  spherical polar  cylindrical polar
prodisct as{bxel={a c)b—ia bl {2.12) coordinates of P:  (x,3,2) (r.0.46) ozl
volume element: dxdydz rrainddrdfide  pdpdzdg
a = (bxc)/ [{axb)-c] {(Z.13) metric elements® (hy,h,h): (1, 1,1} {1,r,rsinf) (1.1
. T ¥e= icxﬁJf[{ﬂXb] : f] {2-14} "n an orthogonal coordinate system (parameterised by coordinales gg.qz.01), the dilferential Iln{: o
RECI:[}I‘I.:IE.E] 1:':':[‘-1"5 P {axb)/[[axb) ¢] (2.15) element o is obtained Trom (d0)F = {fy day ¥ + U daga )+ hy digy ).
(@ -a)=(§ -b)=(c-c)=1 (2.16) Cunilont
Vector a with Rectangular P e s | EEA alar ficld
respect (o a B R courding.'n:s Vi= %x+%.}'+%z (2.25) ‘J’ :':I:I.L:E:M
nonorthogonal Sl Tl sl (217 Crlindneal af. 18f &f
__bHSiS {fl €2,63}° 1:|I'EI1'H:.| rca wr_tla 1Ol “ . el . 2.36 " l:l.islil.lbDC from the
4 Also known as the “dot product” or the “inner producl” = coordinates 5 d.l‘-"'ﬂ+ E ‘?‘ﬁd. Bz s ik
"Also known as the “cross-product.” & is a unit vector making a right-handed set with @ and b, Snherical pol 4 1d I
“The prime ('} denotes 3 reciprocal vector. ap er;ca polar = _j" 1 :;If'- iﬁ e
coordinates Vi .ﬂrr+r;‘.|f]'ﬂ+ rainfl ﬂai:qb @
G al 3 " 2
mi::::;dmal v/ — i ;J_f i ﬂ i E (2.28) 4  basis
coordinates by g hadga by dgs ¥ he  metric chements
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Mathematics
Divergence
Rectangular f?A dd, a4, A vecor field
coonlinates V-d= 'ﬂ_lr' + =H (2.29) A ith component
I of A
Cylindrical 1 3(pd,) :'JA,;. ad, i
coordinates Vidm o aj;r p ag _' (230) | * ‘Ljrl:iitﬂ::j:mm
Spherical polar ¥ 4= l"iri’if] 1 E{A"Si“ﬂ 1 ddy
coordinates rl e rsinl a0 rsinf dep
(2.31)
: |
Ceneral [A Tiabrs) + - —{Aghgir]] :
ﬂn]'IUgUTlHi j]J!'.!.h; i bﬁ?ﬂi‘
coordinates N
aF —[-4 atba)|  (2.32) cEEma
iz 345
Curl
- - = y umnil veclor
Rectangular . E : A vector field
Fearin e Ved =|3/dx afdy /82 (2.33)
A;  ith component
: Ax Ay A ol A
Cylindrical pi B b dbiaree n
coordinates VxA=\dfdp afdp 8fdz (2.34) : the z axismm
AJ_.. ;?A.j. Ar
P =
Spherical polar b R o/r
coordinates Ved=| afor a/fai afdg (2.33)
A, rdg rdgsini
Ge::eral : : il gah: e a basis
orthogona Vud e a y
coordinates Ihahs iR bt e nlmm
Al hd:  had; Gl
Radial forms®
o
v E (237) Vilfr)=— (2.41)
1
Vo=l (2.38) 'i'-frfrz}=;,_v {2.42)
Prl=2¢ (2.39) —2r
Viljr=—
Veirr)=4dr {2.40) ) r! G
V-ir/rt ) =4ndir) (2.44)

“Mole that 1he curl of any purely radial [unction i 2er0, S{r) is the Dirac delia lunction

2.2 Vectors and matrices H
Laplacian (scalar)
Rectangular _,  #f 2f ,
coordinates f== 3y ,121 (A et i
Cylindrical 3 af 1 a8 vy o distance
Enortintlas v _]r = P ﬁ‘.n Ep -+ F E m ‘.2.‘15] l:'Tii::I:':Fthc
Spherieal . 18 (.0, 1 a( 2\ 1 2/
e et Lo i A
polar st ar( ar)J’r!sjnu a0 (5’ 30, " Fisinia ag
coordinates {247}
1 a fhhy @ & hahy &
General P 22 f +— (== i hasis
J':Jh!r; 3:] h‘] 3:}. EI.:};
orthogonal 5 T hy metric
coordinates A (M i) {2.48) | lements
ﬂq; IIH E'I'.j']
Differential operator identities
Vife)=/Vg+gVf (2.49)
VA=V A+ A-Vf (2.50)
VulfA) = VAV )xA (2.51)
VA B)=Ax(VxB)+(A - TIB+ B[ TVud)+(8-V)A (2.52)
Ve{dxB) =B (Vad)— A4 (V= B) (253 | oo potiar el
Vu(AdxB)m AV B)— BV A)+(B - V)d—(A-V1B (254} | A8  vecror Febds
V(V)=Vi=af (2.55)
Vx(Vf)i=0 (2.56)
¥ (Vud)=0 (2.57]
Vu(Ved)=V(V-4)—V'd {2.58)
Yector integral transformations
e A wveclor field
¥ d¥ volume element
(Divergence) (VA V=9 4-ds {259} 5. closed surface
I g S 1
Lo Voo volume enclosed
£ surface
Stokes's ds  surface elememt
theorem L{‘i"m‘] ly= i}! - (2600 | L loop bounding 5
df  line elemen
¢ i ‘i"-]-d:.-:-f‘i"-lf Ve)dV (2.61)
Green’s first 'ﬁ J- e ¥ Jr g sealar helds
thearem 5 !
- UV ) (Tglav 26

Green's second
theorem

f [f(Vg)—g(V[)]- ds= f tf?*s —gVf1d¥
{2.63)
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¢ Units

S1 Gaussian
Fei e P = Bl
Foian =gl _ 2yh
V.E = p/eo = d4mp
UxE g _ 128
VxB = pioj + proco Py =dzj 4 L2E
F = g(E + v x B) =g(E + X x B)

Gaussian units make Maxwell's equations appear more symmetric but hide the distinction
between B/H and D/E. The time ¢ always occurs alongside ¢ which is useful in relativity
when the fourth component of 4-D space is ict. See the footnote in Heald and Marion,

p.137 on general conversion.
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Exercise on the delta function:

In the following exercise we show that Dirac’s delta function is given by the
formula below:

L vimed expl-x*/a*), a>0 (1)
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Prove the following properties of the delta function:
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Here x, are the roots of the function f(x) (f(x,)=0) within the integration
intervals.
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Hint: Use the following Gauss integral:
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and the Taylor expansion
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