Fundamentals of Wakefields and Collective Effects:
From Physical-Mathematical Analysis to Practical Applications
Instructor: Roger M. Jones, University of Manchester/Cockcroft Institute

Purpose and Audience

The purpose of the course is to enable students to become well-versed in the beam
dynamics of wakefield-beam interaction in high energy accelerators. It is suitable for
advanced undergraduates, graduate students and, active researchers in the field.
Prerequisites: A course on Electromagnetism and a minimum of at least a mathematical
background of first-year undergraduate calculus.

Objectives

This course will address the fundamentals of wakefields and their relation to the beam
impedance. The features of both long-range and short-range wakefields will be discussed.
Circuit models of relativistic electron beams coupled to multiple accelerator cavities will
be developed to calculate the coupled modal frequencies and wakefields. In addition to
the general theoretical formalism of wakefields, practical methods to damp and measure
the wakefields will be described with techniques taken from ongoing research on high-
energy linacs (L-band and X-band linacs in particular). Throughout the course, basic
physical principles such as superposition, energy conservation and causality will be
emphasized.

Instructional Method
Details of the lecture schedule are posted on the web

Course Content

The progress of multiple bunches of electrons through a linear or circular accelerator
gives rise to a trailing electromagnetic field. This wakefield can have catastrophic
consequences if its progress is left unchecked as the beam can become unstable and
develop a BBU (Beam Break Up) instability. This course discusses the beam dynamics
issues associated with wakefields and means of damping the fields to acceptable levels.
Examples are taken from the recent international next generation linear colliders damping
schemes. Wakefield issues in storage rings will also be discussed.

Background Reading

“RF Linear Accelerators”, Wiley & Sons Publishers (1998), by Thomas Wangler

“RF Superconductivity for Accelerators”, Wiley Publishers (1998), by Hasan Padamsee,
Jens Knobloch and Tom Hays

"Physics of Collective Beam Instabilities in High Energy Accelerators" (free pdf
download : http://www.slac.stanford.edu/%7Eachao/wileybook.html) , Wiley & Sons
Publishers (1993) by Alexander Chao

"The Physics of Particle Accelerators: An Introduction", Oxford University Press (2000)
by Klaus Wille
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"Fundamentals of Beam Physics" Oxford University Press (2003) by James Rosenzweig
“Particle Accelerator Physics I & 117, (study edition) Springer-Verlag (2003) by Helmut
Wiedemann

“Impedances and Wakes in High Energy Particle Accelerators”, World Scientific
Publishers (1998), by Bruno W Zotter and Semyon Kheifets

Credit Requirements
None.
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—Pm f wakefields and impedance: Basic concepts and

definitions are introduced. A field function analysis of wakefields is discussed
and practical simplifications are introduced. The features of short-range and long-
range wakefields are sketched out.

2. Part II of Fundamentals of wakefields and impedance and applications to
linear colliders. Further general features of wakefields are described. The
wakes in both L-band (superconducting) and X-band (normal conducting) linacs
are investigated. Mode coupling issues that are likely to arise in the ILC main
superconducting linacs are described. A circuit model of the dipole wakefield is
developed for moderate to heavily damped accelerator structures. Interleaving
the cell frequencies of adjacent structures is introduced as a means to combat
insufficient fall-off in wakefields. Manifold damped structures are modeled with
a transmission-line combined with an L-C circuit model and the additional
features (built-in BPM and structure alignment thorough monitoring of manifold
radiation) of DDS (Damped Detuned Structures) are modeled in detail. This may
have particular relevance to CLIC.

3. Special topics: Detailed study of resistive wall wake. BBU (Beam Break Up).

4. Impedance and wakefield via a bench measurement. Higher modes of the
TESLA accelerator and measurements made at the TTF (TESLA Test Facilty). A
coaxial wire method, for determining the modes likely to be excited by a particle
beam, is described, from its original concept though to the latest research

5. Assessment via tutorial problems
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OVERVIEW

> The Transverse Wakefield Problem
> Wakefield Definitions
» Wakefield Examples and Methods of Calculation

» Wakefield Fundamentals -
Panofsky-Wenzel Theorem

» Modal Sum Representation of Wakefield via Field
Function Analysis

» R-L-C Circuit Model of Single Mode and
Impedance-Wake Relations

> Pill-Box Wake Function

» Scattering from Sharp Transitions
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Introduction

In this course, we will focus on ultra relativistic
beams. The quantity under consideration has a
finite value as the particle velocity approaches the
velocity of light —often we will use v = c.

The bunch lengths under consideration are sub-

millimeter and even tens of microns (ILC, LCLS
II).

I will try to maintain S.I units throughout —for the
sake of consistency.

Lectures: Monday, 10:30 to 12:30.
No computer labs planned as yet.

There will be some problem assignments for
afternoon tutorial sessions.

No examination!
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General Properties of Wakefields

Longitudinal wakes give rise to energy spread over
the train of bunches being accelerated.

Transverse wakes in high frequency linear
accelerators (linacs), if left unchecked, can readily
dilute the emittance of the beam.

Can give rise to instability that causes the beam to
oscillate transversely —
Beam Break Up (BBU) instability.

The instability that develops in a linac is a single
pass instability.

o In circular accelerators the effect is
cumulative and the feedback mechanism
amplifies the growth turn-by-turn. The
growth is o< exp(I't)

o We will analyze the growth effect in linacs.

It is crucial to damp the wakefields such they are
not an issue!
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¢ Or, why not try to make use of the trailing
wakefield to accelerate beam? Plasma wakefield
accelerators are a possibility! Plasma wakefield

acceleration/focusing is ongoing research at
SLAC/LBNL/CERN (FACET/BELLA/AWAKE)

e In order to optimize the cost of acceleration high
energy linacs accelerate multiple bunches of
electrons/positrons within an rf pulse train.
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Relativistic Point Charge in Free Space

e A point at rest has an isotropic distribution of
electric field

e Consider point charge moving in the v
z-direction -

e For v~c then: y>>1 and the field is
squeezed in the longitudinal
direction

e The field is limited to a “pancake-
like” region and in the limit of v=c .r/y
the field is entirely transverse (the
pancake has zero angular spread)

e The field for a particle moving with constant
velocity is given by:

_ 4R vy 1.1
4me YRS H=Y, oxE (1.1)

where the vector R is drawn from the center of the

charge q, to the observation point, R2=72+r2/y2, and

Y=v1-v?/c?.
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E.(z1)= qnr (1.2)

372
4re, (zzy2 +12 J

¢ In the pancake region, z~r/y, or angle 1/y:

E,=zH ~ 1 _ E,~_ 9 1.3
b0 dpe 4, r? (13)

e No net power is transferred transverse to the
particles motion, but there is a non-zero
Poynting flux flowing parallel to the particle and
attached to it
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Plane Wave Fourier Decomposition

¢ In the ultrarelativistic limit v->c¢ the beam field is
a plane wave electromagnetic field

e We decompose the field by means the Fourier

transform:

17 qyr e gk [kr]_ q [kr]
E/(z,r)== | dz ez = 1* K |2 |= ~
(1.4) * ! mey (2P| AT T dner Y

® The beam field is thus a 1
superposition of plane 0.8

waves with the spectrum 0.6
F. The spectral width is: 0.4

~ “.‘2 .
Ak ~vy/t o i
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Space Charge Force

In practice the forces T2y
that result from the X \
beam are more XL»

important than the ’ | 1
detailed structure of the fields themselves

<Y

We require the force the leading particle exerts on
the trailing one

The force exerted along the direction of motion of
the beam, i.e. the longitudinal force is:

The transverse force is:
9°x
F, =q(Ey-VvBy)=

3/2
4ne (12 +x2/72)
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The longitudinal force decreases as Y~ (for I>x/y).

The transverse force decays even more rapidly, for
I>x/y, Fe~y*

But for close proximity to the particle 1~0 we find
-1

FtNY

In all cases in the limit of v=c all forces on the
particle vanish
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Longitudinal Wake function
And Loss Factor

/'y
q; >
A \rl
= >z

The energy lost by the charge q; is given by the work
done by the longitudinal e.m. force along the structure:

U, 15:)—_7 F(r,z,,r,z;t)dz=—q| J [E(r ,Z),0,Z150) + VXB(r ,zl,rl,zl;t)}.dz

(1.

—00

and this is evaluated at time t=z,/v. The trailing charge
changes its energy as it is influenced by field trailing the
driving charge:

U,, :__T F(r,z,r,z;;t).dz :—qJ [E(r,z,rl,zl;t)+V><B(r,z,r1,zl;t)].dz (1.6)
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and this is evaluated at time t=z,/v+t, where 7T is the
time delay between the driving and the witness bunch.

e A physical accelerator (a linac or an accelerator
ring) is not infinite in length!

e Providing the fields are confined within a given
region and evanescent elsewhere then truncating
the integral gives a very good approximation of the
energy.

e A real vacuum chamber, standing wave
accelerator, etc is formed by smooth transitions in
the geometry and has various devices inserted such
as RF cavities, Kickers, diagnostic components, etc.
These devices perturb the fields. Even with
parallel computing, codes with relatively large
amounts of memory one is never able to model the
full set of accelerator components simultaneously.

¢ In modeling the energy losses and impedance one
models the individual components and sums the
losses. This is usually quite accurate unless
significant modal distortion takes place.

e Circuit models can account for mode distortion in
NLC accelerating structures for example (later
lectures).
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The loss factor is defined as the energy lost by q; per
unit charge squared:

k<r1)=U%§rl) (1.7)
1

And the longitudinal wake can be defined in terms of
the energy lost by the trailing charge per unit q; per
unit q:

WZ(r,rl;’c)zw (1.8)

Both the longitudinal wake and the loss factor have the
same units, viz. Volts/Coulomb (V/C).

Often the wake per unit length is the practical quantity
of interest (especially for periodic structures for
example =>wake/unit period):

d

1
sz(r,rl;‘c) :—@Fz(r,z,rl,z;‘c); z2=7,-V1T

This wake has units of Volts/Coulomb/meter (c.f. the
resistive wall impedance lecture #1 homework).
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e The wake function is, of course, no more than the
force per unit charge acting on q.

e Important to note that in most practical cases the
structures have some symmetry (circular, elliptical,
rectangular) and the beam moves by a small
amount from the electrical axis of symmetry.

(a)

Leading and trailing charges in spherical cavity (a) and cylindrically symmetric
circular cavities (b). The cell on the left is representative of a superconducting
TESLA cell and on the right is a multi-cell NLC X-band accelerator.

o This means that in a multi-pole expansion of fields
only the first few terms will be significant.

o Typically only monopole and dipole terms are
meaningful in realistic simulations
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Physically Realizable Wakes?
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e All wakes, apart from the upper pair are non-
physical!

e Wakes that are non-zero ahead of the particle
break causality.

e The solitary case of f<1 is allowed to have Wz(s)
finite for s<0
(the “pancake” of field has a finite width)
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Characteristic “Catch-Up” Distance

In the limit v=¢ f '
the field can only M‘_ ) ———
interact with the 0 &l
trailing particles.

This is called the
principle of causality.

At v=c the field cannot precede the bunch

Assume a discontinuity at s=0 scatters the field,

and the leading particle passes this point at time
t=0

The scattered field reaches the point 1 behind the
drive particle at time t and: ct= (s—1)2+b2, where

s(=vt) is the coordinate of the leading particle at
time t

Assume |<<b and b<<s and thus:

§= (s—l)2 +b? ~s[l—%l+:—§

The catch-up distance is then obtained:
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b2
il
e Typically the length 1 is of the order of the bunch
length: 1~G,

S

¢ For example for the b=4mm and 6, ~ 100 um:

b2
S a1 8&cm

e Thus, in simulating the wake with a code such as
ABCI, then it is important to ensure the simulation
length is larger than the catch-up distance
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Longitudinal Wake Function and
Loss Function of Bunch Distribution

e The wake functions and loss factors we have
defined have been for point charge, i.e. the wake
function is a Green’s function.

e Convolution of the Green’s function with the actual
current distribution gives the true wake function:

T
_U(r,7) L ' ! '
W=D J i, (T)w,(r,T—1')dt (1.9)

e By superposition we also obtain:

T
U(r, :
K(r)= g% r):qil_L W, (1,7)i, (dT (1.10)

For example, a rectangular bunch distribution, for a
delta function wake, is readily integrated. The bunch
current and point wake are of the form:

i (0=q, H[t+T]2—TH[t—T] (1.11)

w,(T)=w, cos[, TIH[T] (1.12)

In the region of the bunch we obtain (-T<t<T):
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Sin| @, (t+T
WZ(’C)= VZO [ (Dr(T )}

H[1+T} (1.13)

In the limit of T->0 we obtain a delta function i (T) = q
0(t) and thus the point source wake is uncovered:

W(T)->wW,(T)
Also, setting T=0 in W,(T) and taking the limit of T->0:
Jim WZ(O)z% (1.14)

Thus, the wake at the bunch is half that of the total
wake function. The bunch loss factor is also obtained:

2
Sin((x)rT)
o, T

Wo
2

(1.15)

In the limit of T->0 we obtain the point charge loss
factor:

k:Th_%K:% (1.16)

The wake function external to the distribution, i.e. for
>=T:

W, (D=w, Sm((’)ﬂ;os(m) H[r—T} (1.17)
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Thus, in the limit of T->0 and t->0 in (1.17)
Longitudinal Coupling Impedance

The impedance is given by spectrum of the longitudinal
point charge wake function:

Z,(1,1,;m) = T W, (r,r.T)exp(—jwT)dT (1.18)
and the point charge wake is given by the inverse
Fourier transform of the impedance:

W, (1,1;:7) =% T Z,(1,1:0)exp(jowt)do (1.19)

The Fourier transform possesses real and imaginary
parts and they are related by the Kramers-Kronig, or
Hilbert transform.

Also, as we have seen in the case of the rectangular
distribution:

k=W, (r,1,;0)/2 (1.20)

and in terms of impedance :

k=W,(r,r;0)/2=1 [Re{Z,(r,r;0) }dw (1.21)
1 T |
0

Thus, we can think of the real part of the impedance as
the power spectrum of the energy loss. This can be
generalized to the complex impedance being related to
the complex power spectrum of the energy loss.
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In practice a Gaussian profile is often used:

c’t?
exp(— 2
g 20% _ _w’c*
I(t) qlc mc 9 I(O‘)) q] eXp( 2¢2 )

The current is normalized such that: T I(t)dt=q,

Part 1
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Wakefunctions, Bunch
Distributions and Impedance

e The objective is to obtain the total bunch wake in
terms of the current and impedance

Recall the fact that the wake due to a distribution is:

T
_U(r,T)_i : ! ! '
W= _Joolb(T W, (r,1—-1).dt

and take the Fourier transform:

Urt) 1
q,9 2n

W, (T)= j Z(r;0)l(w)exp(jor)dm (1.23)

The loss factor:

T
K(r)= Uglz’ 9. qll_L W, (r,7)i, (ndt

Again, performing a Fourier transform gives:

k=0 _1 J Z(r:0)|l(o) do (1.24)
qt )
For a Gaussian beam we have:

(1.25)

K()= | Zr)exp(-7
0
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e As 6->0 then the current goes to infinity and, as
expected, the loss factor (in (1.25)) becomes that of
the point source k.

For example, taking the case of a parallel R-L-C
circuit the impedance is given by:

_ 2k/m
£(0)= 5 Qe T, /oD@, /ot (1.26)

where the losses are represented by the quality factor
Q (=o,RC). The bunch wake and loss factors are

quite complicated expressions for this case. For low
losses, the impedance simplifies to:

_ kw
Zl(o))—2IW (1.27)
The bunch wake function, using (1.23) is now:
o’}
W,(t)=2ke 2¢ cosm,T (1.28)

and the bunch loss factor for a Gaussian beam, using
(1.25), becomes:

K=ke = (1.29)

Both of these results ((1.28) and (1.29)) are only valid
for T>30 because this allows the infinite limits to be
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used in the convolution of the bunch distribution with
the point source wake.

Note that for an R-L-C parallel resonance circuit the
loss factor can be written:

o,R
:2% (1.30)
In accelerator physics the shunt impedance is usually
defined such that a factor of 4 (rather than 2) occurs

in the denominator of (1.30) —the context should
make it clear as to whether or not 4 is used.

e The loss factor is, in general a function of the r.m.s.
length of the bunch. For Gaussian bunches, in
general one finds:

Z ()< o & Koc o @D

e Note the “r” dependence may be dropped as it will
be understood to be present according to the
context of the wake function and impedance.
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END OF LECTURE 1
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Wakefield For Perfectly
Conducting Structures

e For ultrarelativistic beams in perfectly conducting
accelerator structures the longitudinal and
transverse forces on a beam vanish

o No wakefield in limit B (= v/c)->1 (y->infinity)
o Only true with no obstacles to reflect the field

e Why?

o A particle traveling in a perfectly conducting
cylindrical pipe induces image charges on the
surface of the wall. These image charges travel
with the same velocity c.

o Since the particle and image charge move on
parallel paths, in the limit of v=c they do not
interact with each other.
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Longitudinal Wake as a
Summation of Multipoles

e For accelerators and microwave components with
cylindrical symmetry it is natural to assume that
the wake functions can be expanded over modes
exhibiting the symmetry

e We consider charges
moving on axis.

e The coordinates of the
driving charge and
witness charge are
(1'1,¢1=0,Z1) and (I',(I)=0,Z)
respectively.

e The charge density can be represented as a
superposition of multipole moments in cyclindrical
coordinates:

S(r— S(r— -
D :qlgés(cp)&z—zl):;1_71c (rrl rl)éS(Z—zl)mZ:b(z—éSQnjcosmq>(1.31)

¢ Where the azimuthal symmetry of the geometry
has been utilized and &), =0 for m>0, 5)=1, and z,=

Ber.
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e Thus, the charge can be envisaged the summation
of a series of charged rings with angular
dependence cos(mo).

e m=(0 for example represents a charges ring with
uniform density up to r=r,

e The wake is nothing more than the solution to
Maxwell’s equations with a charge source driving
the differential equations and hence we make a
superposition of multipole moments:

W, (1,r;7) = 2 W, m(I5X5T) = Z W, m(I5X;;T)cosmo (1.32)

m=0 m=0
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Radial Expansion of Wake Function in
the Ultra-relativistic Limit

The e.m. fields produced by charges traveling
down an accelerator structure are driven solutions
of Maxwell’s equations subject to the boundary
conditions imposed at the walls.

The longitudinal electric field is produced by the
bunch of charged particles, and by the currents
induced in the walls. Considering only the induced
fields, it can shown that

2
vi_[B%] B =0 (1.33)

In the ultrarelativistic limit (v=c) we clearly have:
V2Po=0 (1.34)
The solution in cylindrical coordinates is:

W, (1,1,;T) = i Wom(T,15T) = i rmrlmv=Vz,m(T) (1.35)
m=0 m=0

The monopole mode, m=0, does not depend on
radial position. Use is often made of this fact when
calculating the wake by placing the evaluation
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point at the radius of the beam tube where the field
is zero.

e The expansion concerns the secondary fields
induced by the beam. The space charge fields show
a different dependence.
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Multipole Longitudinal Impedance

e As the impedance is no more than the Fourier
transform of the wake function then it too can be
expanded in a multipole expansion:

Z(r,1;;0) = i Zin(1,157) = i Zn(rr;tcosmd  (1.36)

m=0 m=0

e For ultra relativistic charges the radial dependence
is known:

Zin(1,1;50) =rmr1m§m (o) (1.37)

where Z,, has dimensions Q/m”™
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Analysis of Wake in Cylindrically
Symmetric Circular Waveguide

= QF
ORI

We will analyze the wakefield that occurs in a
cylindrically symmetric circular waveguide. The e-m
fields are written in terms of vector potential and
electrostatic potential:

——

E=-A-VV, B=VxA (1.38)

and this enables Maxwell’s equations to be written:

[vz_Lﬁ]\/:—B (1.39)

the relation between vector and scalar potential are not
uniquely determined and thus we are free to impose the
following relation, the Lorentz condition:

vA=—19dV (1.40)

Making the transformation of variables u = z - Bct we
find:
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VIV-VIV-pViv=-L
0

{vz 1 o2 Jv__ﬂ (1.41)

2 Bu 8()

and the electric field becomes:
- t

—vy-19V, (1.42)

V2 u’
For unit charge source (1.41) becomes:

1 9
Vi+

T g(zre)_—is(r ) 5(6-6,)5(z—Bct) (1.43)

0 Ty

The delta function is given in terms of the inverse
Fourier transform of unity and in terms of a Fourier
series:

8(z)= 2_1n [ explikz)dk

0o (1.44)
3(6-6,)=> (2—87,)cos[m(6-6)]
|1 m=0
where 8911—{0 m20

Thus the potential is expanded as:

g(z,r,0)= i gm(z,1)cos[m(6—6,))] (1.45)
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where:
_ 1 ;
gn(z0) =5  dh(krexp(ikz)dk

Set t=0 in (1.43) and utilize the Fourier expansions
given above:

V24 2 - ZJZ 271:-[ &4, (k,r)exp(ikz)dk cos[m(0—6,)]=

27[2 j explikz)dk - 2(2 50 jcos[m(@ 0,)]

(1.46)

Multiply the above by exp(-ik’z) and integrate with
respect to z:

{ﬁ L1 qz_m_zlc% (K, r)_—s(;gr)(z 59,) (1.47)

2
or2 Tor %o

where q=k/y. After some algebra the solution to the
Green’s function solution to this equation is written:

A (2—82) | Km(qro)Im(qr) — r<r .
Bhen=—"0ze, | Kn(@la(an) 151 (1.48)
where I and K are Bessel functions of the first and
second kind, respectively. It is required that the
potential is zero on the wall of the waveguide
(&0,(k,b)=0). Thus, a term which accounts for image

currents must be added to the Green’s function:
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b (k)= 2=80) [Kn(@ro)m(ar) .
D == ey Kty (1.49)

and using &0 (k,b)=0 we find:

__Im(@r)
R CLCL) (1.50)

For a charge traveling on axis (r, = 0):

€)= | Kylar )—I°§qb))1<0( b) (1.51)

To avoid the divergence of the above function which
occurs at r = 0 we convolve the Green’s function over a
disk of radius a and for q<<1 (low freq and/or high
energy beams). For q<<1 the Bessel functions have a
logarithmic dependence:

Hlkr)=— 1 ! g n(e/) (1.52)

Taking the convolution over a disk of charge of radius
a:

V(K)=-J_(1+In(b/ 1.53
(= e (1+In(b/) (1.53)
Also:

ﬁ’ek):—;—l;V(k) (1.54)

Now, the longitudinal wave impedance is given by:
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Pk ieZ 1
UD=50 = I (B;)Z [1+2In(b/a)] (1.55)

Where k = ®/(Bc) has been used. This impedance is
purely reactive, as would be expected, since there is no
energy loss during the motion.

To return to (1.43) in the limit of an ultra-relativistic
beam we obtain (1.52) and the inverse Fourier
transform gives:

1
271:80

g(r,z,t)=— In(r/b)d(z—Pct)

E,=0(})
Y (1.56)

1

Er= 2me ¢

d(z—Pct)

_ 1 _
H‘P_TrZOS(Z Bet)

i.e. in the limit of B->1 the fields are indistinguishable
from those in free space. All the field components go to
zero both behind the charge and ahead of the charge:
there are no net forces on the charge. The wake

potential vanished as 1/y*: W(t)=g(t)/y>, T=z-ct.
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Synchronous Beam Fields

e We have seen that the fields scattered from the
obstacles (HOM ports, couplers, tuners, Kickers,
etc) give rise to non-zero
wake functions.

e Some of these fields are
localized around the bunch
(resistive wall for example),
others are localized in ) [
resonant structures such as N N Beampiee
the r.f. cavities. '

e All these fields interact with
the beam

o Only the fields synchronous with the charges can
change the energy of the charges

_ RF power
"5 coupler

'] HOM port

‘\ f

PEP II Cavity: Beam pipe, HOM and tuner ports are
illustrated

Making an expansion of the longitudinal field in a series
of plane waves:

E,(z1) =(2—1n Jz idw? di0 (o, 16)e i @) (1.57)

e The explicit dependence on (r,r,z;) has been
omitted

In terms of the wake function we have:
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1 I z
w,(T)=—— | E,(z,t=2+71)dz=
% L Y (1.58)

where «,=o/v. The point source delta function is given
by:

&Ky = Zln_of e 1)z (1.59)

Thus, only those components of the fields propagating
with the same phase velocity can effect the charges
energy. The fields from all other phases do not
contribute as they average out to zero. We are left
with:

wz(r)z—%q1 T eI Bh(0, k=K, )do (1.60)

Now, as the wake function is defined in terms of the
longitudinal coupling impedance is defined as:

wz(r)=% f Z,(o)exp(jot)dm (1.61)

then it is clear that the impedance may also be written
in terms of the Fourier transform of the field:

Zz(m)z—qilﬁ’g(Kz Ky ) (1.62)
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For finite length cavities the delta function is replaced
by the sinc function:

. L

, L2 . . s1n{(1<—1<0)2}
dz=— 1.63
[t (1.63)

and the sinc becomes a
delta function as the length
L->infinity. For a finite a
length, the sinc (=sin[x]/x)
has a maximum at «=x, —0.2
and the zeros are located at 4 2 b 2z 4
K=1¥,+2n/L.

Singx)
e B e e B e
= B

e For long wavelengths the fields tend to be confined
to a given region in which they propagate and are
non-propagating (evanescent) elsewhere.

e The integration path is confined to the propagating
region.

® For short wavelengths fields propagate out of
cavities into the beam tubes. However, the sinc
function (1.63) shows that the contribution is small
and hence the integration may be extended to
infinite limits.
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Wakefield For Waveguide with Lossy Walls

e For a pipe with finite conductivity ¢ and if the skin
depth is much smaller than the thickness of the
pipe wall then all of the field is essentially
contained within a skin depth or so.

e Thus, the pipe walls can be considered to be
infinite.

Ll LL LTS

)

il

- —ll——

® During the motion of the charged particle bunch a
non-zero wakefield will appear behind the charge.

e In general the wakefield that develops from
reflections from  waveguide discontinuities
(obstacles, tuners and irises etc) is far larger than
the resistive wall wake.

o However, for a collimator or beam scraper the
resistive wall wake can be dominant effect. The
collimator is used to scrape any beam halo that will
develop on accelerating a relativistic beam through
several km.
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Resistive Wall Wakefield

For a perfectly conducting matched waveguide with no
obstacles to reflect back the field there is no overall
wakefield. However, the presence of loss on the walls of
the waveguide gives rise to a wakefield. For a

cylindrical waveguide the E and H fields are given by:

_qZ —ikz
Er((l))—z—nge ik (1.64)
Hq)((x))zzime_ij

¢
WP IOV

| .bI - F or pe

- 0 -

| t

T 77T 7777
g
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The continuity at the wall of the waveguide at r = b
requires the magnetic field component inside the
surface be the same as that outside. Inside the wall the
field is sustained by a surface current flowing along the
z direction (the waveguide is orientated along z). The
electric field along the z-axis is given by:

E,(0)=ZH,(») (1.65)

where the surface impedance is given by:

Z,= 1% (1.66)

Z, (= 377) is the characteristic impedance of free space

and c is the velocity of light. The flux of the Poynting
vector on wall of the pipe gives the longitudinal

impedance per unit length:

Z(w)=2mbZ, Hq,f— Ltj |07 1.67)

- 2mb\ 2¢co
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e This is generally a small effect compared to that
encountered due to impedance of obstacles
encountered in the accelerator structure.
However, for short bunches with high charge
considerable power dissipation may occur for non-
superconducting cavities.

e The collimators for the ILC may have a significant
resistive wall wakefield component as the energetic
beam impinging on the walls of the collimator
changes the conductivity. Experiments have been
conducted in this area and are ongoing at SLAC

with Cockcrofters participating.
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Transverse Wake Function

Drive charge, q, is
displaced with respect to
the axis of the cavity
Multipole components
are exited in the
transverse plane: dipole,
quadrupole, sextupole etc
Trailing charge q is
subject to a Lorentz force which has both
longitudinal and transverse components
Transverse momentum kick imparted to trailing
charges:

I z
) — . _7Z
M,,(r,15;;7) = J F,(r,zx,z;t)dz, t——V +1 (1.68)

The integration is assumed to be over an infinite
distance.

A transverse displacement can lead to both vertical
and horizontal kicks

Transverse kick measured in Volts/Coulomb
defines the transverse wake function:

W (611 zlq(lf(’lv Y (1.69)
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e The dipole transverse loss factor is defined as the
amplitude of the transverse momentum Kick

given to the charge by its own wake per unit
charge (V/C):

k, (=) (1.70)

1

e The dipole component of the transverse kick is
the dominant term for ultra relativistic charges.
The transverse dipole wake function is defined as
the transverse wake per unit of transverse
displacement (V/Cm):

W (1,157) = (11&1,1‘1, Y (1.71)

e and the transverse loss factor (V/Cm):

K, 0= (1.72)
171
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Transverse Wake Function and
Loss Factor of a Bunch

As in the case of the longitudinal wake we take the
convolution of the bunch current with the point source
transverse wake function to obtain the bunch dependent
wake:

l(T)——T b(T)Wl(r —-1)dt  (1.73)

and the bunch transverse loss factor :

(r)__ T 1L (OW, (r;7)dT (1.74)

The transverse wake and loss factor per unit
displacement are:

w;(r;z)=wi§“) (1.75)
K ()=S0 (1.76)

both of which are measured in Volt/Coulomb/meter
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Panofsky-Wenzel Theorem
Relating Longitudinal
and Transverse Wakes

Firstly, we consider both the driving charge and
the witness charge both lying moving along the
z-axis of the accelerator.

Once the longitudinal component of the
wakefield has been calculated the transverse
wakefield can be derived from it in a

straightforward manner. From Maxwell’s
equation: VXE=-§B then:
exIB=2F -V E, (1.77)

Using the relation for the total derivative:

d El(r r,(z+s)/c)= [ lgt] L (@,1.(z+s)/¢) (1.78)

then the derivative of the transverse wake with
respect to s is written in the form:

(r,1,,(z+s)/0)= I dz{ ( , 1,(z+s)/c) -V E (r,r 8+‘;)9/)c)}
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e Performing the integrals as indicated above the
first term vanishes provided E, vanishes at the

boundaries and we are left with (V/C/m):

%Wl(r,rl,s):—VLWP L,1,,8) (1.80)

e This is the Panofsky Wenzel theorem (1956). A
single integration provides the transverse
wakefield once the longitudinal has been
calculated:

W, (r,1,8)=-V, _S[ W(r,1,8')ds’ (1.81)

e In applying the above formula it has been
assumed that lim W, (r,1,5)=0. In practice one has

finite limits and the lower limit is often taken at a
point in which the field is zero (on the walls of a
perfectly conductor for example).

e If the driving charge is slightly offset from the z-
axis we expand the rhs of (1.80) retaining only
the first order terms in the offset r;:

Wi(r,1;,8) ~ Wi(r,0,5) +[V Lt Wi, rl,s)} 1,+0(1?) (1.82)

I =0

e Thus (1.80) becomes:
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%W L(rs)=-V {Wp(r,O, 5) +[V L, WelT, rl,s)L:O .rl} (1.83)

e The first term is in fact a monopole contribution to
the transverse impedance and this often disappears
according to the geometry (circular, rectangular
elliptic). @~ The remaining term is the dipole
impedance:

J W
SW, (65.8)=-Y, [VMI W, rl’s)l 0
1

(1.84)
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Mode Expansion of Transverse Wake
Function in Coordinates
with Cylindrical Symmetry

e As in the case of the longitudinal wake function,
the transverse wake function is expressed as a
superposition of multipole terms:

w, (1,5;7)= i W (0157) (1.85)

m=0

e Applying Panofsky-Wenzel(1.80) and making use
of the expansions of the longitudinal wake
function(1.32), (1.35) we obtain:

% W o (L5.8)= ~Wzm (S)rm‘lrlm {cos(mq))f —sin(mq))(T)} (1.86)

e It is interesting to note that the dipole term, m=1 is
linearly proportional to the offset of the driving
charge and it is independent of the witness charge.
The dipole transverse force is directed along the
offset of the leading charge:

%w 1(rrs)= ~Wzm (s)r (1.87)

e where w.m(s) is the amplitude of the dipole
longitudinal wake function (V/C/m?)
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Transverse Coupling Impedance

e The impedance is defined in terms of the Fourier
transform of the transverse wake function with the
additional imaginary factor (Ohms):

Zl(r,rz;(o)zjof Wu(r,rz;‘c)exp(—j(o’c)dr (1.88)

e The imaginary constant was introduced in order to
make the transverse impedance play the same role
as the longitudinal one in beam stability theory.

e The dipole wake is usually the dominant one

therefore it is natural to normalize with respect to
the offset of the drive bunch (Ohms/m):

7, (1 1y 0) = 202 (1.89)

I

The transverse wake is obtained via the inverse Fourier
transform:

WJ_’I(I‘,I‘z;T) =—%j ZL(r,rz;u))exp(j(x)’c)d(x) (1.90)

The Fourier transform of (1.80) gives the dipole
transverse impedance in terms of the longitudinal one
(Ohms):

FT{aa W, (r,5.8)=-V, W, r,rl,s)}

:>ZL(r,rl;(x))z—aVLZ(r,r];w) (1.91)

For an arbitrary shape (1.84) gives:
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%)
FT {% W, (1,5.8)=-V, ; [VJ_,rl WP(r’rl’s)}r -0 'rl}

1

=7 (1,5;0)= %Vl’r [VL’rIZ(r,rl,s)} 0 (1.92)
In cylindrical symmetry we obtain:
Z) (6 0) =S Z, (o) (1.93)

where (1.87) and (1.36) have been used.
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Modal Sum Representation of Wakefield
via Field Function Analysis

It will be shown that for any cavity the wakefield may
be expanded in a modal sum:

Wy(s)=> 2K, cos(mys/c) Vs>0 (1.94)

Where s>0 is refers to the distance behind the driving
bunch (by causality for s<0 then W =0). The x, are the
characteristic loss factors of the structure and ®, are
the cavity resonance frequencies; both of which are
readily calculated with computer codes, HFSS, KN7C,
Microwave Studio, MAFIA or OMEGA3 (a finite
element computer code code developed at SLAC), for
example.

In order to prove the above general expansion we resort

to a vector and scalar potential representation of the
fields:

E=%A—VCI>, B=VxA (1.95)

Substituting these relations into Maxwell’s equations

readily yields:
2
V2A-c2 g?A=-u0j+c—2%ch (1.96)

V2d=—¢-1p (1.97)
0

Part 1
Wakefields and Collective Effects, R.M. Jones, (Cockcroft Institute Lecture Series June/July 2015)
-Page 56 of 104-



Where a Coulomb gauge has been used for the
potentials:

VA=0 (1.98)

The vector potential itself can be expanded into the
modes a, of the closed resonator structure:

A@)=Y (D2, (1) (1.99)

where the a, are required to satisfy the equation:

[V2 +((x)n/c)2}an(r):O (1.100)

where the ®, are the structure eigenfrequencies. Also,
the a, form a complete orthogonal set of basis vectors
and we choose:

%OJ.d3rafl(r).am(r) =UnSum (1'101)

where U, is a normalizing factor and § is the usual
kronecker delta function.

This allows the wave equation to be rewritten in the
form:

2+ L

Unjont gz

Ga() =1 [dray(0 i t)—%(’% [dray (n.0 V(. 0)(1.102)

The second volume integral is transformed into a
surface integral by Gauss’ theorem and this vanishes
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due to the boundary conditions imposed on ®. Here,
a, VO=V(a,®)-DVa,=V(a,®) has been used and the
Coulomb gauge has been applied once more. Thus, the
Fourier transform of the expansion -coefficient is
obtained as:

§h(0) = T dtq, (H)exp(—iot) = %ﬁ [dra §r.0) (1.103)

The Fourier transform of the vector potential is:

Atr,0) =Y §h(w)a, (r) (1.104)

The scalar potential is also expanded into a complete
orthonormal system:

Br,0) = Y1 ()00 (1) (1.105)

and ¢ satisfy the equation:

[W +(Qn/c)2}¢n(r)20 (1.106)

with boundary conditions that ¢ is zero on the surface
surrounding the volume of the cavity. The
orthogonalisation condition is chosen to define T such
that:

50 /e [drh)0m(r) =ToBin (1.107)
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This allows the expansion coefficients of ® to be
obtained as:

L(0=(2T,) [0 (np(r.) (1.108)

Evaluation of Impedance:

The longitudinal impedance is defined as:

Z(x,y,9) =é ]o dz Bo(r, ) exp(imz/c) (1.109)

The electric field Bfr,0)=io&fr,0)-Vdr,m) is excited by a
charge q and here we consider a point charge moving
parallel to the z-axis:

p(r,)=qd(z—ct)d(x —x)d(y—y,)
j(r,t)=ce,p(r, 1) (1.110)

The Fourier transform of the charge density and
current are given by:

far,w) = %exp(—i(x)z/ 0)O(x—x,)dy—Y,)
1A, m)=qexp(-ioz/)d(x —x,)d(y—y,) (1.111)

Making use of the relations for r, and q,, derived above
then the electric field is obtained as:
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Per,m)= qz P 0)% a,(r) 2U J dz' anz(xo,yo,z Nexp(—imz'/c)

(1.112)
—%;V(bn(xo,yo, z"exp(—imz'/c)
The complex voltages are defined:
Vi(X,y,m) = T dza,,(X,y,z)exp(iwz/c)

Va(X,y,m)= T dz{%(bn (X,y,z)]exp(i(nz/c) (1.113)

Thus the longitudinal impedance is written as:

10

Z (X Y’O)) 2(02 (D% 2U V (X Y>(D)V (X()’Y()J(D) (1.114)

+§6m Vn (Xa Y, (D)Vn (X()s y()’ (D)

where the following relation, derived by integrating by
parts, has been used:

%_]i dz gy (X, ¥,.2)exp(—imz/c) = —O%ldz{ ¥(X(,¥2) Jexp((—lo)zl / 503

and the condition ¢, =0 at the boundary has been
invoked.
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The longitudinal Wake Potential is obtained by the
inverse transform of the impedance:

Wi(X,y,8) = % { LdOZ(x,y, w)exp(ios/c) (1.116)
Imo Im®
4 A

Bem 0 Re®

T NP

We integrate around the closed contour indicated and
for s>0 we close the contour in the upper half plane and
for s<0 we close the contour in the lower half plane.
The second term of the impedance (which occurs due to
the scalar potential) has a pole at ®=0 but it does not
contribute to the wake because:

Vol 3.0)= | dz[%q)n(x,y,z)J=[¢n(x,y,z>] (1.117)

boundary
Thus the wake function is given as:

Wil 39 = 3 g Vo 0Vi Yy onexpians/e) g 4y
+Vn (Xa Y9_(Dn)vr>:(x()>yOa_O)n)eXp(_i(DnS/C)]

We are at liberty to choose real eigenvectors a, and this
makes:
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Vi (X, y,—0) =V, (X, Y,0) (1.119)

and we will specialize to the case {x,y} = {X(,Yo} to give:

2
Wp(x,y,s)=22|Vn()z[}3’w“)| cos(m,s/c) Vs>0 (1.120)

The loss parameter, of the transverse mode is given by:
Ky = Va (X, y, ;) |2 /(4U,) (1'121)
It remains to calculate the wakefield at s = 0:

W, (x,,0) =%{ d0Z,(x,y,0) (1.122)
C

The impedance function is an odd function
(Z,(x,y,m)=-Z,(x,y,—w)) and thus it must be evaluated for

the two contours C; and C, which consist of semi-circles
with radius € (where the limit €->0 will be taken).

Im{m}

Re{m}
o

®y
\.)/(H I \:/Cz
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The contour C; gives:

L ) —® |Vn(XaYa(D) |2 :ll 2 1 |Vn(XaY>0)) |2
2njc1d°’w2_mg 20, 2inle Core, 20,
11,1 Va(X,y,m, —€e®) 2
zmjdq,ll (.3 — e (1.123)
:%Kn

Similarly for the contour C, and thus in general the
longitudinal wakefield is given by:

Wi(s) =6(s) Y 2, cos(ps/c) (1.124)
0 s<0
0(s)=11/2 s=0
I s>0

Causality is expressed in this equation by the fact that
the wakefield is zero ahead of the driving bunch.
Further, what is sometimes called the fundamental
theorem of beam loading is expressed by the factor of '
which describes the wakefield felt by the driving bunch
itself.
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Practical Wake Function Expansions

The longitudinal and transverse wake functions are
written:

Wi(r;,138) =26(5) ) K 1y, 1) cOS(p8/ ) (1.125)
W, (1,,158)=26(s) Y %, | (1, 1)sin(ys/c) (1.126)

where the longitudinal and transverse loss factors are
given by:

o VAV,

Vo)V, V,
n= k) @)V, Vo (r) (1.127)

nl  4U,0,/c

and U, is the energy stored in a particular mode n and
the voltage evaluated from the integral of the axial
electric field along L, the length of the cavity:

Vi (r) =TEZH (r, Z)exp[i‘”nTZ}dz (1.128)
0

and a similar expression for v,(r).

The transverse wake function is zero at the bunch (s=0)
and it increases linearly in close proximity behind the
bunch. There is no wake in front of the bunch from
causality considerations.
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These wake functions are valid for v=c.

For v<c
additional correction terms of O(y?) occur.
The m™ order multipole wake functions are:
W (s) =26(5) %] [g]mEKnm(rl,r)cos(OJ{?s/c) (1.129)

m m—1
Win(s)= 26(s){%] [%] [f cosm@—6sin mG}Zﬁ(rl,r)sir(l(lwi%/ ((}:))

In particular for calculations on X-band structures for

the NLC, the dipole (m=1) wake function is often
computed in the form:

W, (s)= “%L(S) =26(s) Y K, apsin(@f's/c) (1.131)

where the “kick factor” is defined in terms of the loss
factor:

cK,

- (1.132)

n

Both the kick factor and specially defined dipole wake
have units of V/C/m?, and for X-band high energy linacs
these units are often rewritten as: V/pC/mm/m.
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Why use these strange units?

e The millimeter factor arises from the offset of the
drive bunch and this is usually of the order of mm
(the iris has a radius of ~4mm or so).

e The per meter factor arises because each
accelerating structure is of the order of 1m or less.

e The beam usually has a charge of ~ a few pC
(approx 1.1 10" particles are present in one bunch).

To obtain the transverse momentum change of a
trailing particle due to the wake left behind the
drive particle:

> multiply the specially defined dipole kick
factor by the driving and witness charge, the
length of the accelerating structure, and the
offset of the drive charge and divide by the
velocity of light (Ap=Kqq,La/c).

> In terms of the normal kick factor one
would compute Ap=Kqqy/c.
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Wake Function in A Pill Box Cavity

e A closed off, circular cylinder is taken as the cavity
to analyze.

e In microwave parlance this is often known as a
“pill box” cavity.

e This cavity permits a formally exact calculation of
the wake functions. However, few of the
summations can be evaluated in closed form.

» Before proceeding, it is worth noting the
general feature that the summation of the
series of modes which describe the wake
function converges rather slowly within the
bunch itself.

» Nonetheless, for positions well behind the
bunch, the series converges much faster and
hence the energy loss can be accurately
evaluated.

To evaluate the wake function we will use:

\AY
G(s)=2;k“cos(%%} ky = 4%:1 (1.133)

Multiplying by the charge of the drive particle gives in
the potential seen by the trailing particle.
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The longitudinal modes in the cavity are given by:
0,/ =(jn/R) +(np/g) =3, (1.134)

where is the nth solution of Jy(j,)=0, g is the length of
the cavity and R is the radius. The cavity fields are:

ElP = JFHJO [_]n %]cos %}exp (i(x)npt)

Ep0 =723, f i %Jexp(iwnpt) (1.135)

Hgsp =10yp€,J, [ In % cos{%]exp (i(onpt)

The voltage is evaluated on the axis (r=0):

Vip ZTEZ(TIO,Z,'[ =z/c)= iv;pR {1—(—1)p exp(ivnpg)} (1.136)
0 n
and thus:
2
x npR
Vp Vi =2 2| 1 (-1 cosfunge| (1.137)

The energy stored in the cavity is given by:

g r & * TE .
Unp = Idl‘j dedengHenP = 40 V%pngle(Jn) (1-138)
0 0 0

Thus, the loss factor is evaluated as:
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1 o) 1_(_1)p coS(Vnpg) (1.139)

UMEg1+8]  207(jn)

where 3) is the Kronecker delta function. The point

charge longitudinal wake function is then given by the
double summation:

o o 1—(—1
e 2gG(s)=26(s)> ( ) COS.(Vnpg]cos VS (1.140)
e B2 P

It is not possible, in general, to obtain a closed from to
the above sum. However, for the special case of
s<s,=y4R%2+g? —g the sums can partially be evaluated to a

series of delta functions:

2me,2G(s)=28(s)In [%} -

, ~1 -1
N ST N 0 1 - P I O
2;:18(2ng s)lan_gzl g{{LgL-FZgJ Hzg IP+2g+1]

e Applying causality, this wake must be the same as
that produced in between two parallel plates. That
is, no signal is able to propagate from the point
where the driving charge enters the cavity, be
reflected from the outer wall, and return to the
path followed by the driving charge with a distance
so behind it.

(1.141)
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e The wake is accelerating at all points accept at s =
0. The driving charge itself experiences an infinite
retarding potential at
the moment it exits the

=9

' 250s) In(g/s)
second plane of two |
parallel plates..
Spherical wavefronts,
29 A9

which expand with the
velocity of light, are
generated when the
charge enters through 28(dg-5) In 16/15)
the first plane and
again when it leaves
through the second
plane. On the axis two of these wavefronts join in
the double cusp geometry shown at position X.
When a trailing particle meets and passes through
this singularity or a later reflection of it, it will
experience a finite accelerating potential given by
the third term on (1.141). For small s this
accelerating potential diverges as 1 /s. If s is a
multiple of 2g the test particle will travel with the
singularity across the cavity and experience an
infinite accelerating potential.

— ——

2menW,

28(2q‘5) 'n(4/3) 40591\5‘2

Part 1
Wakefields and Collective Effects, R.M. Jones, (Cockcroft Institute Lecture Series June/July 2015)
-Page 70 of 104-



The convolution of the point source wake in (1.140) with
a Gaussian current:

_TM o (1.142)

gives the Gaussian bunch wake function:

Te,gG(s) =

G(S)exp[ ]2 i ‘(‘UpCOS[Vnpg}

Relw
~ &)

5

V2

{m_ y ]} (1.143)

where w(z) is the complex error function:

[dtexp(-a2e +izt :ﬁw[i] (1.144)
-([ ( ] 2a | 2a
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Computed Pill-Box Wake Function for Gaussian Bunch
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Mode results are shown with solid lines. Dashed lines
correspond to a time domain simulation. The fig on the
right is shows the effect of changing the number of
modes: a,b,c,d =10, 40, 160, and 64 modes, respectively.

e “Qutside” the realm of the bunch, i.e. |s|>40 the
wake function is accurately computed with a
limited number of modes —the time domain and
modal analysis agree very well! Ten modes is
sufficient in this particular example for an accurate
computation of the wake.

e Inside the region of the bunch, i.e. |s|<40 many
modes are necessary in order to accurately
compute the wake function. As the number of
modes is increased and the number of mesh points
in the time domain method is increases both
methods converge towards the same value -they
converge from opposite ends.

e The wake function is decelerating within the
bunch. Is this physically correct? Yes, otherwise
the bunch would be continuously accelerated by its
own field. Although, the tail of the bunch is in an
accelerating region and this does permit
acceleration of the tail by the head of the bunch.

e There is no damping in this system. Hence the
oscillation in the wake is allowed to rise up again at
some point.
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Point Charge Passing through an Iris

» Iris cuts off part of the electromagnetic that hits
the metal.

» Duration of the field pulse on iris ~At=a/cy
» Let us calculate the energy U of the e.m. field that
is clipped off by the iris.

» The fields of the ultra relativistic charge are:

_ Yqr
T 4ne (12 +y222)32 (1.145)
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» The energy density:

1 2 P 2
W= f E +2u0H eE (1.146)

» Integrating w over the region r > a (the region
clipped by the iris) and over z:

_[omrdr [ wdz=_ 39°Y
U= £2nrdr_LWdz = 448075212 (1.147)

> We expect the radiated energy is of the order of U.
The spectrum of radiation involves the frequencies up
to D~a/y (D=1/k).

» The problem allows an analytical solution using a
diffraction model. The energy density with respect
to frequency is found for k>>1/a:

20
P(w)=

Flak| (1.148
n—”eo YJ ( )
)
Elﬂ

5

where:

Flx)=x2 /K (xK, (x)-K3(x)|(1.149) o

with K, the modified Bessel
functions of the second Kkind.
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» Integrating the energy density with respect to
frequency:

T _ 3q%
doP(®)=—"1 1.150
g OP(o) 128¢,ma2 ( )

» Thus, the radiated energy is twice the clipped
energy. This is because the clipped field is reflected
back by the screen and is radiated in the backward
direction. The same amount of energy is radiated
in the forward direction when the charge gives rise
to the new field
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Step-Out Transitions in Waveguide

® We consider a transition
in which the radius
increases from b to d

® Beam is shown entering
from the left

® The contribution to
impedance is mainly
resistive for this case

® When the charge crosses
the boundary
discontinuity the self-field restoring the boundary conditions
has to fill the extra space b<r<d between the two pipes, whilst
diffracted fields propagate into the pipes.

® Energy loss is given by:

P’k =Ub<r<d)+E_, (1.151)

where E,,q is the energy radiated at the edges and U(b<r<d) is the
energy necessary to fill the region

b<r<d. Z[Q]
2OOI i [ | |
| STEP-OUT
e 1 lSUL | -
The asymptotic(high frequency) ;
behavior of the real part of the l
impedance is: 100+ A ~
A ”V\/\;\MMM.‘—#
Zout zﬁln[éj aisy [P
m=0 TT b |
50t -
» This result can be derived l
from energy considerations 0 I l  [(GHz]

0 20 40 60 80 100
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For an ultra relativistic beam the radial |
electric field in the tube is given by:

E ~-d (1] (1.153)

2me,r( b

The energy is given by:

U(b<r<d)=jE$dV
\%

(1.154)
and this makes the loss factor:
gout = U _ Zop[b [ ey (1.155)
q2 T d|{ Db

The effective charge size is G, =b/y and the loss factor is inversely
proportional to this size, and thus we expect Z, (0)) is a constant function

of frequency. Hence, the overall loss factor is given by:

oo 102
K=1 [ (0 o (m‘*’ff/zc)dmw (1.156)
T 2 °
T2 (o)ceff / 20) Cesr /©
Thus makes:
Zr(u))zéln{%J (1.157)

and we obtain the impedance as stated in (1.152).

n.b. In in (1.156) we have used the Fourier transform, H, of the unit step function :

T sin( WG/ 2¢ - i
FT {l H[i]} -1 | dtH[> Jexp(—iws/ ¢) = sin(00/20) 4. | dx e _ T
ol o

c © /2¢ ax 2a

0

n.b. 2 The derivation is not rigorous but illustrative of the physics.
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Step-In Transitions in Waveguide

The physics of the step-in transition
are quite different. The asymptotic
loss factor is now:

ki =0 (1.158)

m=0 "

This is explained in terms of the
radiated energy being reflected
back with respect to the particle
motion without changing its
energy:

q’kin_ =—U(<r<d)+E_, (1.159)

Z:1Q]

For a point charge, the radiated 150; ' J

energy is taken out of the energy | STEP-IN
missing in the smaller radius pipe: 59~

E_,=U<r<d)
And thus: S0 | N
2kin_ = 1.160 '
4 K=o 0 ( ) l f\ )
O ;UU‘ ‘\/J"""‘*""‘W

For a realistic bunch both U(b<r<d) | .
and E,,q depend on the bunch length. L J 1 [[GHz]

Also, if the Fourier spectrum of the 0 20 40 60 80 100

bunch does not appreciably cover the
region of the pipe above cut-off then there is no radiation as the
waveguide modes are below cut-off (all modes are evanescent).
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R-L-C Circuit Model of Single Mode and
Impedance-Wake Relations

Here, we point out some of the essential properties of
impedance and this will serve as an introduction to the
coupled two-band (TE-TM) circuit, coupled to a
transmission line (representing a waveguide-like
manifold) that will in forthcoming lectures, be used to
model the wakefield in a DT (Detuned Structure) and in
a DDS (Damped and Detuned Structure). However,
here the basic features of R-L-C impedances and
wakefields are delineated.

Each cell of the accelerating structure is represented by
an R-L-C circuit. The circuit has a shunt impedance R,
an inductance L. and a capacitance C. In practice this
represents the fields present in the structure and they
cannot readily be measured. However, related
quantities can be measured for a so simple R-L-C
circuit, namely, the cavity resonance frequency, ©®,, the
quality factor Q and the damping factor o:

o, =(LC) V2, Q=R (C/L)2, a=w/(2Q) (1.161)
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The circuit is driven by a current I and the voltages
across each element are identical:

dl, (1.162)

_ _1 _
V—IRRS—detIC—L 1

Differentiating with respect to time t give the total
current as:

dl_| 1d d?
i {R it L]V (1.163)
and this is readily rewritten as:
d> o d _ORdl
& od ngv R (1.164)

The solution is a damped oscillation:
/2
V(t)=e “Acosm.t+e " “Bsinwt, , =0)r[1—(4Q2)—1] (1.165)

The Wake Potential is calculated by enforcing a delta
function driving current:

1(t)=q&(t) (1.166)

This instantaneously induces a voltage across the
capacitor:

V(07)=q/C=(xxR/Q)q (1.167)
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The energy stored in the capacitor is equal to the energy
lost by the point charge:
2 V(")

2
Uz%:fﬂzrg ==’ (1.168)

where K is the mode loss factor:
K:qﬂzz"’zrgs (1.169)

This capacitor then discharges through the resistor and
through the inductance:

dv|  __1dg__lp __1VO7)__fR _ 20K (1 170)

uv e | R 2 =
dt| .,  Cdt C C R, @ 9" g 1

Thus we have the initial conditions:
V(0*)=2kq and &OJ’):—%q (1.171)

Thus we now enforce these initial conditions in order to
solve for the constants A and B. The differential of the
voltage is given by:

(11—\1_/ =e M[(—Aa+Bw,)cosw t—(Bo+Am,)sin o, ] (1.172)

Thus we obtain:
A=2kq and —Aoc+B03'r=—2O)éKq (1.173)

and this allows the voltage response to a delta function
current excitation to be obtained as:
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V(t) — 2q1(e—0“ L‘(Drt
2Q(o /)

Cos M, t— , 0. =0.(1-2Q)2)V2(1.174)

This voltage is induced by a point charge going through
a cavity at t =0. A second charge q’ will at a time t gain
or loose energy U = q’V(t). This energy loss or gain per
unit source and probe charge is the wake or Green
function G(t). For this cavity resonance we have:

G(t)=2Ke™| cosm,t —Lﬂ)ft] (1.175)

2Q(ex/ax)

Typically the quality factor is very high and thus:
G(t)=2ke " cosm,t (1.176)

as is consistent with the result derived previously using
the field function analysis.

To evaluate the impedance we switch to a complex
phasor notation:

I(t)=Iexp(joot), V()= V, exp(jot) (1.177)

and thus the differential equation for the R-L-C circuit
becomes:

—? 4+ @2

3 vV, exp(jot) = j 2 Rs fexp(jot)  (1.178)

Q

The impedance is the ratio of the voltage to the current:
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A jooQ! l_jQ[wz’;’fw%]
Z(®)=V/1=V,/1=R, N =R, =Re{Z}+jIm{Z}
(1.179) R0 Hj00Q T e

For relatively loss-less systems with very high quality
factors then the impedance is large in the vicinity of
0=, Oor Ao/o.(so-w|/o,)=land this allows the

impedance to be simplified to:

_ 1-12QA®/ o,
Z(®)=R 1.180
(=R, (oo, ) (1.150)

Resonator has the following properties, which are used
in the coupled circuit design described in the following

lectures:
o=0, - Z.(o;) has a maximum, and Z(w,)=0

|o< @, —Z.(w)>0 the impedance is inductive
|0]>0, —Z.(w)<0 the impedance is capacitive

Further, for any impedance or potential it can readily
be shown that:

Zr((")):zr(_w)a Zi((o)z—Zi((o) (1'181)
Z(w)= T G(t)exp(—jot)dt, Z(w) = the Fourier transform of
G(t), the Wake function
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Methods of Wakefield Calculation

1. Finite difference + finite element codes => MAFIA,
Omega3 (3-d frequency domain), Tau3(3-d time domain)
GdfidL (3-D freq/time domain), ABCI (time domain),
HFSS (finite difference freq. domain)

2. Mode-matching (frequency domain) => Smart2D(2-d,
match modes transversely), Transvrs (single periodic iris,
match modes longitudinally), Cascade(2-d, match modes
transversely)

3. Circuit models: Single and dual mode manifold-
damped, frequency domain models
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END OF LECTURE 2
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Mode-Matching Method

Well-established methods and computer codes have
been developed to obtain the parameters of RF cavities,
periodical structures and obstacles in a beam pipe.
These can be divided into three main approaches: grid
and finite difference/element based methods, secondly,
frequency domain mode-matching methods, and
thirdly, equivalent circuit based methods. Calculation
of complex and 3D structures by the grid based
methods is expensive computationally in terms of both
memory and time. The mode-matching method has
several advantages that make it wuseful for the
simulations. The method permits simulation of complex
structures in an efficient way and allows for qualitative

analysis of the results which in a straightforward
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manner. Mode matching is rather fast compared to

grid based methods!

In constructing the field in the cavity structure the
modes can be matched either longitudinally (as is done
in the computer code Transvrs) or transverse to the
direction of propagation (Cascade and Smart2D utilized
this method). Matching the fields transversely readily
allows the accelerator components to be stacked up or
cascaded and allows for variations in the geometry of

the components so that the overall field can be obtained.
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Scattering Matrix Representation

-G
F—p—f -9+ *

.J. - ‘..U“ "oLlJ EtL_[_“F L'.I'j;___'L
e

(0) (b)

3-89 (C) (d) 5965A4

Examples of Cylindrically Symmetric Accelerator
Components
with Jumps in Cross Sections

In the scattering formulation of a field problem,
amplitudes of the scattered waves at each port are

linear combinations of the amplitudes of the incident

waves on each port.
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Therefore, the scattering matrix S is an /N x /N matrix
that relates the reflected waves at each port to the
incident waves at each port. In a two-port network, NV
= 2, and the amplitudes of the scattered waves by, b, are
related to the amplitudes of the incident waves a;, a,

(Fig. 1) as follows:

b S. S.la
bl — SH 812 {all. (1.182)
2 21 P22 |2
al | ag
port 1 pOI’tZ
N .
bl 2

Figure 1: Two-port microwave network.

S11 is the reflection coefficient at the first port and
characterizes how much of the incident wave a; is
reflected at that port. S5, is the reflection coefficient at

the second port, and S;;, S,; are the transmission
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coefficients from port 2 to port 1 and vice versa. S),
characterizes how much of the incident wave at port 2 is
transmitted through to port 1. More generally, in an N
X N matrix, Sj; is the transmission coefficient from the j”
port to the i port, when every other port is terminated

in a matched load.
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Cascading of Two-Port Systems

Microwave networks can often be expressed as a
cascade combination of two-port devices. Let the
components A and B with S-matrices S* and S°
respectively be connected sequentially as shown below.
A simple, but extremely useful example of blocks A and
B would be a change in waveguide radius from a to b,
corresponding to a wide to a narrow transition for
example. To construct an iris in waveguide would, in
principle, require two cascades (although for a
symmetrical waveguide-iris-waveguide transition only

one cascade is required).

a @ b @
14 . 24 ) 1B 2B
ortl ort2 ortl port 2
P P P
D b g a ’ .
b, 24 1B byp

Two components (A and B) connected in a cascade.
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Ifa,,b,,, a, etc represent normalized wave variables

1A°
at the ports of the two

components, then

_ QA A
b, =Shajx 553,
b

24 =551 TS50 (1.183)
bip =Stiais tS13325
b

_ B B
28 =S58 T55,3,

Port 2 of component A is connected to port 1 of
component B (Fig.2):

b,,=a, and b ,=a

2A 1B 2A -

Thus, eliminating b,,, b1, a1z and a5 from (2.1):

I -1 -1

A 1 SASBGA []_SA A A
byl Sll+SIZSF1821(1_SZZSF1] Slzsle[l_SzzslBlj A

0i84)  gagm [I—SA SB ] SB,+SB SA §B [l—SA sB ]

21721 22711 21722721 22711
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Mode Matching

The main steps of the calculation are: to build
multimode scattering matrix for each waveguide
junction, then to apply the scattering matrix techniques
to resolve characteristics of the whole structure, and
then to post-process the resulted fields.

An expansion of the transverse fields E and H , in terms

of the eigenmodes ¢, in the waveguide is given by:

M

E, :;(Al—l_Bl)el (1.185)
M r

HJ_ZIZle(Al_Bl)elXZ . (1.186)

where A4 is a modal amplitude of incident wave and B is
the amplitude of the reflected wave (Fig.1), and Y is the

characteristic wave admittance of the mode.
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Normalisation of the eigenmodes was chosen so that the

modes are orthogonal, that is:

Jel e, ds=9 (1.187)

Im

where 6 is Kronecker delta function. Longitudinal

electric field is the sum over E ( TM) modes :

Me (ke)2
E,=)il
2

(AS—Bf)e z, (1.188)

where k° is cut-off wave value of the mode, Y

propagation value for the particular frequency, and ez,

normalised as:

(kle)zj’ez1 ez ds=1. (1.189)

Derivation of the eigenmodes can be done analytically
only for simple geometries such as circular or
rectangular ones. So, for arbitrary cross section
another method has to be applied. The method should
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be able to calculate 2D flat scalar function that
represents z - component of the field in a waveguide and
correspondent cut-off frequency. After derivation of
eigenmodes, applying continuity of fields in common
aperture area yields the relation between incident and
reflected waves i.e. scattering S matrix. Let us assume a

wide to narrow transition in waveguide:

Modes in scattering matrix formulation

Firstly, we require two coupling matrices with the

elements:

njeft = J’egeft .e{)ightds (1.190)
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where a = 1..Mjeg, b = 1..M,ignes The values of M, and
M,igne are governed by the relative convergence

phenomena and strongly depend on the geometry.

nright =5 (1.191)

where a, b =1..M,iz, integration over common cross-
section, e,/ is the a-th eigenmode of the left waveguide

ht
and e,

is b-th eigenmode of the right waveguide. The
integration can be provided either analytically, for

simple cross-section, or numerically, for arbitrary ones.

Next step is derivation of admittance matrixes:

yleft = Z Yleftnleftnrlght (1.192)

right _Mrl ght right
yrie 2 yights (1.193)
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where m, | = 1..M,izs¢. Equation for the full admittance
matrix is yY=Ylkft +yrieht, Scattering matrix of the junction

is:
_|(QY-tyleftyTyleft ] (Qy-TyleftyTyyright
= ( Y- eright )Tnleft (2Y—1Yright )anight 1 (1 N | 94)
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Coupling Impedance

The properties of the scattering matrix approach allows
one to calculate the frequency dependent impedance for
3D long structures, frequencies below and above cut-
off, and to simulate non-relativistic particles. The
computation time for the method does not depend on
the length of the structure.

Consider a waveguide between two obstacles as shown

below:

Excitation of a waveguide between two obstacles.

The beam excites waveguide modes with amplitudes:
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Z2rY r L
bt =Nis [ JoEy gdv, Ny=2[ExHds (1.195)

A

C

here indexes b, f denote the modes propagating along
forward (+z) and backward (-z) direction, ;- beam
current density, dv - integration over space from z/ to
72, ds - integration over waveguide cross-section, £ and
H - eigenmode fields. Using (19) amplitude of modes in

the waveguide for z7 coordinate we have:
B=(I- Qrightgleft )—1 (Srightsleftcb + Srightctz} ) F= Gleft (B+ Cb ) (1 1 96)

where S$™" | §'" are scattering matrices that resulted
from cascading to the right and left from zI, C, - is a

vector of modes induced towards (-z) direction, and

[Cfljm:(cflnemﬂ‘zz)is a vector of amplitudes excited

forward but converted to 7/ coordinate. Fields outside
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the waveguide can be computed using (14).

Longitudinal impedance for frequency ® is given by:

Zl(o)):joEzS(w)e—i'k'Zdz (1.197)

where k =2 @/Pc, Bc - beam velocity.
Longitudinal electric fields is:

Ez(w)=Ez_ (0)+Ez__. (0)+E_ . (), where EZ,,,/®)

excit

follows from (4), E,cn=j,/i® and similar to the (4):

ke)2
CXClt( z)= 21 ) (C(Z)f—C(Z)b)eZl (1.198)

The integration is performed along a witness bunch
trajectory. The impedance for a structures with
arbitrary cross-section has rather complex (x,p)
dependence in the transverse plane. The Ez field is

integrated along five parallel trajectories with

coordinates: (x,,p.), (x,tdx,y,), (X.,y.,tdy), (x,-dx,y.),
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(x,)w-dy). The transverse impedance for ultra-
relativistic particles is obtained by taking the
transverse derivative of Z,(w). Direct integration of the
transverse forces can be wused for non-relativistic
particles. Sum of Z,(w) over all waveguides, that form
the whole structure, gives coupling impedance for the

structure.
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Lecture #1 Tutorial Problems

1. Measurements made on an accelerator cavity indicate that the impedance of the cavity
is almost entirely inductive in nature (Z = -iowL)

(a) By taking the Fourier transform calculate the longitudinal wake function, W(s) for this

case. (You may find it helpful, to use the following inverse FT Z(w) = _[W(t Yexp(imt")dt")

(b) Take the convolution with a general time dependent current, I(t) and hence obtain the
voltage.
(c) Obtain the bunch wakefield for a charge with a Gaussian distribution by taking the

2
S
2

1
exp| —
\2no [ 20,

convolution with a Gaussian line density (A(s) = ]) with the wake of part

a.

2. Given the fact that the wakefield W(r) =2L _[ Z(ow)exp(-iot)do, is a real quantity and
n—oo

that for a beam traveling at the velocity of light there can be no wake ahead of the beam
(causality), prove that:

(a) Re{Z(w)} = Re{Z(-w)} and Im{Z(w)} =-Im{Z(-w)}

(b) the self-wake seen by the driving particle itself is half that of the total wakefield that a
trailing particle will see (hint: expand the exp(i®t) into sin and cos functions and take the
real and imaginary parts of the wake given in terms of the inverse Fourier transform of
impedance, then derive an expression for the wake that does not take into account
causality and compare it to one that does include it) . This is known as the fundamental
theorem of beam loading

3. Given the longitudinal impedance (per unit length) of a lossy circular waveguide of

. .. o[z )
radius, b and, conductivity, 6: Z = — ! L JlolZ, , calculate the associated wake
1+isgn(w) b \ 2co

function. Here, Zo =377 Ohms is the impedance of free space and c is the velocity of
light (hint: refer to the table 2.1 of transforms in chapter 2 of A. Chao’s book).

4. (a)Derive the expression for the longitudinal loss factor of a bunch in terms of the A(k),
the Fourier transform of the line density of the bunch and the impedance of the wake Z(k)

(answer: k= hd r Z(k) | Mk) [Pdk ).
TYJ0

(b) Now do the same for the transverse loss factor (often called the kick factor) for
2

As) =

2
exp[_ 22 . ] and the transform \(w) = exp[—

z

1 . :
. In this case the impedance
\2no 20,°¢’ ]

is defined in terms of the transverse wake by: Z, (0)=—— J "W, (s)e*”'°ds (hint: take real and
c Yo

imaginary parts of the wake and realize that the imaginary part of the impedance now
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plays the same role as the real part did in part a. Answer: k, =%r Z.(w)D(wo, /c)dm
Joss =572

where Dawson’s integral is given by: D(x)=¢™ J'Oxeyz dy ).

In all questions, pay attention to the units of your answers. For example, you will always
expect to see longitudinal impedance in units of Ohms/m and wakefields in V/C/m (or
V/pC/m etc).
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