
PHYS30441 Electrodynamics: Revision Examples Class -

Solutions

1. (a) Using index notation:

∇× (r×B) = x̂i εijk
∂

∂xj
[r×B]k = x̂i εijk

∂

∂xj
εkmnxmBn = x̂i (δimδjn − δinδjm) δjmBn,

since

εijkεkmn = εijkεmnk = δimδjn − δinδjm,
∂xm
∂xj

= δjm,
∂Bn

∂xj
= 0.

∴ ∇× (r×B) = x̂i δin (1− 3)Bn = −2x̂iBi = −2B.

since
δimδjnδjm = δimδmn = δin, δinδjmδjm = δinδmm = 3δin.

∴ ∇×A = −1

2
∇× (r×B) = B.

Alternative answer, using the given identity:

∇×A = −1

2
∇× (r×B) = −1

2
[r(∇ ·B)−B(∇ · r) + (B · ∇)r− (r · ∇)B] .

The magnetic field is uniform, and hence the first and fourth terms are zero. In Cartesian
coordinates, the second term is

B(∇ · r) = B

(
∂x

∂x
+
∂y

∂y
+
∂z

∂z

)
= 3B.

The third term is

(B · ∇)r =

(
Bx

∂

∂x
+By

∂

∂y
+Bz

∂

∂z

)
(xx̂ + yŷ + zẑ) = B.

⇒ ∇×A = −1

2
(−3B + B) = B

as required.

(b)

∇ ·A = −1

2
∇ · (r×B) = −1

2
[B · (∇× r)− r · (∇×B)] ,

using vector identity (6), so the Coulomb gauge condition is satisfied, since ∇ × r = 0
and ∇×B = 0.

This can also be shown very simply using index notation:

∇ ·A ∝ ∇ · (r×B) =
∂

∂xi
[εijkxjBk] = δijεijkBk = 0,

since
∂xj

∂xi
= δij. δij is non-zero only if i = j and εijk is non-zero only if i 6= j.
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2. Consider the disk to consist of a large number of thin rings. Consider a single ring of
inner radius r and width dr. The charge on such a ring is dq = 2πrσdr. Since the charge
is rotating, the moving charge corresponds to a current

dI =
dq

dt
=

2πrσdr

2π/ω
= σωrdr.

The dipole moment of this ring is therefore equal to

dm = (πr2)dI ẑ.

(i.e. area × current, directed perpendicular to the plane of the ring). Hence, the total
dipole moment of the disk is equal to

m =

∫ R

0

πσωr3drẑ =
π

4
σωR4ẑ.
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